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PREFACE.

IN the following work I have tried to present the
clements of Coordinate Geometry in a manner
suitable for Beginners and Junior Students. The
present  book. only deals with Cartesian and Polar
Coordinates. Within these limits I venture to hope
that the book is fairly complete, and fhat no proposi-
tions of very great importance have been omitted.

The Straight Line and Circle have been treated
mons: fully than the other portions of the subject,
since it is generally in the elementary conceptions
that beginners find great difficulties.

There are a large numb;sr of Examples, over 1100
in all, and they are, in general, of an elementary
character. The examples are especially numerous in
the ,earlier parts of the book.
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vi PREFACE.

I am much indebted to several friends for reading
portions of the proof sheets, but especially to Mr W,
J. Dobbs, M.A. who has kindly read the whole of-the

book and made many valuable suggestions,
For any criticisms, suggestions, or corrections, I
shall be grateful.
S. L. LONEY.

Rovar, Horroway CorLEGE ForR WoMEN,
Eanay, Sunrey.
July 4, 1895.

PREFACE TO THE SECOND EDITION.

Fop the Second Edition the,time at my disposal
has only allowed me to correct the misprints that have
been kindly pointed out to me by many correspondents.
Art. 180 has alsp been rewritten.

June 30, 1896.

PREFACE TO THE TWENTY-SECOND‘
IMPRESSION.

A second part, dealing, with Trilinear Coordigates,
Projection, Reciprocation, etc., has now been published.

Jan, 29, 1924.
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CHAPTER 1L

1IN TRODUCTION.

.
SOME ALGEBRAIC RESULTS.

1. Quadratic Equatiofs. The roots of the quad-
ratic equation
agt +be i ¢=0

may easily be shewn to be
° —o VO =t b=t das *
— = = and ————
. 2a e

They aro therefore real and unequal, equal, or imagmary,

according as the quantity & fac is positive, zero, or nc.'gn.tive,
Le a.cc.m'ding as 0?7 tae.
’ .

2.  Relationsbetween the aoots of uny alyebraic equation
and the coeflicients of the terms of the equation.

Tf any equation be written so that the coefficient of the
highest term is unity, it is shewn in any treatise on Algebra
that d

(1) the sum of the roots is equal to the coeflicient of
the second term with its sign changed,

(2) the sum of the products’of the roots, taken two
at a time, is equal to the coefficient of the third term,

(3) the sum of their products, tuken three at a time,
is equal to the cocflicient of the fourth term with its sign
changed,
and so on.

L. ¢ L



2 COORDINATE GEOMETRY.
Ex. 1. If « and g be the roots of the equation
azi4-br+c¢=0, ie. z"+’i .-:;+'i=0,
a a
L =" and ap=? .
we have a+pf= -a o aﬁ_u.

Ex. 3. Ifa, s, and y be the roots of the cubio equafion
az? 4 bef + cx+d=0,

[/
i.e. of 23"+'.t"’+-».5+ l;-l)
b
we have at @y -

ﬁ7+‘/a+¢ﬁ=-:~.,
{
and a3y = - " .

3. It ¢ easily be shewn that the solution of <he
(-qu.u.mns
aped by rez== .
and and by +en=0
. &£ Y . 5

is s i
byeg= bt Ty — ety ahy “ash”

Determinant Notation.

Wy a’
byi
second order and stands f(u the quantity ab, - a.h, sq that

4. The qu.mtlty by is culled a determinant of the

My, O
! ahy~ab,.
‘[.“ b2 102 Eae )
Bxs. (i) ?f’f’: NSedx3=10-12= -2
1, 3,
-3, -4

(ii) 7 0.—.u3x(—6)-(—7)x(—4)=18—28=-10.



DETERMINANTS, . 3

gy gy Oy
5. The quantity Dy bay byl eeeiiiiiiai . (1)
Cpy Cay €4l
is called a determinant of the third order and stands for the

quantity, .
. ib._., byl by, l) l+ “ i'b,,b._, @
" ley e e i ey e AT

i.e. by Art. 4, for the quantity
0y (burs — byen) -, (bioy - bey) + @ (bye, - b)),
i.e oty (boey = bye) + . (boay - bie,) + ay (byey - b))

6. A determinant of the third order is thevefore reduced
to three determinants of the se8ond order by the following
rule :

Take in order the quantities which occur in the first row
of the determinant; roultiply each of these in turn by the
determinant wlhich is obtained ly erasing the row and
column to which it belongs; pretix the sign + and -- al
ternatcly to the products thus obtained and add the
results.

Thus, if in (1) we amit the row and column to whwh a,

by b,

belongs, we have left thu determinant , . *and r,hw is the
oy @i

coeflicient of «, in (2). .

Similarly, if in (1) we omit the row and eolumn to which

L] ’ b.;
a; belongs, we have left the determinant "7 ™ and this
1€y €3

with the — sign prefixed # the coctlicient of a, in (2).

. o1 -2, -3y
7. Bx. The determinant ' ~4, 5, -G/
-7, A -9l s
5. -6 ; -4, - 6! 4,5
. =lx o' Tgim(= ‘!_7‘ g (- x| 1k
o« SUOX(=9)-8x(-0)}+2x {(~4)(-9)-(-7(~6)}

~8x{(~4)x<8-(~7) x5}
={-45+48} +2{36 - 42} - 3 { - 32+ 35}
=8-12-9= -18,

L) 1—2



4 COORDINATE GEOMETRY.

@y Qgy Qgy Oy

abl) b?! ba» bl
€15 Cyy €3y C4
Idls d‘n dsr d4
is called a determinant of the fourth order and stands for
the quantity

8. The quantity

by, b, b.. bu B.n by
G X Cyy C3y Cq|—Ua % €, Cyy €
dy, ds:-dA! Ly, sy da{
by, by, by [ b1y by, by
C1y Cy
‘du d, ‘64! dy, dy, @, .i

and its value may be obtained by finding the value of each
of these four determinants by the rule of Art. 6.

The rule for finding the value of a determinant of the
fourth order in terms of determinants of the third order is
clearly the same as that for one of the third order'given in
Art. 6.

Similarly for determinants of higher orders.

9. A deterainant of the second order has two terms.
One of the third order has 3.x 2, ¢.e. 6, terms. One of the
fourth order has 4 x 3 x 2, 1.e. 24, terms, and so on.

L 4

10. Bxs. DProve that

. . 5 -3, T
i) |i ‘g§=2s. @ l‘;” _;l=s2.' @ -2, 4 - 8 =-98
8 -4 9, 3, -10

9,8,7 , -a, b, el

(4) 16, 5, 4|=0. (5) a, -0, ¢|=4abe.
,3, 2, 1 Ioa, b, -C *
a, b g

(6) ’h, b, f|=abe+2fgh - af? - Gg? - ch®

ohe



ELIMINATION, * 5

Elimination.
11. Suppose we have the two equations
. ax+ay =0 ),
b +by =0 e (2),

between the two unknown quantities « and y. There must
be some relation holding between the four cocflicients «,, «,,
b, and b,. Yor, from (1), we have

¢ a,
Ve @ :
and, from (2), we have e — ?«E
dquating these two values of ? we have
by
. b, a’
ie. by = @by =0 v (3).

L
The result (3) is the condition that both the equations
(1) and (2) should be true for the same values of x and .
The process of finding, this condition is called thg elimi-
nating of z and y from the equations (1) and (2), and the
result (3) is often called the eliminant of 1) and (2).

Using the notation of Art. 4, the result (3) may be
. . | e, '*
written in the form | b, by~ 0.

This result is obtaingd from (1) and (2) by taking the
coefficients of z and y in the order in which they occur in
the equations, placing them in this order to form a determi-
nan?, and equating it to zero.

. 12. Suppose, again, that we have the three equations

ar+ay$ag=0.......c...ueuunl (1),
. b+ by tbz=0.....cooeniinin. 2),
and . X+ Cy+ =0 . ...oiiiniiinii (3),

between the three unknown quantities , y, and 2.
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By dividing each equation by z we have three equations
between the two unknown quantities gand g Two of

these will be sufficient to determine these quantities. By
substituting their values in the third equation we shball
obtain a relation between the nine coeflicients,

Or we may proceed thus. F¥rom the equations (2) and
(3) we have
@ Y 2z

bty — bty byey =iy biea—buty”

Substituting these values in (1), we have
Ay (baey — byry) + @y (byey — bycy) + 3 (byey — byey) = 0...(4).
This is the result of eliminating 2, y, and z from the
equations (1). (2), and (3).
But, by Art. 5, equation (4) may be written in the form

[, da, @ .
!l'n by by == 0.
s €2y C3
This eliminant may be written down as in the last
article, vz by taking the coeflicients of #, , and = in the
order ifi which they oceur in the equations (1), (2), and (3),
placing them to,form a determinant, and equating it to

Zero. "

13. Ex. Wha{ i3 the value of a so that the equations
ax+2Y +3z=0, 2r-3y+42=0,
and Sr+Ty-8z50
may be simultaneously true?

Eliminating 2, y, and =, we have '
lay - 2, 3|
2 -8, 4;=0,
5 7, -8
i a[(~3) (-8)-4xT]-2[2x (-8) - 4x 5]+3[2x T-5x (- 3)]=0,
i.c. al-4]-2[ - 36]+3[29]=0,
80 that a=12+87_159

4 4



ELIMINATION, *
14. If again we have the four equations
a2 + oy + @z + agn =0,
by + by + by + b =0,
G+ Gl + €% + cu=0,
dyx + doy + dyz + dgu = 0,

it could be shewn that the result of eliminating the four
quantities @, ¥, 2, and u is the determinant

and 4

L@y, Gy, ay,y ay
101, by &y, g
Icn Cyq C3y C4
1ty dy, dy, J4;

A similar theorem could be shewn to be true for n

equations of the first degree, such as the above, between
n unknown quantities.

°® It will be noted that the right-hand member of, each of
the above equations is zero.
L]

== Q.



o b CHAPTER 1L

COORDINATES, LENGTHS OF STRAIGHT LINES AND
AREAS OF TRIANGLES.

15. Coordinates. I.et QX and OY be two fixed
straight lines in the planegof the paper. The line 0X is
called the axis of , the line OV the axis of y, whilst the
two together are called the axes of coordinates.

The point O is called the origin of coordinates or, more
shortly, the origin. -
From any point 2 in the P Y P
plane draw a straight line 2
parallel to O) to meet OX

in A7, M
'l‘he distance 01 is called /

the Achnssa and the distance ()

JIP the Ordinatesof the point

P, whilst the abscissa and the

ordinate together are called

its C'oordinates. *

Dlstn.rﬁes measured parallel tp OX ave called x, with
or without a suftix, (e.g. ;, ... a, a”,...), and distances
measured parallel to 0¥ are called 4 A with or without a
suffiX, (.9, 81y Yaseo- 95 Y'yer):

1f the distances 0/ and MP be respectively = and ¥,
the coordinates of P are, for brevxty, denoted by the symbol
5 9)- .

Conversely, when we are ‘given that the coordinates of
a point I” are (%, ¥) we know its position. For from O we
have only to measure a distance OM (=2) along OX and



COORDINATES. 9
then from J/ measure a distance MP (=y) pa;allel to OY
and we arrive at the position of the point 2. For example
in the figure, if QM be equal to the unit of length and
MP=20M, then P is the point (1, 2).

' 16. Produce XO backwards to form the line 0.X* and
YO0 backwards to become 0Y'. In Analytical Geometry
we have the same rule as to signs that the student has
already met with in Trigonometry.

Lines measured parallel to OX are positive whilst those
measured parallel to OX’ are negative; lines measured
parallel to OY are positive and those parallel to OY” are
negative.

If P, be in the quadrant YOX' and P,M,, drawn
parallel to the axis of y, meel OX' in M,, and if the
numerical values of the quantities OM, and AP, be a
and b, the cvordinates of P are (—a and b) and the position
of P, is given by the symbol (— a, b).

*Similarly, if P; be in the third quadrant X'0Y”, both of
its coordinates are negative, and, if the numerical lengths
of OM,%nd M P; be ¢ and d, then P; is denoted by the
symbol (- ¢, - d).

Finally, if P, lie in the fourth quadrant its abscissa is
positive and its ordinath is negative. *

17. Bx. Lay down on paper the position of She points
() @ -1), @) (-3,°), and (iii) (-2, -3).
To get the first point we measure a distance 3 along 0X and then
a distance 1 parallel to OY’; we thus arrive at the required point.

To get the second point, we measure a distance 3 along OX’, and
then 2 parallel to OY. ¢

To get the third point, we measure 2 along OX’ and then
3 pasallel to OY", :

These three points are respectively the points P,, P,, and Py in
the figure of Art. 15.

*18. When the axes of cogrdinates are as in the figure
of Art. 15, not at right angles, they are said to be Oblique
Axes, and the angle between their two positive directions
0X and 07, i.e. the angle XOF, is generally denoted by
the Greek letter .
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In general, it is however found to be more convenient to
take the axes OX and OY at right angles. They are then
said to be Rectangular Axes.

It may always be assumed throughout this book that
the axes are rectangular unless Jt is otherwise stated.

19. The system of coordinates spoken of *in the last
few articles is known as the Cartesian System of Coordi-
nates. It is so called because this system was first intro-
duced by the philosopher Des Cagtes. There are other
systems of coordinates in use, but the Cartesian system is
by far the most important.  «

20. 7o find the (lzstam:e Yetween two points whose co-
ordinates are given.

Let P, and P, be the two

given points, and let their co-
ordinates be respeclively (,, v,)
and (23, %).
Dra.w LM, and PN, pa-
rallel to O}, to meet OX in
M, and M, me P, R parallel
to OX to meet M, P in R.

Then

[
)

PR MMy~ OM, — O M, =z, — 2,
BP, =M P, ~ M,P, =y, s,
and £ P,RP,=* . OM,P, - 180° — P M, X = 180° — w.
‘We therefore have [ Zrigonometry, Art. 164]
PPi=PR + RP?~9P,E. RP, cos P,EP,
= (&~ ) + (Y~ 1) - 2.(-’”1 ~ @) (%1~ ¥») cos (180" — w) *
= (% — X9)* + (V1= ¥2)*+ 2 (3, ~ X)) (y; — Y cos w....(1).

If the axes be, as is generally the case, at right angles,
we have w=90° and hence cps w=0.

The formula (1) then becomes
PP = (2 =) + (Y1~ 92
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so that in rectangular coordinates the distance between the
two points (1, ¥,) and (w, y.) is
NE =) (V=T 2).
Cor. The distance of the point (x;, 3,) from the origin
is /2,7 + y.%, the axes being rectangular. This follows from
(2) by making both «, and y, equal to zero.
21. The formnla of the previous article has been proved for the

case when the coordinates of botl{ the points are all positive.!
Due regard being had tgthe signs of the coordinates, the formula

will be found to be true for all
points. . v

As a numerical example, let R
P; be the point (5, 6) and P, ,
be the point (-7, —4), so that .
we bave
=0, =6, 2,=-T, - M, e )
and Yp=—4. X ‘O M X
Then H
Pylt=3,0+0M;=T+5 B 7 R .
= =Xy, l"
and . J:
RP,=RM,+MP;=4+0 Y7
= ~YatY,.
The rest of the proof is =s in the last article. .

Similarly any other case could be considered..

22. 7o find-the coordinetes of the point which divides
in @ given ratio (my :m,) the line joining two given points
(215 3) and (3, ). *

18t P, be the point (x, 3,), P, the point (2, %), and P
the required point, so that we have
PP : PPy i: my :m,.
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Let P be the point («, y) so that if P,M,, PM, and
P,M, be drawn parallel to the axis of y to meet the axis of
xin M,, M, and M,, we have

OM,=u,, M\P,=y,, OM=a, MP=y, CM,=m,
and MP,=y,.
Draw P, R, and PR,, parallel to OX, to meet AP and
M,P, in R, and R, respectively.
Then PR =MM=0M-0M =x—2a,
PR, == MM, = OM, - O = x, — x,
BP=MP~ P =y—y,
and R,Py=M,P, — MP -y, —y.
From the similar triangles }"’IR, P and PR,P, we have
m, PP PR =xz-=z

g - —1-’-1’; = PR, = 2 -
-y (g~ @) =y (2~ 21), .

e ¢ F e f’.ﬁml:_mﬁ‘ .

my + My .

. 7’&1_.%)‘}’“ RIP___?Z__.’/_I
Agam n, =p P:_. = -Rg 1)2 = Yoy 3
so that my (Ye— y) =ma ("~ y2)s
¢

and hence g = Yz T P

my Y% my

The coordinates of the puint which divides PP, in-
ternally in the given ratio m, : m, are therefore

b T s R e L
m, + m, m, 4 m, .
If the point @ divide the line PP, externally in the
same ratio, i.e. so that 2,Q : QP, :: my, : my,, its coordinates

would be found to be .
myX =~ X and Pa¥a =Yg
m; —my m,; —m, N

The proof of this statement is similar to that of the
preceding article and is left as an exercise for the student.
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Cor. The coordinates of the middle point of the line
joining (z,, ¥,) to (23, ¥,) are
[tE Nty +Y
T2

23. Bx. 1. Inany triangle ABC prove that
AB24 4C*=2 (AD%*+ DC?),
where D is the middle point of BC.
Take B as origin, BC as the axis of x, and a line through B per-
pendicular to BC as the axis of y.
Let BC=a, so that C is the point (a, 0), and let 4 be the point
(21, ¥1)- .

Then D is the point (g, O)..

a\3? .Y @
Hence AD’:(.rl-é +y,% and DC*= 3

Hence 2(AD*+DCH) =2| a2 +y, - ar, +%‘]
b =2r242y,* - 202, +a’
Also AC*=(r; - a)+y %

and * AD =z +y 2

Therefore AB2+ AC? =22+ 2y, - 2az, + a®.
Hence AR+ ACP=2 (AD*+ DC?).
]
Ex.3. ABCisa triuny.lv and D, E, and F are the middle points
of the sides BC, CA, and AB ; prove that the poigt which divides AD

internally in_the ratio 2 : 1 also d:vules the lines BE and CF in
the same ratio.
Hence prove that the medians of a triangle mee} in a point.
Let the coordinates of the vertices 4, B,and C be (2, ;) (xa) ),
and (zy, y5) respectively.
L ]
The coordinates of D are therefore I"-}ﬂ' and y,-é&:y 3.

I8t G be the point that divides internally AD in the ratio 2: 1,

and let its coordinates be T and 7. .
By the last article
- o+
2x 2 Ay
2= ) 2+ i ‘_1‘1+x,+z3.
. 2+1 . 3

8o g= y!i’g 2+ Ys .
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In the same manner we could shew that these are the coordinates
of the points that divide BE and CF in the ratio 2 : 1.

Since the point whose coordinates are
“’.1_"'.:%:*."_"3 and 'J!_*-’Qsi_ys

lies on each of the lines AD, DE, and CF, it follows that these three
lines meet in a point. “

This point is called the Centroid of the triangle.

EXAMPLES. I

Find the distances between the fallowing pairs of points.

(2, 3) and (5, 7). ¢ 2 (4 -7) and (-1, 5).

(-3, =2) and (-6, 7), the axes being inclined at 60°,

(@, 0) and (o, b). 5. (b+e, c+a) and (c+a, a+d).
(wcos @, asina) and (a cos B, asin g).

(em?, 2am;) and (an?, 2am,).

. Yy down in a figure the positions of the points (1, —-3) and
( - 2, 1), and prove that the distance between them is 5.

9. Find the value of «r, if the distance between the points (z,, 2)
and (3, 4) be 8.

10. 9 line is of length 10 and one ¢hd is at the point (2, —8);
if the abscissa of tl:o other end be 10, prove that its ordinate must be
Sor -9.

11, Prove that the points (2a) 4a), (2¢, 6af, and (2¢+ /3a, 5u)
are the vertices of an equilateral triangle whose side is 2a.

12. Prove that the points (-2, —1), (1, 0}, (4, 3), and (1, 2) are
at the vertices of a parallelogram.

13. Prove that the points (2, -2),%8, 4), (5, 7), and (-1, 1) are
at the angular points of a rectangle,

14. Prove that the point (-4, §9) is the centre of the %ircle
circumseribing the triangle whose angular points are (1, 1), (2, 3),
and (-2, 2).

Find the coordinates of the point which .

15, divides the line joiningethe points (1, 3) and {2, 7) in the
ratio 3 : 4. . °

16. divides the same line in the ratio 3 : — 4.

17. divides, internally and externally, the line joining (-1, 2)
to (4, ~5) in the ratio 2 : 3.

0N oW
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18. divides, internally and externally, the line joining (-3, —4)
to (-8, 7) in the ratio 7 : 5.

19. The line joining the points (1, —2) and (-8, 4) is trisected ;
find the coordinates of the points of trisection.

20. The line joining the points (-6, 8) and (8, - 6) is divided
into four equal parts; find the coordivates of the points of section.

21. Finde the coordinates of the points which divide, internally
and externally, the line joining the point (¢ +b, a—b) to the point
(a—b, a+b) in the ratio a : .

292. The coordinates of the vertices of a triangle are gs,, %),
(23, yo) and (23, ¥s). The tine joining the first two is divided in the
ra.tioi : k, and the line joining this point of division to the opposite
angular point is then divided in the ratio m : k+1. Find the
coordinates of the latter point of seection.

23. Prove that the coordindtes, v and y, of the middle point of
the line joining the point (2, 3) to the Boint (3, 4) satisfy the equation
z-y+1=0.

24. If G be the centroid of a triangle ABC and O be any other
point, prove that :

. B(GAL2+ UGB+ GOHY=BC? r CA*+ 41?2,
and 042+ 0B+ 0C=GA%+ GB2 + GC4+3G O™

25. Tove that the lines joining the middle points of opposite
sides of a quadrilateral and the line joining the middle points of ity
diagonals meet in a point and bisect one another.

26, 4, B, C, D... are napoints in a plane whose coordinetes aro
(=1, 1)y (*25 ¥a)s (X4, ¥g)y.... AD is bisected in the point G,; G,C is
divided at G, in the ratio 1:2; ¢,D is dividedeat (7, in the ratio
1:38; Gyl at Gy in the ratio 1 : 4 and so on until all the points are
exhausted. Shew that the conrdiuafos of the final point so obtained are

HhTr ot T g Vit at e F U
n n :

[This point is called the Centre of Mean Position of the n given
points.]

27. Prove that a point can be found which iz at the same
dista®ce from each of the four points

amy, = oy, = amy, - “and @ amymam, )
— am, — .- - M, .
Yom, )’ 3 m,)’ 3 mg) momgm,?
-

24. 7' prove that the aredof a trapezium, i.¢. a quad-
rilatertl having two sides parallel, is one half the swm of the
two parallel sides multiplied by the perpendicular distance
between them,
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Let ABCD be the trapezium having the sides 4D and
BC parallel, A b N

Join AC and draw AL perpen- D .10
dicular to BC and (N perpendicular Z

to A.D, produced if necessary. |
Since the area of a triangle is one e c
half the product of any side and the .
perpendicular drawn from the opposite angle, we have
area ABCD:=AABC + AACD
=3.BC.AL+%.AD.CXN
=3 (BC + ‘;ll)) % AL,
25. 70 find the area of the triangle, the coordinates of
whose anyular points are given, the axes being rectangular,

Let ABC be the triangle
and let the coordinates of its Y
angular points 4, B and ¢ be

(=15 )y (225 ), and (4, 9).
Draw AL, BM, and UV per-

pendicular to the axis of 2, and

let A denote the required arca.

Then o L N M X
A -trapeziumd L NC +trapezium CY M I} —trapezium ALMWB
~ 3N (Lt NC) - 2NN+ MB) ~ 1L (LA + MB),
hy the last arti®lc,
=4 [("’:s =) (1 + o) + Gy =%y) (s + 1) - (er— ) (o + y2) )
On simplifying ave ecasily have
A= (Y2 — %) + XV — XY, + X3V — %V3),
or the equivalent form .
A=Y (Yo ys) + 22 (Yo — 21) + 05 (1 — ¥2)]-
If we use the determinant notation this may be wtitten
(as in Art. ) .

"‘:193/1:1’ .
A= L) 2%y Yoy 1;-
‘-’va,.%,ll .

_Cor. The area of the triangle whose vertices are the
origin (0, 0) and the points (i, 3;) (%2, ) is § (.72~ X4)s
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26. In the preceding article, if the axes be oblique, the perpen-
diculars AL, BJM, and CN, are not equal to the ordinates y,, y,, and
Y, but are equal respectively to y, 8in w, ¥, 8in w, and y;sin w.

The arca of the triangle in this case becomes

Esin w {ryya - oy + Tty — Ty gl — Tyys},
T1s Yus 1
Ty Y2o 1.
g, Yy 1

27. 1n order that the expression for the area in Art. 25 may be
a positive quantity (as all greas necessarily are) the points 4, B, and
¢ must be taken in the order in which they would be met by a
person starting from .4 and walking round the triangle in such a

manner that the area of the tMangle is always on his left hand.
Otherwise the expressions of Art. 25 would be fuund to be negative.
L3

i.e. . 3sin wx

28. 7o find the arca of a guadrilateral the coordinates
of whose angular points are gicen.

Yl

Let the angular poir ts gf the quzulrﬁnteml, taken in
order, be 4, B, C, and D, and let” their coordinates be
vespectively (v, 1), (2, #2)y (740 ga)s and (o, y,).

Draw AL, B3, 'V, nd DR perpendicular {o the axis
of . .

Then the area of the quadrilateral
= tripezium ALRD 1 trapezium DRXC + trapezium (.Y 1}

) —trapezium ALMB

=§LB(LA+RD) + LRN (RD+ NC) + LN M (NC + MD)
. —LLAM(LA + MB)

=G )y +p) + (a0 -2) (.’/.s +Y) + (- wg) (Yat )
. = (g - 2) (s + 91}
= 3 {(@ye— ) + (s — vy + (i) 4 (= 2y,)}
- L] 2
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29. The above formula may also be obtained by
drawing the lines OA, 0B, O and OD. For the q -
lateral ABCD

< AOBC+ £0CD - AOBA— AOAD.

But the coordinates of the vertices of the triangle OBC
are (0, 0), (w,, ) and (r,, y,); hence, by Art. 25, its
area is } (wuy, —ag,). ‘

So for the other triangles.

The required area therefore

= 3 [y — waifa) + (lfa = 31s) = (o= i) = (Bafa— 2@)]
- {.5 [(ml:'/s - "’2."/1) + (“".’1/3 -~ "':;.’/::) i (“"3.!/4 - ""4.1/5) + (“74.7/1 - 151.'/4)]'
Tn a similar manner it may be shewn that the area

of a polygon of n sides the coordinates of whose angular
points, taken in order, are

Covs b (e Wady (s Wehe (D5 Yn)
i e o) + s = A (el RN ]

EXAMPLES. II

Find the areas of the tiiangles the ccordinates of whose angular
points ave 1espectnvely .

L (L3, (7% and (5, -1). 2, (0,4), (3,6) and (-8, —=2).

3. (5.2 (-9, -3) and (~-3& a). .

4. (a.b4¢), (uy,b-¢) and (-aq, ©).

5. (4, cta), («7, e} and (-a, ¢--a) .

6 (1cosey, bsingy), (acose,, hsing,) and (acos ¢y, bsin ¢y).

7. (am®, 20n), (am,?, 2amy) and {amg®, 2amy).

8. lampmy, a (mp+mpl, famgmg, a (m, ~mp)} and

femgmy o (mg+m5)}
9. {uml, 1:—:1-} ’ -{um._.. "",2} and ]'um:,. '::a} .

]
Prove (by shewing that the agea of the triangle formed by them iz
cero) that the following sets of three poiuts are in a straight line :
10. (1, 4), (8, -2), and (-3, 16).
11. (-3 3) (-5, 6), and (-8.8).
12. («.b+¢), (b, e+a), and (¢, a-+d),
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Find the areas of the quadrilaterals the coordinates of whose
angular points, taken in order, are

1. (1,1), (3,4), (5 -2), aBd (4, - 7).

14. (-1,0), (-3, -9), (5, ~8), and (3, 9).

15. If O be.the origin, and if the coordinates of any two points
P, and P, be respectively (x,, y,) and (£, ¥,), prove that

. OP, . OP,.cos POP,=x\xo+U1ls-

+ 80. Polar Coordinates. There is another method,
which is often used, for detormining the position of a point
in a plane. .

Suppose O to be a fixed point, called the origin or
pole, and O.Y a tixed line, called the initial line.

Take any other point P2 in the plane of the paper and
join OP. 'The position of °/ is_clearly known when the
angle XOF and the length O are given.

[For giving the angle XOP shews the diveetion in which OF ix
drawn, and giving the distance QP tells the distance of P along this
direction. |

The angle X0 7 which would be traced out by the line
OPF in revolving from the initial line 0.X is called the
vectorial®angle of /> and the length OF is called its radius
vector, The two taken together ave called the polar eo-
ordinates of 7’

1f the vectorial anglé be 6 and the radius vector be r, the
position of £’ is denoted by the symbol (», #).

The radius vector is positiee if it be measured from the
origin O along the line bounding the vectorial angle; if
measured in the opposite direction it is neghtive.

81. Ex. Comstruct the gpositions of the points (i) (2, 30°),

(i) (3, 1509, (iii) (-2, 45°), (iv)

(-8, 830°), (v) (3, —210°) and (vi) B ~t

(-3, e 307). o
(i) To comstruct the first point, .

let the radiux vector revolve from
OX, through an angle of 30° and
then mark off ulong it a distance |
equal to two units of length. We P
thus obtain the point I’;. *

(if) For the second point, the radins vector revolves from OX
through 150° and is then in the position UF,; mensuring & distance 3
along it we arrive at P,.

. ¢ 2—2
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(iif) For the third point, let the radius vector revolve from OX
through 45° mto the position OI.. We have now to measure along
OI, a distance — 2, i.e, we have to measure a distance 2 not along OL
but in the op;mnte direction. Prodacing LO to Py, so that OPg is
2 units of length, we have the required point Iy.

(iv) To get the fourth point, we let the radius vector rotate from
0X tluoug,h 330° into the position O} and measure on it a distance
-3, i.e. 8 in the direction 4/0 produced. We thus have.the point Py,
which is the sume as the point given by (ii).

(v) If the radius vector rotate through -210° it will be in tlw
position OP,, and the point required is P,.

(vi) Tor the sixth point, the radius vector, afler rotating t]ltough
- 30°, is in the position OM. We then measure - 3 along it, i.e. 3 in
the direction MO produced, aud orce more arrive at the point .

32. It will be observed that in the previous example
the same point /’, is deroted by cach of the four sets Tof
polar coordinates

(3, 1507), (-3, 330°), (3, - 2107) and (-3, - 30’)

In gencral it will be found that the sawme point is glven
by each of the polar coordinates
(r, 6), ( v, 1SO7 4 9y, {ry - (3607 - 6)} and {--2, - (180 ~6)},
or, expressing the angles in vadians, by each of the co-
ordinates

(;*,'ﬂ), (- vy w b)), {n - (27~ 0), and -, ~ (7w - 0)).

Tt is also elear that adding 360° (or any multip]v of

3607) 1o the veftrorial angle (]-u“s not alter the final position
of the revolving line, so that (r, ) is always the same point
as (1, 6+ 2. 360°), wheve 2 is an integer.

No, adding 180" or any odd multiple of 1807 to thg
vectorial angle and changing the sign of the radins veetor
gives the same point as before. Thas the point

[~r 6 ¢ (20 1) 180°]
is the same point as [—u, @+ 180°) i.e. is the point. {#, 0_]

83. 1o find the length of the straiyht line jolning Lwo
points whose polur coordina’es are given,
let A and 7 be the two points and let theire polar
coordinates be (r,, 6,) and (rs, 6.) respectively, so that
Od =7, OB =r, £t X04 -6, and L XOB=46,.
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Then (7'rigonometry, Arvt. 164)
AR = OA*+ O - 204. 08 cos AOB
=E 4t~ 2rrycos (0, 6,).
34. 7o jind the area of a triangls the cvordinates of
whose angular points are given.

Lct: AFBC be the tr iangle and let (), 6)), (ry, 6,), and
(73, 6,) be the polar ¢ oouhuntes of

its anu‘ular points. v] o
'\\’c have . G
AABC - AOBC +50C.L s
-AOQBA ... M. A
Now . /s
AOBC-Y0L.0Csin ROC
[_I e 4qonomet' o, Art. 198] o T %

— Yryrysin (6, - 0,).
So  AOCAd—-L0C. O.L«in COA = Lry sin(f,-6,),
and, AO AB - l() [.OBsin A0S - Lrrysin (6, —-0)
= Yrpusin(0,--0,).
Hende (1) gives .
AABC - L [ryrssin (6, - 0.) + ryr, sin (0, - 0,)
. . Errgsin (0. -0 |-
85. 7o change from Cartesian (Coor :/umfv s o Polar
Coordinates, and m/uuwh/
Let 7 be any point whose Cartesian coordinates, referred
to rectangular axes, arc @ and g, .
and whose polar coordinates, re
ferred to 0 as pole andy ox
initial line, arc (r, 6).

Rraw Py perpendicular to OX P
so that we have p
OM oy P -y, 2 HOP=6, * -
and or. »r x0T M
From the triangle _‘I()I’ we iy’
have
z OM = Ol’cm MOP--rcosf......... (1),
=ML OPsin HOP ~rsind ......... (2),

» _ol' VOIET P - & vy . 3),
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and
nr y
—_ ;}I]‘ [ had 5 cccccccccccccccccccc (4)'
Equations (1) and (2) express the Cartesian coordinates
in terms of the polar coordinates.
Equations (3) and (4) express the polar in térms of the
Cartesian coordinates.

The sane relations will be found to hold if 2” be in any
other of the quadrants into which ¢he plane is divided by
XOX' and YOV, :

Bx. Change to Cartesian coordinates the equations

tan

¢
(1) r==asintdy and (2) I%-’:dl‘}(‘(ﬂg.
(1) Mulliplying the eyuation by r, it becomes r*=arsin 0,
i.e. by equations (2) and {3), 22 i y2>=ay.

(2) Squaring the equation (2), it becomes

NG
¢ . Toacosty =y (1+cos6),
ie. * N ar farcos g,
ie. 2ty =adat 4P ar,
i . (20t} A2 - aay?z=a? (2% ).

EXAMPLES. III

Lay down the positions of the points whose polar coordinates are
1. (3, 45%). 2. (-2, --607). 8. (1,135%. 4. (2, 3307,

> . - s T
5. (-1, —180°. 6. (1, - 210). 7. (5, ~675). 8. (a, E)'

9. (2(,, -’_:) 10. ‘(}a, ’[_) 1. (-.‘.’a. -%5),

Find the lengths of the stra.ight lines joining the pairs of po{ﬁts
whaose polar coordinates are

12. (2, 30°) and (4, 1209 13. (-3, 45°) and (7, 1059).

14. (u, %) and (311. E)



\ "
[Exs. IIL] EXAMPLES, ' J 23
15. Prove that the points (0, 0), (3, Fi) , and (3, %) form an equi-

lateral triangle.
Find the areas of the triangles the coordinates of whose angalar
points are .

16. (1, 30°), (2, 60°),"and (3, 90°).
17. (-3, -80%), (5, 150°), and (7, 210°).

2
18. (-—a, Z), (u, :;) , and (=2a, - “})

Find the polar coordindtes (drawing the figure in each case) of the
points

19. z=,/8, y=1. 20, z= —/3, y=1. 21, w=-1, y=1.

Find the Cartesian coordinafos (drawing a figure in ench case) of
the points whose polar eoordinates ur

22. (5.5). 2. (-5.3). 24. (5 -%).

Change to polar coordinates the equations
25. 2% Fy?=al 26. y-=xtana. 27. x’-‘+'y===2ar.
28. a2-y?=2ay. 29, =y*(Za-r). 30. (L4 Y%= (- yd.

Transform to Curtesian coordinates the equations

31. r=a. 32,- 6 =—=tanm, 33. r=acd 0.
34, r=asin20, - 35. 12 =u®cos 2., 236, r*sin 20=2a%
37. r2co8 20=d*. : 38. 4 co;g:: ot 39. r} =abgin f .

40. 7 (cos 30+ sin 86) =5k sin 0 cos 4.



o<y

- CHAPTER ITL
LOCUS.  EQUATION TG A LOCUS.

36. Wuky a point moves so as always to satisfy a
given condition, or conditions, the path it traces out is
called its Locus under thexe conditions.

For example, suppose O to be a given point in the plane
of the paper aud that a point 72 is to move on the paper so
that its distance from O shall he constant and equal to a.
Tt is clear that ail the positions of the moving point must
He on Yhe cireamference of a cirele whose centre is O and
whose radius is . The civecumference of this <ircle is
therefore the ¢ Locus™ of 42 when it moves subject to the
condition that its distunce from O shall be equal to the
constapt, distance . .

37. Againgsuppose d and K to be two fixed points in
the plane of the paper and that a point P is to move in
the plane of the paper so that its distances from 4 and B
are to be alwayscequal.  1f we bisect. 45 in ¢’ and through
it draw astraight line (of infinite length in both directions)
perpendicular to L1 £, then any pgint on this straight line
is at equal distances from Ul and B, Also there is no
point, whose distances from 4 and 7 sre the same, which
does not lie on this straight line. This straight line is
therefore the « Lovus” Of 2’ subject to the assumed con-
dition. .

~

38. Again, suppose Ajand B to be two fixed points
and that the point /” is to move in the plane of the paper
so that the angle APR is always a right angle. If we
describe a circle on 48 as diameter then P may be any
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point on the circumference of this circle, since the angle
in,a semi-circle is a right angle; also it could easily be
shewn that APB is not a right angle except when P lies
on this circumference. The “Tocus™ of P under the
assumed condition ix therefore a circle on 12 as diameter.

39. Qne single equation between two unknown quan-
tities 2t and y, e.y.

rHy =l (,
cannot completely determine the values of & and .
,P .
“Q
Ry
S ¢
"""" MTTTOM - X
P
Such an equation lues an infinite 1mumber of solutons.
Amongst them arve the following : .
a: 0) @1y g oy
y-LJ) y=017 5 1) gy 247
R P B 200

, y )y 3y
Let us mark down on paper a number of points whose
courglinates (as defined in the last chapter) satisfy equation
(1).
Let OX and OV be the axes of coordinates. .

. 1f we mark off a distance O, (— 1) along (4}, we have
a point P, whose coordinates (¥, 1) clearly satisfy equation
1. ° ’

If we mark off’ a distance OF, (- 1) along OX, we have
a point £ whose cvordinates (1, 0) satisfy (1).
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Similarly the point 2;, (2, —1),-and P, (3, — 2), satisfy
the equation (1). -

Again, the coordinates (— 1, 2) of P; and the coordinates
(=2, 3) of P satisfy equation (1). .

On making the measurements carefully we should find
that all the points we obtain lie on the line P, Py (produced
both ways).

Again, if we took any point ¢, lying on P, P,, and draw
a perpendicular Q41 to (.X, we shoukl find on measurement
that the sum of its 2 and y (each taken with its proper
sign) would be equal to unity, o that the coordinates of @
would satisfy (1).

Also we should find nogpoint, whese coordinates satisfy
(1), which does not lie on P, ,.

All the points, lying on the straight line P, 2,, and no
others are therefore such that their coordinates satisfy the
equation (1), .

This result is expressedd in the langnuage of Analytical

Jeometry by saying that (1) is the Kquation to the Straight
Line 22,0,

. . . g
+ 40. Consider again the equation

¢ N R T TITT PP (1).

Amongst an infinite number of solutions of this equa-
tion are the following:

v

£ -2 @ ,~/3} SN A w -1y
y=0J" y-1v | y-2p y=u3f"

w-:0 9'-*"11 J"—‘-J?«, "“‘“—'Js’ ‘
}’ AEIL T R 2 }’ }’

2 vvi 0y
ez @ =~ 3 .’g:-—Ji’,} T=-1,
y=0 )7y -1 )7 u=-y2)7 y=—3)0

J
x=0, x=1, 1 a== /2, x=,/3)
31-’**2}’ y==-J3)’ y-—u/2}’and y=—1§
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All these points are respectively represented by the
points Py, Ly, Iy ... Prgs and they

will all be found to lie on the PY

dotted circle_ whose centre is ¢ P R .-*? %P

and radius is 2. P 7 §Q
Also, if we take any other ¢ gy

point @ on this circle and its | i

ordinate Q.Jf, it follows, since B} i M BX

O + MG =0 - 4, that the « ; A

and y of the point Q sstisfies (1). 0 H 5 ¢

The dotted circle therefore
passes through all the points whose
coovdinates satisfy (1). |

In the language of Analytival Geometry the equation
(1) is therefore the equation to the above vivele.

41. As another example let us trace the locus of the

point whose coordinates satisfy the cquation
° R R N - (1)

If we give » a negative value we sce that g is iw-
possible; for the square of a
real quantity cannot he nega-
tive,

Wesee therefore that there
are no points 1¢ing to the lefy
of OF. . .

. 3 oy

Jf we give » any positive
value we see that g has two
real corresponding values whiclt
are equal and of opposite smigns,

The following  values,
amangst an infinite numbec of
others, satisfy (1), viz

z=0), a-:1, x=-2,

ty=0f’ 3/:-+‘2m'-—2}’ y=2J2or
z=4 1 x=16, . | ]
y=+dor—4J" 7 y=8or-8J T y-amor—aw/’

The origin is the first of these points and P, and @,,
P and @,, Pyand ¢, ... represent the next pairs of points.
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Tf we took a large number of values of x and the
corresponding values of y, the points thus obtained would
be found all to lie on the curve in the figure.

Both of its branches would be found to stretch away to
infinity towards the right of the figure.

Also, if we took any point on this curve and measured
with sufficient accuracy its .« and y the values thus obtained
would be found to satisfy equation (1).

Also we should not be able to finyl any point, not lying
on the curve, whose coordinates would satisty (1).

In the language of Analytical Geometry the equation
(1) is the equation to the above curve. This curve is called
a Parabola and will be fully discussed in Chapter X.

42. Tf a point move so as to satisfy any given condition
it will describe some definite curve, or loeus, and there can
always be found an equation between the 2 and y of any
point on the pith,

This equation is ealled the cquation to the lucuq or
curve.  Henee

Def. Equation to a curve. 7% cquation to «o
cwrve wthe relution whicl erists bebween the coordinates of
any point on (lu' cwrve, and which holds for no other points

crcept those /;/ml/ o the curee,

43. Convergely to every equation between s and y it
will be found that there is, in general, & definite geometrical
locus, .

Thus in Art. 39 the equation is w4y 1, and the
definite path, or locus, ix the straight live /)7, (ploduw(l
indetinitely both ways).

In Are. 40 the equation is &%+ 4* 4, and the definite
path, or locus, is the dotted cirele. ' .

Again the cquation y 1 states that the moving point
is such that its ordinate Is always unity, ie that it is
always at a distance 1 from the axis of w. The detinite
path, or locus, is thercfore a straight line parallel to 0X
and at a distance unity from it.
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44. In the next c}mpter it will be fouud that if the
equation be of the tirst degree (ie. if it contain no
products, squares, or higher -powers of .« and ) the locux
corresponding is always a straight line.

1f the cquation be of the second or higher degree, the
corresponding locus is, in general, & curved line.

45. We append a few simple examples of the forma.-
tion of the equation to a locus.

Bx. L. A point moves so that the alyebrare sum of its distances
Jrom o given perpendicar ares is equal to a constunt quaantity «;
Jind the equation to its locus.

Take the two straight lines as the axes of coordinates. Let (&, y)
be any point satisfying the given condition,  We then havex- y ~a.

This being the relation comecting the coordinates of any point
on the locus is the equation to the locas.

1t will be found in the next chapter that this equation represents
a straight lne.

Bx. 2. The sum of the squares of the distences of « moving point
Jrom the two ficed potnts (a, V) and (~-a,0) is equal to @ coustunt
queamtity 2¢%.  Find the equation to its locus,

Let (x, ») be any position of the moving point. Then, by Art. 20,
the condikion of the question gives

H R L T ) L S el
ie. PRl L YL BTN

This being the relation bhetween the coordinutes of any, ard overy,
point that satisfies the @ven condition s, by Ant 12, the equation to
the required locus!

This equation tells us that the square of the l]l\lﬂ‘ll(‘l’ of the point
(x, %) from the ovigin is constant® and cqual to 2 «u-, and therefors
the loeus of the puint 15 a cirele whose centre is the origin,

Bx. 8. A point moves so that its distance from the point (-1, 0)
is always three times its distanee from the point (O, 2).

Let (r, y) be any point which satisfies the given condition. We
then have

. NE D0 8 e -2,
8o that, on squaring,
. a2 1y ‘J(l"-vl“——-‘_l[-:-‘),
i.e} 8 (x? %) -2 - .&6;./ 4 3320,

This being the relation 1)(.1:\\0(*1! the conrdinates of each, and
every,*point that satisfies the given relation is, by Art. 42, the
required equation,

It will be found, in a later chapter, that this cquation represents
a circle.
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EXAMPLES. IV,

By taking a namber of sclntions, as in Arts, 39—41, sketch
the loci of the following equations :

1. 2z +8y=10. 2. 4 y-=T. 3,22 - 2ax+32=0.

4, r-dur+y?+30%:=0. 5. y*=ur. 6. 3e=y*-9.

&L
7. T 1.
A and B being the fixed poiuls (i, 0) and (- a, 0) respectively,
obtain the eqnations giving the locus of I, when
8. PdA%- PB¥=a constant quantity == oz,
9. PA-=nPB, n being constant.
10. LA+ PB.=¢, a constant quantity.
11, P44 Pe¥= 2PA2 C by the point (¢, 0).
12. Tind the locus of @ poing whose distiunee from the point (1, 2)
is equal to its distunce frou the axis of y.
Find tho cquation to the locus of a point which is always equi-
distant from the points whose coordinates me
13. (1, ) wnd (0, 2. 14, (2,3) and (4,3). *
15, (e v by - DY and v Dy i by, ’
L]
T'ind the cquation to the locus of a point which moves so that
16. its distance from the axis of @ is three times its distanee fromm
tho axiy of y.
»
17. its distance fromn the point {u, 0) 18 always four times its dis-
tance from the axigof y. .
18. the sum of the squares of i distances from the axes is equal
to 3.
19, the sqpue of its distance fiom the point (0, 2) is equal to 4.
20. its distance from the point (3, 0) is three times its diztance
from (0, 2). .
21. its distance from the axis of .« is always one lalf its distance
from the origin.

.
22. A fixed point is at a perpendicular distance « from a fixed
straight line and a point nfoves so that its distance from the fixed
point is always equal to its distance from the tixed line. TFind the
equation to its locux, the axes of coordinates being drawn throtigh
;;!m fixed pointt and being parallel and perpendicular to the given
ine, . .
23. In the previous question if the first distance be (1), always half,
and (2), always twice, the sccond distance, find the equations to the
" respective loci.



CHAPTER 1V,

THE STRAIGIIT LINE. RECTANGULAR COORDINATES.
L]
46. 7o find the equation (8 a straight line which is
parallel to one of the covrdinate ares.

Let C'L be any line parallel to the axis of ¥ and passing
through a point (7 on the axis of a such that OC=-.

"“L(-.t £’ he any poiut on this line whose coordinates are
x and y.

Then "the abscissa of the point 7 is vy
always ¢, so that

This being true for every point on g c x
the line CL (pnulu(-od inde hmt«l\ hoth
ways), and for na other point, is, by
Art. 12, the equation to Hn' line.

Tt vull be noted that the equation does not contain the
coordinate .

Similarly the cqlmtinn.t.u a straight line parallel to the
axis (;f wis y—d.

Cor. The equation to the axis.of x is 7. (.
The equation to the axis of y is 2-:0.

4%7. To find the equation t:; a straight live which cuts
off @ ven intercept on the axis of y qud is inclined at o
given angle to the axis of .

Let the given intercept be ¢ and let the given angle be a,
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Let C be a point on the axis of y such that OC is e
Through € draw a straight
line LCL'inclined at an angle
a (= tan™!m) to the axis of r,
so that tan a = m.

The straight line LCL' is
therefore the straight line
required, and we have to
find the relation between the
coordinates of any point £ lying omsit.

Draw P perpendicular to O to meet in 2V a line
through ¢ parailel to 0X,  ®

Let the coordinates of /2 he @ and that QM -«
and VP - y. .

Then MP - NI'+ MUY (Ntana OC ..
i.e. y=mx+c.

This ve being true for eay point on the given

straight 1 is, by Art. 12, the equation to the strdight
line.

[T this. w1 ther similar cases, it could Be shewn,
conversely, that the equation is only true for points lying
on the given steaight line.]

cor. The equation to any atr:u?ight line passing through
the origin, <.c. ®hich cuts off a zero intercépt from the axis
of y. is found by putting ¢ & and henceis .

48. The angle a which iy used in the previous article is the
angle thiough which a stiaight line, origmally parallel to ONX, would
have to turn in order to coincde with the given direetion, the rotation
being always in the positive directiong Also m s always the tangent
of tlus angle.  In the case of such a straight line as .12, in the figure
of Art. 30, m is equal to the tangent of the auvgle X4 P (not of the
angle ’40). In this case therefore m, being the tangent of an®btuse
angle, is a negative quantity.

The student should verify the truth of the equation of the last
article for all points on the stiaight line LCL’, and also for siraight
imes in other positions, e.g. foF such a straight line as 4,0, in the
fivmre of Art. 59. In ths lagter case both m and ¢ arc negative
qu mtities. . ‘.

A eareful consideration of all the possible cases of a foew proposi-
tion~ will soon satisfy him that this verifieation is not always
necessary, but that it is suflicient to cousider the standard figure.

® . .
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49. Bx. The equation to the straight line cutting off an
intercept 8 from the negative direction of the axis of y, and inclined
at 120° to the axis of «, is

y=.x tan 120°+ (- 3),
ie. . Y= —a /3-8,
ie. y+ur/3+3=0.

BO. 7% find the equation to the straight line which cuts
off given intercepts a and b from the awes.

Let 4 and B be on OX and O respectively, and be
such that O.l =a and @5 - h.

Jouin 48 and produce it in-
definitely both ways. Lot P be
any point (., &) on this straight
line, and draw 2.} perpendiculare
to OX.

We require the relation that
always holds between x and g, so
long as £ lies on L1,

By geowetry, we have

o ry and MP Al
04 AB’ T 0B AL
O AP Iri+Ar

odt o T am T

. x y_
v.é. . ;-I-%—I.

This is therefore the vegquired equation; for it is the
relation that holds between the coordinates of any point
lying on the given straighg line.

81. The eqnation in the preeeding mrticle may be also obtained
by exgressing the fact that the sum of the arcas of the triangles OPA
and OUPB is equal to ()43, o that
Jaxy+ibxao=laxbh,

o
a b'._]'

82.y Bx. 1. Find the equation® to the straight line passing
through the point (3. —4) and cutting ofF intercepts, equal but of
opposite signs, from the two ares,

Let the intercepts cut off from the two axes be of lengths a and
-a.

and®hence

L. 3



34 COORDINATE GEOMETRY.

The equation to the straight line is then

»
f+ y :'.'1,
< - a
ie. H Y S eiiiiiiiiienis e (1).

Since, in addition, the straight line is fo go t:hrough the point
(8, — 4), these coordinates must satisfy (1), so that

3-(-4)=uq, v
and therefore a=".
The required equation is therefore
@ -y=T. ,

Bx. 3. Iind the equation to the straight line which passes through
the pownt (~5, 4) and is such that v he portion of it between the aces is
divided by the point in the ratio of 1 : 2.

Let the required straight Fne be Z + Z- 1. This meets the axes

in the points whose coordinates ave (a, 0) and (0, 'Iz).

The coordinntes of the point diviling the line joining these
points in the ratio 1 : 2, are (Art. 22)

Baaid0 20410 B b
. Zk-l 2-]-]“’ [N 3 anc 3

If this be the point ( - 5, 4) we have

- 5_-.'?';' and - b

3’
#0 that wx A and b =12,
The required straight Ime is thereford
. e Ty -1
agha=h .
i.e. Sy - 8e. GO,

83. 7v '/i/’fl e equation to « straiyht line in terms of
the perpendicular let full wpon it from the origin and the
angle that this perpendicular walfes with the aais of o,

Lot O be the perpendicular from O and et its Jength
be p.

Let a be the angle that O& makes
with O X.

Let P be any point,*whose co-
ordinates are z and y, lyitg on 45
draw the ordinate P, and also WL
perpendicular to OR and PV perpen-
dicular to ML,
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Then OL=0Mcosa ...c..ccuvnvunnnnn.... (1),
and LR = NP MPsin NMP,
But t NMP=90°— t NMO = £ MOL :- a,
8 LR =MPsina.......ccouvueeuun... (2).
Hence, a.dd'ing (13 and (2), we have
. Q¥ cos a+ MPsina= 0L + LR OR == p,
z.c. - xcosa+4ysina=p.

This is the required equition.

54. In Arts. 4733 wehave found that the correspond-
ing cquations arc only of the first degree in 2 and . We
shall now prove that

Any equation of the first*degree in o and y ahways repre-

sents a straight line. . o
For the most general form of such an equation is
de+ By ¢ €00 (1),

where 4, B, and (' are constants, ie. quantities which do
not contain . and y and which remain the same for all
points oy the locus.

Let (1, 9,), (€z, y)s and (a4, y;) be any three points on
the locus of the equation (1).

Since the point (ry, a,) lies on the locus, its coordinates
when substituted for » and y in (1) must satisfy it.

Hence oA By -0 L (2).
So Ay By +C-0 (3,
and Awy+ By + C=:0 ..... ® e (4).

Since these three equations hold between the three quanti-
ties 4, B, and ', we can, %s in Art. 12, eliminate them,
The result is
Jzn o, 1
‘-'"2’ /N
. 1Ty, Yy 1
But, by Art. 25, the relation (5¥ states that the arca of th
triangle whose vertices are (2,,* ,), (,, %), and (s, ys) is
zero,
Also these are any three points on the locus.

- 3—2

S0 ”).




36 COORDINATE GEOMETRY.

3

The locus must therefore he a straight line; for a curved
line could not be such that the triangle obtained by joining
any three points on it dhould be zero.

&65. The proposition of the preceding article may also be deduccd

from Art, 47. For the equation .
Ac+By+C=0 *
may be written y=—"!::r—(-'Z N ’
B L’

and this is the same as the straight line
y=mrte,

0

. 4
if m - and ¢--— W

But in Art. 47 it was shewn that y-=mc4 ¢ was the equation to
a straight line cutting vff an intereept ¢ from the axis of y and
inelined at an angle tan 1m to thé axis of .

The equation . Azt By Y+ C=0
1
therefore represents s straight line cutting off an intercept — jU from

the axis of y and inclined at an angle tan™? (— l[:) to the axis o.f EX
56. We car reduce the general equation of the first
degree -{.r:+ Dy C O (D)
to the form of Art.
For, if p be tlw pwpvndwul.u‘ from the origin on (1)
and a the angle it makes with the hxix, thn :qu.mou to the
straight line gt be

weosa-+yaina—p -0 ).
This (‘qunlin.u must therefore be the same as (1).
cosa  siha - p
Henee 4= ..J ,
. P uosa sm a  Aeost a4 osint a 1
oo, - - - e
¢ o4 -8 VA B itz
Henee .
~ . - B ¢
cos @ —- - sina= —=__ ,and p: | .,
NRLRW/S POERNY /o VAT I

The equation (1) may therefore be reduced to the foem (2)
by dividing it by JA®+B* and arranging it so tha.t the
constant term is negative.
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87. Bx. Reduce to the perpendicular .form the equation
ZHyJI+T=00 e ().
Here NATF = JTT B=g=2 !
Dividing (1) by 2, we have
3. o
Y z+y e +3§==0,
/
e, 2(-9+(=F) -1=0
i . & cos 240° + 9 sin 240° - §=0,
58. 7o trace the sh‘aiykt. line given by an rquation of’
the first degree.
Let the equation be .
Awt+ By+C* 0.verinninnnnnnn.n. (1).
(a) This can be written in the form
-L -+ —"'/—--_‘ 1.
. C &
B
Comparing this with the result of Art. 50, we see that it
2l

L] .

Rl

. . . . (5
represents a straight line which cuts oft intereepts — { and
<
) *
- 5 from the axes.  Its position is thvrcfol.'e known,

B
If ¢ e zero, the equationX1) reduces to the form

4 .
¥ooRh

and thus (by Art. 47, Cor) represents a straight line
passing through the origin inclined at an angle tan™! (—%

to the axis of o Its position is therefore known.

+(B) The straight line may also be traced Ly finding
the coordinates of any two points on it.

d

1t we put y- 0 in (1) we have z=— ;(1 The point

(-g s 0) therefore lies on it.
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If we put x-.0, we have y::—g, o that ‘the point
».
(0, - g) lies on it.

Hence, as before, we have the position of the straight
line. ‘

89, Ex. Trace the straight Lines
(1) 8e -4y +7=0; (2) Tor+8y +9=0;
(8) By=x; (1) £=2; (I) y=-2.
Yl
. <

"), ¢ ‘C.,

.

x’;&f,”;g}.,/ O As X

SN
B By

Y

(1) Putting y--0, we have = -1,
and putiing r=0, wehave y= [, e

Mecasaring '”h( = - %) along the axis of & we have one point on
the line.

Measuring 08, ( =) along tho%hxiy of y we have another point.

Hence 4,5y, produced both ways, is the required Tine.

(2) Putting in ruceession y and r equal to zero, we have the
intercepts on the axes equal to - ¢ and - §.

1f then 04, 3§ and OB,= @, ¥e have 1,1, the required line.

(3) The point (0. 0) satisfies the equation so that the origin is on
the line. ¢

Also the point (3, 1), ie. Cy, lies on it. The required line is
therefore 0C;.

{t) Thelinex=12is, by Art. 46, parallel to the axis of y and pasSses
through the point 4, on the axie of & such that 04, -2,

(5) The line y = - 2 is parallel to the axis of x and passes through
the point B3, on the axis of y, such that OBy= 2.

60. Straight Line at Inhnlty. ‘We have seen
that the equation A« + By + C' =0 represents a straight line
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which cuts off intercepts —-ZC and g from the axes of

coordinates.

If A vanish, but not B or (', the intercept on the axix
of a is infinitely great. The equation of the straight line
then reduces to the form y::constant, and hence, as in
Art. 46, represents a straight line parallel to Oa.

So if B vanish, but not 4 or ¢, the straight line mects
the axis of y at an infinite distance and is therefore parallel
ta it, .

If 4 and B both vanish, but not (', these two in-
tercepts are both infinite aAd therefore the straight line
0.2+0.y+C -0 is altogether at intinity.

61. The multiplication of an equation by a constant
does not alter it. Thus the equations

26-3y+5-+0 and 10— 15y + 25 -0
represent the same straight line.

Conversely, if two equations of the first degrse repre-
sent the sume straight line, one equation must be equal to
the othet multiplied by a constant quantity, so that the
ratios of the corresponding coeffidients must be the same,

For example, if the equations ’

axrbyte,—0and A+ By+C, 0
reprosent the same straight line, we must Have
a b e
4, B .

62. To find the equation to the straiyht line which
passes through the tiro givAu points (&, y'y and (', y").

By Art. 47, the equation to any straight line is

¢ Y MEACeiiiiiiiiiiiiies e (1).
By properly determining the quantities m and ¢ we can
make (1) represent any straight line we pleasc.

If (1) pass through the point (2, &), we have

* Y =t Coriniii et (2).
Substituting for ¢ from (2), the equation (1) becomes
y~y=m@x-x)...... ceeenea(3).
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4

This is the equation to the line going through («, y') making
an angle tan~! m with O.X. If in addition (3) passes through
the point (", ¥”'), then

Yy -y =m (& - 2),

. ¥y -y
giving ' m T

Substituting this value in (3), we get as the required
equation

y-y'= y _y (x<-x’).

83. Bx. [Find the equation to the straight line which passes
through the points (-1, 3) and (4,
Let the required equation be
J MO+ e e e (1).
Since (1) goos through the first point, we huw
3==--m ¢, 0 that c=m+3.
Hence (1) becomes

Y=mrLm-Ld. L L (x).
If in ‘nddition the: line #oes through the second pumt we hme
2 -dmrm ) 3, so that m-=- 1. '

Tenea (2) bocomes
Y- - x42, Lo xrtys2.
QOr, ®gaiu, using the result of the lastiuarticle the cquation is

w - 2-3 .
L R T
i.e. Y r-2 :

64. To fix%definitely the position of a straight line we
must have always two quantities given. Thus one point
on the straight line and the direction of the straight line
will defermine it; or again {wo points lying on the straight
line will determine it. \

Analytically, the general equation to a straight line
will contain two arbitrary constants, which will h.-wo to be
determined so that the general equation may represent any
particulav straight line.  °

Thus, in Art. 47, the (lu«lntltlt"! m and ¢ which femain
the same, go long as we are considering the same straight
line, are the two constants for the straight line.
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Similarly, in Art. 50, the quantities ¢ and & are the
constants for the straight line.

65. Inany equation to a locus tho quantities 2 and y,
which are the coordinates of any point on the locus, ave
called Current Coordinates ; the curve may he conceived as
traced out by a point which “runs” along the Incus.

L)

EXAMPLES. V.

Find the equation to the straight line

1. cutting off an intercept unity from the positive dircction of the
axis of y and inclined at 45° to the axis of r.

2. cutting off an intercept - 5 from the axis of y and being equally
inclined to the axes.

3. cutting off an intercept 2 from’ the negative direction of the
axis of y and inclined at 30° to OX.

4. cutting off an intercept — 3 from the axis of y and weclined at
an angle tan—13 to the axis of x.

¥md the equation to the straight line

5. cutting off intercepts 8 and 2 from the axes.

6. cuttlng off intercepts ~ 5 and 6 from the axes.

7. Find the equation to the straight Jine which passes through the
point (5, 6) and has intercepts on the axes
(1) equal in magnitud. and both positive,
(2) equal in magnitude but opposite in sign.,
8. Find the cquations to the straight lines which pass through
the point (1, - 2) and cut off eqnal distances from the two axes.

9. Find the equation to the straight line whiech passes through
the given point (#, y’) and iz such that the given point bisects the
part intercepted between the axes.

10. Find the equation to thie straight line which passes through
the point (~4, 3) and is such that the portion of it between the axes
is diviged by the point in the ratio 5 : 3,

Trace the straight lines whose equations are

11, z+2y+3=0. 12. 6z~ Ty -4 -0.

13. 3r+T7y=0. 14. 20-3y+1-=0.

Find the equations to the straight lines passing through the
followirtz pairs of points.

15. (0, 0) and (2, -2). 16. (3, 4) and (5, 6).

17. (-1,8) and (6, -7). 18. (0, - «) and (b, 0).

v
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19. (a,b) and (n+b, a-1).
20. (aty?, 2at,) and (at?, 2at,). 21. (""1’ g) and (al‘g, ;‘l)'
1 2

22. (acos¢,, asing;) and (ncos ¢,, asin ¢,).

23. (acos ¢, bsin ¢,) and (ucos ¢,, bsin ¢,). .

24. (arec @), btan ¢)) and (asce ¢y, btan ¢,).

Find the equations to the sides of the triangles the Goordinates of
whose angular points are 1espectively

25. (1,4), (2, -3), and ( -1, -£).

26. (0, 1), (2, 0), and (-1, - 2). «

27. Find the equatinong to the diasgonals of the rectangle the
equations of whose rides are r=g¢, x=a’, y=>b, and y="¥.

28. Find the equation to the straight line which bisects the
distance between the points (v, 4) and (#/, »’) and also biscets the
distance between the points ¢—a, b) and (a/, - 1U’).

29. Yind the oquations to the straight lines which go through the
origin and trisecr the portion of the straight line 3.4y =12 which
is intercepted between the axes of coordinates.

. Angles between straight lines.

66. 1o finel the wayle between two given straifht lines.
Let the two straight lines be AL, and .{L,, meeting the
axis of @ in L, and L,

Y
! A

'

C3 ‘
/ o
Lz%b X
T. Let their equations be
y—mx+ep and g oomxce...... A1)
"By Art. 17 we therefore have
tan AL, X omy, and tan AL, X - m,.
Now I ALy - a ALX —~ L ALX.
. tan L, AL, =t [AL X - AL X]
tan ALX~tan AL, X my—m,
Ti{vtmAL X tan ALX " 1vmm,

L



¢ ANGLES BETWEEN STRAIGHT LINES, 43

Hence the required angle = = L, AL,
m, —
=tan-1 B 2).
14 mym, )

[In any numerical example, if the quantity (2) be a positive quan-
tity it is the tangent of the acute angle between the lines; if negative,
it i3 the tangdnt of the obtuse angle.]

II. Let the cquations of the straight lines he
A+ By C =0,
and A .3:5 + By + Cy= 0.
By dividing the equations by B, and 5,, they may he
written

A, LG
Y5t hm
4, G
B:Ud Y —— ]f; £ 7{—._: .

Gomparing these with the equations of (L.), we sco that

4 4

g | 2
my=—"p and my--— 57
¢ L. B’ y B,

Hence the required angle
Ay
/]
¥ itan - 5 \‘ 5. .
. l_}.(.lll) (_‘A}"
’ 1, £,
Bdy- A,By
Al‘l;, “— /}11}2 ..................
ITI. If the equationsée given in the form
zcosa+ysina—p <0 and zcosB+ysinB--p, -0,
the perpendiculars from the origin make angles « and 8
with the axis of a.

Now that angle between two straight lines, in which
the ‘origin lies, is the supplement of the angle between the
perpendiculars, and the angle begween these perpendiculars
is B-a.

[For, if OR, and OR, be the perpendiculars from the origin upon

the two lines, then the points O, R,, It,, and A lie on a circle, and
hence the angles R,OR, and R,4 R, ave either equal or supplementary.}

o, My —m
=tan~! -~ 7 -

gy

..

tan-?
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67. To find the condition that two straight lines may
be parallel.

Two straight lines arve parallel when the angle between
them is zero and thercfore the tangent of this angle is zero.

The equation (2) of the last article then gives
L]
m; =m,.

Two straight lines whose equations are given in the
“m” form are therefore parallel when their “n’s” are the
same, or, in other words, if their equations differ only in
the constant term,

[ ]

The straight line .r i-By (" =0 is any straight line which is
parallel to the straight line A - By+C'~0. For the “m’s” of the
two equations are the same.

Again the equation 4 (£-- ')+ B (y--y)-=0 clearly represents the
straight line which passes through the point (7, y) and is parallel to
Az+ By + ¢ =0,

The vesult (3) of the last article gives, as the condition
for pazallel lines, *
Bdy--A,B, =0,
A4,

i.e. =

BBy
68f Ex. ['ind the cquation to the straiaht line, which passes
through the point &1, ~3), and which is parallel to the straight line

B4y 5= 0 (.

Any straight line which is pafallel to (1) has its equation of the
form

’ Br+dy+C=000 (2
[For the “*m" of both (1) and (2) is the same.]
Thizs straight line will pass throng®® the point (4, - 5) if
Ix4 rix(-5)+C =0,
i.e.if 22012228, ¢
The equation (2) then becomes
3r 4y 4-8=0. .
69. To find the condision that two straiyht lines, whose
equationa are yiven, may bo perpendicular. .
Let the straight lines be
Y=my + o,
and Y=g +Cy.
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L]

If 6 be the angle between them we have, by Art. 66,
m, =My
Ty s (1)
If the lines be perpendicular, then 6-= 90°, and therefore
tanf@—-o. '

The right-hand member of equation (1) must therefore
be infinite, and this can only happen when its denominator
.is zero. R
The condition of perpendicularity is therefore that

1+ mm,=0, ie. mymy=—1.

The straight line y = ny,a ¥ e, is therefore perpendicular

tan 6 =

to y=mx + ¢, if neg——---?
K4 18+ €y 2 n, .
It follows that the straight lines

A+ B y+C -0 and Aye+ Boy+ Cy= 0,

. 4 A . .
for which e, = j;: and my - — b,z, are at right angles if
. d W1
—— 1 ——- e --
(-2) (-3) -+
ie if A4, BB, =0, .

70. From the preceding article it follows that the two
straight lines .
CAmr By O 0 (1),
and D -y Cy O..... preerreas (D,
are at right angles ; for the product of their m's

Ay B
N
V/ N
Also12) is derived from (1) by interchanging the coeflicients
of & and y, changing the sign of one of them, and changing
the constant into auy other constant.
L d

Ex. The straight line through («’, ') perpendicular to (1) is (2)
where o Iy’ — Ay 4 Cy=0, ro thaat Cy-s Ay’ — By’
This straight line is thevefore
By (s~ 2) ~ dy (y ) =0
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. *
71. Bx.l. Find the equation to the straight line which passes
through the point (4, - 5) and is perpendicular to the straight line
Bz +4y+5=0.cccccceeiviinriiiininin, (1)
First Method. Any straight line perpendicular to (1) is by the

last article
4r -3y +C=0........ ..0..oeiiinen «.(2).

[We should expect an arbitrary constant in (2) because there are -
an infinite number of straight lines perpendicular to (1).]

The straight line (2) passes through the point (4, —5) if

4%x4-3x(-5)+C=0, v
ie. if Cz -16 - 15= - 31,
The required equation is therefore .
dir - 3y =31,

Second Method. Any straighl line passing throngh the given
point is . R
y—(~5)=m(xr—4).

Thislstraight lino is pur[fcndiculur to (1) if the product of their
m's is - 1,

i.e. if mx (- §)=--1,
i.e. if m=3%.
The required eqnation is therefore .
’ ¥ B=t(c-4),
i.e. tr -3y =31.

.
Third Method. Any straight line is  --mx i-c. It passes through
the point (£, -5), of

SAREAM R CL s e .(3).
13 prrpendicular to (1) if ° ¢
. mx (=5 (4
Hence m =4 and then (3) gives ¢, -%t. .
The required equation is therefore y == 4a - 93,
[ * 4r— 3y==31.

[In the first method, we start with any straight line which is
perpendicular to the given straight line and pick out that particular
straightMine which goes through the given point,

In the second method, we start with any straight line passing
through the given point and pick out that particular one which is
perpendicular to the given straight line.

In the third method, we start with any straight line whatever and
determine its constants, so that it may satizfy the two yiven
conditions.

The student should illustrate by figures.}

Bx, 2. Find the equation fo the straight line which passed through
the puint (', y') and is perpendicular to the given straight line

yy’=2a (z+x’).
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The given straight line is
yy' - 2az - 2az’ =0,
-Any straight line perpendicular to it is (Ari. 70)
Qay+ay’ +C=0..coeiee s i (1)
This will pass through the point (', y) and therefore will be the
straight line reqmred if the coordinates z’ and ¥’ satisfy it,
ie. if 2aJ+z’J+C 0,
ie. if C=-2ay’ 'y,
Substituting in (-l) for ¢ the réquired equation is therefore
2a(yey)+y (r-r)=0.

72. 7o find the cquatw'us to the straight lives which
pass through a yiven point (s ¥') wnd make ¢ given angle o
with the given straight line ye-mx + .

Let I’ be the given point and %et the given straight line
he LMY, making an angle 6
with the axis of @ such that v

tan 6 = m.

™ general (i.e. except when
a is a right angle or zero) there
are two sﬁamht, lines P Rand ¢
PNy nmkmﬂ an angle a with
the given line.

Let these lines meet the axis of « in 2 and .8 and let
them nuke anglés ¢ and ¢ with ﬂm positeve direction of
the axis of o . .

The equations to the two required hlr.u«rht lines are
therefore (by Art. G2)

Y-y -tang x (e ) (1),
and Y-y -t < fur- &) (2).
Now, ¢ LUR+ c RLM ~ a0,
and ¢ =L LVS 4 2 SLV = (180°  a) +0.
Hence

P) tana + tan 0 tana + e
) 1- ta.natan@ - mtanc
tan ¢’ = tan (lSO° +0-a)
ta.n0 tana m— tuna
== ta -—
an (0= u) T+tanftana  1+mtane’

Ld
tan ¢ - tan (a <
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On substituting these values in (1) and (2), we have ag
the required equations .

) ,_mt tana (.1: o

Y=Y _mtana 0,

d , m- tuna
an Y~y o = -
Y=Y {Tmtana

(& —2). .

EXAMPLES. VI

L]
Find the angles between the pairs of straight lines
L x—y/3=5 and \/3r + y-47.
2 x-ty—=3 and 6r-y=11. 3. y=32x47 and 3y —x=8.
4 y=( UNxs5and y=233)0- T
5. (= muyy =+ 02y 0 0 and (mn- m®) s (mn - n%) 2 -Emd,
Ilind the tangent of the angle between the lines whose inter-
cepts on the axes are respeetively a, - b and b, - a.

7. Prove that the points (2, --1), (0, 2), (2, 3), and (4, U) are the
coordinates of the angular points of a parallelogram amd fimd the
angle Between its dingonals.

Find the equation to the straight line .

8. passing through the point (2, 8) und perpendicular to ghe
straight line 42 -2y - 10,

9.¢ passing through the point ( - 6,,10) and perpendicular to the
straight line 7+ 8y - 5.

10. pas<ing tfrouvh the point (2, -3} and perpendicular to the
strmght Line joiming the points (3, 7) and (- 6, 3).

11, passing through the point {4, - 3) and perpendicular to the
straight line joinlag (1. 3) and (2, 7).

12. Vind the equation to the straight line drawn at right angles to

>

the straight line : .- ";) == 1 through tife point where it meets the axis
t
of .r.

)

13. Find the equation to the straight line which bisects, and is
perpendicular to, the stiaighy line joining the points (a. b)) and
(«, V).

14, Prove that the equatipn to the straight line which p.asses
through the point (« costd, asin') and is perpendicular to the
straight line z see 04y cosee 0= a is xeosd -y sind=a cos 20°

15. Find the equations {o the straight lines passing through (., y)
and respectively perpendicular to the straight lines

xx' +yy =a?,
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L

Tt
and 'y +xy’ =at
- 16. Find the equations to the straight lines which divide, internally
and externally, the line joining (-3, 7) to (5, ~ 4} in the ratio of {:7
and which are perpendicular to this line.

17. Through the point (3, 4) are drawn two straight lines each

inclined at 45° to the straight line z —y=2. Find their equations
end find also the area included by the three lines.

18. Shew that the equations te the straight lines passing through

the point (3, - 2) and inclinsd at 60 to the line
N3z ry=1are y+2:=0 and y - /3x+24 3./3=0,

19. Find the equations to the gtraight lines whieh pass through

the origin and are inclined at 73° to the straight line
T ry+J8(y -r)=a. '

20. Find the equations to the straftht lines which pass through
the point (&, k) and are inclined at an angle tan-'m to the straight
line Y =nret e

21. TFind the angle between the two straight lines 3= {y4 7 and
5y —12-+ 6 and also the equations to the two straight lines which
pass #hrough the point (4, 5) and make cqual angles with the two
given lines.

78. Yo shew that the point (o, y') is on one side or the
other of the straiyht line Aa i By+C 0 according as the
quantity Ax'+ By + C s positive or negaliee,

Let LM be the given straight line and /2 any *point
' y)- .

Through 7’ draw 7°Q, parallel to
the axis of y, to meet the given
straight line in @, and let the co-
ordinates of @ he (o, y").

Since @ lies on the given line, we
have

. A+ By" + C -0,
Ao’ + ()
that e ().
so tha Yy i (I)

It is clear from the ficure that 2’¢) is drawn parallel to
the positive or negative direction of the axis of y according
as P ifon one side, or the other, of the straight lino LAZ,
1.e. according as y” is > or < ¥/,

t.e. according as »" — ¥ is positive or negative.

L. 4
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’” ’ Ax’ + 0 ’ l d ’
Y=y ="y -y - [+ By +C) *

The point (#, 3') is therefore on one side or the other of
LM according as the quantity Aa’+ By + C is negative or
positive.

Cor. The point («', ¥') and the origin are on the same
side of the given line if Ax'+ By’ + Cand 4 x0+ Bx0+C
have ‘the same signs, d.e. if A2’ + By + C has the same sign
as C. ' :

If these two quantities have oppbsite signs, then the
origin and the point (#, ¥’) are on opposite sides of the
given linet

74. The condition that two points may lie on the
same or opposite sides of a given line may also be obtained
by considering the ratio in which the line joining the two
points is cut by the given line,

For let the equation to the given line be

A+ By +C—0............... e (1), .
and let the coordinates of the two given points be (,, y,)
and (r,, y.).
'Fho coordinates of the point which divides in the ratio
my : my the lilne joining these points are, by Art. 22,
MM g I ().
Ny + 1y my +m,
If this point lic on the given line we have

AT g o,
my +m, my +nmy

. m,__Amx By, + O o
50 that. = T ay T By € 3).
If the point (2) be between the two given points (2, y,)
and (@, %,), t.e. if these two points be on opposite sides of
the given line, the ratio m; : m, is positive.

In this case, by, (3) the two quantities A +%By, + C
and d4a, 4+ By, + C have opposite signs.

The two points (,, %) and (23, ;) therefore lie on the op-
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posite (or the same) sides of the straight line Az + By+C=0
according as the quantities da; + By, + C and da, + By, +
have opposite (or tHE same) signs.

Lengths of perpendiculars.

75. T4 find the length of the perpendicular let fall from
@ given point upon a given straight line.

(i) Iet the equation of the straight line be
zeosa+ ysina—p=0............... (1),
so tifht, if p be the perpendicular on it, we have .
. ON=p and L XON ~a.
Let the given point £ he (2, y').
Through P draw I’ parallel to the given line to meet
OX produced in & and draw £’Q) the required perpendicular.
If OR be p’, the equation to 'R is, by z.h't. 53,
xcosa+ysine-—-p =0,
Since this passes through the point (2, y'), we have
2 cosa+y sina—p' =0, ®
so that p'=a cosa+y sina
But the required perpéhdicular
=PQ=NR=0R-0ON=p'-p
=xcosa+t+y'sina—-p.................. (2).
The length of the required perpendicular is therefore
obtained by substituting 2’ and g’ for z and y in the given
equation. .
(ii)* Let the equation to the straight line be
Ax + By +C=0..cveerrinnennnn. .(3),
the equation being written so that C is a negative quantity.

. 4—2
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As in Art. 56 this equation is reduced to the form (1)
by dividing it by ¥/ 4*+ 8% It then hecomes

Ax . By + ____0_____.__
JirEt Ve TEs

Hence
cosa= 4 i and p
= =77 simna:-:———=mn > —_— ) ==
Var s VA B VAT B
The perpendlcu],n' from the point (&, y') therefore
=2a'cosa+y sina—p
_Ax' +,By’ + C
JATL B
The length of the perpendicular from (', %’) on (3) is
therefore obtained by substituting 2’ and ¥ for = and % in
the left-hand member of (3), and dividing the result so
obtained by the square root of the sum of the squares of
the coeflicients of o and #.
Cor. 1. The perpendicular from the origin
—C=JA B
Cor. 2. The length of the perpendicular is, by Art. 73,
positive or negative according as (' y) is on one side or
the obher of the given line.

€

76. The “ength of the per pcnchculm may also be-
obtained as iullo“ s

As in the figure of the last article let the straight lino
meet the axes m L and M, so that

0L -5 and 00~

Let PQ be the perpendicular from 7 (2, %) en the
given line and P8 and £7' the perpendiculars on the axes
of coordinates.

‘We then have .

APML + AMOL=00LP + 20PN,
i.e., since the area of: a trmnu]e is one half the product of
its base and perpendicular hemht
PQ.LM+OL. 01[-—— OL.PS+0Jf. PT.
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OOy _NATR
But LA = ,\/(: -‘4) + <—- —B = -—ij-——- x (_ ()’

since C is a negative quantity.
Hence .
[A* ¥ ¢ ¢coc Cc (o]
PQ x Lﬂ-—- x(—C) +~ CRETLXY +<—I-;", X ar,
Az’ + By' + C

so that PrQ = ,\/11_5+_];'_*

EXAMPLES. VII

Find the length of the perpenaiculat" drawn from
1. the point (4, 5) upon the straight line 3z +4y=10.

2. the origin upon the straight line % - %:1.
3., the point ( — 3, —4) upon the straight line .
12 (x+0)=5 (y - 2). .

4, the Yoint (b, «) upon the straight line g - %.—-1.

5. Find the length of the perpendicular from the origin upon the
straight line joining the two points whoso coordinates are

(2 cos a, @ sin a) and (a cos @, asin B).
6. Shew that t}_ie product of the perpendiculas drawn from the
two points (= ,\/a,'-'~ 43, 0) upon the straight line

Zeos 0+ sin =1 is 1. .
a b

7. If p and p’ be the perpendiculars from the origin upon the
straight lines whose cquations are z sec 6 +y cosec §=a and
z cos € — y sin f=a cos 20,
prove éhat 4p2+p?=a’.
8. Yind the distance between the two parallel straight lines
y=mx+c and y=mr+d. .
g, What are the points on the axis of z whose perpendicular
distancg, from the straight line £+ ¥—11s a?

10. Shew that the perpendiculars let fall from any point of the
straight line 2:+ 11y=5 upon the two straight lines 24z -+ Tyz=20
and 4z -3y=2 are equal to each other,
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11. Find the perpendicular distance from the origin of the
pcrpend:oulnr from the point (1, 2) upon the straight line

x—4/3y+4=0.

?7. To find the coordinates of the point qf' tntersection
of two given straight lines.

Let the equations of the two straight lines be
ax+bp+re, 0. (1),

and et byt =0 2),
and let the straight lines be AL, and AL, as in the figure
of Art. 66.

Since (1) is the equation of 4L,, the coordinates of any
point on it must satisfy he equation (1). So the coordi-
nates of any point on AL, satisfy equation (2).

Now the only point which is common to these two
straight lines is their point of intersection 4.

The coordinates of this point must therefore &:htlsfy
both (l) and (2).
If therefore 4 be the puint («, 7,), we have *

apey Fhy+e =0 (3),
and ¢ aye, +0uy +ay <0 4).
Solving (3)and (4) we have (as in Art. 3)
r W 1

byg, ~ boe, T ety — ey, ab,— ab,’
so that the coordinates of the required common point are
b, — byey Lyl — Cofty

- an .
by —anb, ab,—ash,
78. The coordinates of the point of intersection found
in the last,article are infinite if
a,b, = azh, = 0.
But from Art. 67 we know that the two straight lines
are parallel if this condition holds.

allence parallel lines must be looked upon as lines whose
point of intersection is at an infinite distance.

o

v
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79. To find the condition that three straight lines may
meet in a point.
Let their equations be

. ax+by+e=0........ (1),
. agw+b2y+02=0 ..................... (2),
and . ax+by+e=0................... (3).

By Art. 77 the coordinates of the point of interscction
of (1) and (2) are

1f the three straight lines meet in a point, the point of
intersection of (1) and (2)emust lie on (3). Hence the
values (4) must satisfy (3), so that
biey = byey
x;-llb_ﬂ”a:.‘l;l * o
cie, ay (bies—0y0) + by (6185 — cy,) + ¢ (@b, — aby) == 0,
de. °ay (byey — byes) + b, (0183 — eyty) + €, (Aghy — aghy) - O-.. (5).
Aliter. If the three straight lines meet in a point let
it be (wy, ), so that the values ®, and gy, satisfy the
equations (1), (2), and (3), and hence

ax, + by, + e =0, .
ax, + by, + ¢y =0, .
and . agxy + bgyy + ¢y =0.

The condition that these three equations should hold
between the two quantities 2, and ¥, is, 8s in Art. 12,
“1‘ by, ¢

dyy byy €5 =0,
- , @y by, ey |
which is the same as equation (5).
80. Another criterion as to whether the three straight
line8 of the previous article meet; in a point is the following.

" If any three quantities p, 7, and » can be found so
that

plaw+by+e) +q(am +by +¢,) +r(asa:+b&1/+c,)=w
identically, then the three straight lines meet in a’point.
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For in this case we have
ae + by -+ ey = —71—" (@ + by + )~ % (@yc + by +65) ..(1).

Now the coordinates of the point of intersection of the
first two of the lines make the right-hand side of (1) vanish,
Hence the same coordinates make the left-hand'side va;nsh.
The point of intersection of the first two therefore satisfies
the equation to the third line and all three therefore meet
in a point. .

81. Ex. 1. Shew that the three straight lines 2x—3y+5=0,
3244y —T=0, and 9z — 5y +8=0rmeet in a point.

If we multiply these three equations by 3, 1, and —1 we have
identically

8(2z~3y +5) + (3% +4y - T) = (9x - 5y + 8)=0.

The coordinates of the point of intersection of the first two lines
make the first two brackets of this equation vanish and hence make
the third vanish. The common point of intersection of the first two

thereforc satisfies the third equation. The three straight lines -
therefore meet in a point, ¢

Bx. 2. IProve that the three perpendiculurs drawn from the
vertices of a triangle upon the opposite sides all meet in a point.

Let the triangle be 4 BC and let its angular points be the points
(1, ¥1)s (35 ¥2), and (g, yg)-

The equation to BC is y -y, = 7 ¥ (-~ xy).
K R
The equation to the perpendicular from A on this straight line is
y-y= 0" @y,
Ys—Ya

i.e. Y (Yz— o) + 7 (rg—ag) =1y (Y3 = ¥g) + 2 (05 g} eoen (1)

So the perpendiculars from B and 2 on C.l and AD are

Y (- o)+ (@ =) =y (91— Yo) + 8 (1) - 2g) @,

and Y Wa-) 2 (O -2 =y (Yo~ Y1) + 2 (2y— 7))o .(3)

On adding these three equations their sum identically vanishes.
The straight lines represented by them therefore meet in a point.

This point is called the orthocentre of the triangle. «

82. To find the equation to any straight line which
passes through the intersection of the two straiyht lines

. ax+by+e=0 ... cen(1),
and . g + by + =20 Ll v (2)
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If (ic;, ) be the common point of the equations (1)
and (2) we may, as in Art. 77, find the values of x, and g,,
and then the equation to anysstraight line through it is

. Y- =m(x— )
where m is any quantity whatever.
L3

Aliter. If 4 be the common point of the two straight
lines, then both equations (1) and (2) are satisfied by the
coordinates of the point A.

Hence the equation‘

@ + by + ¢+ Mage+ by +e,)=0...... ... ®)
is satisfied by the coordinates of the common point A,
where A is any arbitrary constant,

But (3), being of the first degree in x and y, always
represents a straight line.

It therefore represents a straight line passing through A.

Also the arbitrary constant X mny be so chosen that (3)
may fulfil any other condition. It therefore represents
any straight line passing through A.

83. Ex. Find the equation to the straight line whiwh passes

through the intersection of the straight lines .
2r-3y+4=0, 3a:+4y-5=0.‘. ............... 1),
and is perpendicular to the straight line
’ 6= Ty +8=00eeeivericeecnreeeeannn. ().

Solving the equations (1), the coordinates z,, 1 of their common
point aro given by

B e ’___ -
(=3)(=8)—dx+  4x3-2x(=5) 2x4-8x(-8) '
80 th’vi x) = -11" and n=1i%

The cquation of any straight line through this common point i3

therefore
. y-§3=m(c+54).
This straight line is, by Art. 69, perpendicnlar to (2) if

- mx $=—1, d.e. if m=—-§,
The required equation is therefore
y-f=-t@+d) *

ie. 119z + 102y =125
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., Alter. Any straight line through the intersection of the straight
lines (1) is

' 22 -8y +4+\ (3z+4y - 5)=0, ,
e 243\ z+y (A =3)+4-5x=0.................. (3)-
This straight line is perpendicular to (2), if
G (2+43)) - 7(4x-3)=0, o  (Art. 69)
i.e. if A=13.

The equation (3) is therefore
T(2+39) +y (FF - 3) + 4 =0,
ie. 119.2+ 102y — 125=0.
. ’

Bisectors of angles between straight lines.

84. To find the r.-qua';tions of the bisectors of the angles
between the straight lines

ax+hy+e;—=0 (1),
and ax+by+c,=0 oo (B).

.

Let the two straight lines be AZ, and 4/7,, and let the
bigsectors of the angles between them be 4 M, and A X,

Let 7 be any point on either of these bisectors and
draw PN, and PN, perpendicular to the given lines.

The triangles PAN, and PAN, are equal in all respects,
so that the perpendiculars PN, and PN, are equal in
magnitude. . w

Let the equations to the straight lines be written
so that ¢, and ¢, are both negative, and to the quantities

Jal+ b7 and a2+ b7 let the nositive sign be prefixed.
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v

If P be the point (k k), the numerical values of PN,
and PN, are (by Art. 75)

! bkt g whibhdio ).
a1 b? Ja; a’ +b,’

If P lie on 4M, ie on the bisector-of the angle
between thé two straight lines in which the origin lies, the
point P and the origin lie on the same side of each of the
two lines. Henceo (by Art.-73, Cor.) the two quantities (1)
have the same sign as ¢ and ¢, respectively.

In this case, since ¢, and ¢, have the same sign, the
quantities (1) have the samessign, and hence

ah+bk+e, ah+bkie,
By e IR SR .
Ja 12+ byt '»\/a‘ +02

But this is the condition that the point (4, &) may lie on

the straight line
ax+by+e  ax+by+e

»

4 alix:'_‘b'& N /a. iy ’ .
which is therefore the equation to AJf,.

If, however, I’ lie on the other bisector 431, tlm two
quantities (1) will have opposite signs, so that the equation
to AM, will he .

age +b1/+c, ..b!-[)_,;l/-i—('
Wag v Nag+ by

The equations to the original lines being therefore
arranged so that the constant terms are Woth positive (or
both negative) the equation to the bisectors is

a!x+bgy+c"!_ _'_Ah:_:--|-b%+c>a
S — 2
] a‘l + by ~ ay° + by
the upper sign giving the bisector of the angle in which
the origin lies.

85. Bx. Find the equations to the Uisectors of the angles
between the straight lines
- 3z -4y +7=0 and 12z- by -8=0.
Writing the equations so that their constant terms are ‘both
positive they are
8z —-4y+7=0 and —-12z+5y+8=0.
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The equation to the bisector of the angle in which the ongln lies
is therefore
v 3.1:—4J-j-_"{ -12z+5y+8
i NZ ] J128+
e 13 (82 ~4y +7) =5 (- 122+ 5y +8);
ie. 990 — 7Ty +51=0.
The equation to the other bisector is .
Bz—4y+T_  -12z+5y+8
NE W T /1225 52
i.e. 13 (3r-4y+T7)+5( 12245y +8)=0,
ie 2+ 27y ~ 131=0.
86. 1t will be found useful in a later chapter to have
the equation to a straight liye, which passes through a

given point and makes a given angle 6 with a given line, in
a form different from that of Art. 62.

Let 4 be the given point (A, k) and L'AL a straight
line through it inclined at an
angle 6 to the axis of .

Take any point 7, whose
coordinates are (x, y). lying on
this line, and let the distance
AP be r.

Dtaw P perpendicular
to the axis of x and AN perpendicular to 1.1,

Then x--h- AN AP cos 8 = r¢os b,
and Y- k:: NP~ AP sin 0= 1rsin 0.

Hence ' x—h = y'- k
cos ’ln(

This heing the relation holding between the coordinates
of any point P on the line is the cquation required,

Cor. TFrom (1) we ltave

w=h+rcosd and y=k+rsinf.

The coordinates of any point on the given line ave

therefore h+7recos@,and &+ rsin.

3 TN . .(1).

L

L]

87. To find the length of the straight line drawn
through a given point in a given direction to meet a given
straight line.
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Let the given straight line be
' . A+ By+C=0.ccoeeiiiil.l, (1).
Let the given point 4 be (h, k) and the given direction

one making an angle 6 with the axis of «.
Let the line drawn through A meet the straight line

(1) in P and let AF be r.
By the corollary to the last article the coordinates

of P are

3

h+rcosd and &+ rsin 6.
Since these coordinfites satisfy (1) we have
A(h+7rcosb) v Bik+rsind)+(:=0.
— Ah+B/c_+C_’ »
S et :{?(’;S“a‘;j} 'S—in‘é ............... (..:),
giving the length 42> which is required.
Cor. Irom the preceding may be deduced the length
of the perpendicular drawn from (%, £) upon (1).

For the “m” of the straight line drawn through 4 is

A
tan 6 an(! the “m” of (1) is - B

This straight line is perpendicular to (1) if

tan0><(—-‘]§ = -1,

‘i.e. if ’ tan 0_-{}, ‘

. A

cos @ sinf I
so that i i N/}l-’;—]'f” o
and hence

LR/ -
AdcosO+ Bsinf= 5= -7 = S4B
. VA + B

Substituting this value in (2)°"we have the magnitude
of the required perpendicular,

EXAMPLES, VIIL

Find the coordinates of the points of intersection of the straight
lines whose equations are ‘ .

1. 22-8y+5=0 and Tz+4y=28.
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2, Y_ T Y
2. E+b"1 and b+a._1.

a a
3. 'y=m,,:c+;l—l and f.fm.gw;l;.

4, zcosp+ysing,=a and x cos ¢,+ysin ./;,:—:a.

5. Two straight lines cut the axis of # at distances g and ~ a and
the axis of y at distances b and U’ respectively ; find the coordinates
of their point of intersection.

6. Find the distance of the point of intersection of the two
straight lines .
2z~ 3y +56=0 and 3z+4y=0
from the straight line .
5z — 2y =0.

7. Shew that the perpendicular from the origin upon the
straight line joining the poiets

(¢ cos a, @sin a) and («cos B, «sin B)
bisects the distance between them.

8. TFind the cquations of the two straight lines drawn through
the point (0, @) on which the perpendiculars let fall from thegpoint
(2a, 2a} are each of length .

Prove also that ‘the cquation of the straight line joinjng the feet
of these perpendiculars is  y+2r=5a.

9. Find the point of intersection and the inclination of the two
lines

¢ Ar+DBy=A+DB and Az -y)+B(z+y)=2B.
10. Find the ¢pordinates of the point’in which the line
2y -3 +7=0 .
meets the line joining the two points (6, —2) and (~8, 7). Find also
the angle between, them.

11. Find the coordinates of the feet of the perpendiculars let fall
from the point (5, 0) upon the sides of the triangle formed by joining
the three points (4, 3), (-4, 3), and'(ﬂ, --5); prove also that the
points so determined lie on a straight line.

12, Find the coordinates of the point of intersection 4f the
straight lines

2z - 3y=1 and by-~x=3,
and determine also the angle at which they cut one another.
13. Find the angle between ‘the two lines R
3z+y+12=0 and 2+ 2y -1=0. .
* Find also the coordinates of their point of intersection and the
equations of lines’ drawn perpendicular to them from the poing

8, -2).
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14, Prove that the points whose coordinates are respectively
(5, 1), (1, —1), and (11, 4) lie on a straight line, and find its intercepts
on tHe axes.

Prove that the following sets of three lings meet in a point.

15. 2z-3y=7, 3r-4y=13, and 8z+11y=33.

16. 8z+4y+6=0, 6z +5y+9=0, and 3z +38y4-5=0.

17. z.,.%&l, %+g=l, and y=u.

18. Prove that the three straight lines whosc equations are
16—~ 18y +1=0, 122+10y -3=0, and 6r+ 66y —11=0
all meet in a point. .
Shew also that the third line b‘isects the angle betwcen the other
two.
19. Find the conditions that the straight lines
Yy=mr+a;, y=mx+ameand y=ngr+da,
‘may meet in & point.
Find the coordinates of the orthocentre of the triangles whose
angular, points are
20, (0,0), (2, 1), and (-1,3).
21, (1,0), (2, -4), and (-5, -2).
22. In gny triangle 4 BC, prove that .
(1) the bisectors of the angles 4, B, and G meet in u point,

(2) the medians, i.e. the lines joining cach vertex to the middle
point of the opposite side, meet in a point, -
and (3) the straight lincs through the middle points of the sides
perpendiculur to®the sides mecet in a goint.

Find the equation {o the straight line passing through
23. the point (3, 2) and the point of intersection of the lines
2r+3y=1 and 3c-4y=6. o
24. the point (2, -9) and the intersection of the lines
2z + 5y - 8=a0 and 3x — 4y =35.

25. the origin and the point of intersection of

. z-y~4=0 and Tz+y+20=0,

proving that it bisects the angle between' them.
26. the origin and the point of intersection of the lines
-

Ly Z, Y-
a+b=1 and 5+a—1.

27. “the point (a, b) and the intersection of the same two lines.
28. the intersection of the lines
z-2y—-a=0 and z+3y-2a=0
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and parallel to the straight line
3z +4y=0.
29. the intersection of the lines
x+2y+8=0 and 3z+4y+T7= 0
and perpendicular to the straight line
y—-x=8.
30. the intersection of the lines .
3z -4y+1=0 and be+y~1=0
and cutting off equal intercepis from the axes.
31. the intersection of the lines R
2z-3y=10 and 2+2y =6
and the intersection of the lines '+
162 - 10y =33 and 122 + 14y + 29 =0.
32. If through the angulgr pomts of a triangle straight lines be
drawn parallel to the sides, and if the intersections of theso lines bo

joined to the opposite angular points of the tiiangle, shew that the
joining lines so obtained will meet in a point.

33. Find the equations to the straight lines passing through the
point of intersection of the straight lines .
Ae+By-U-0 and A’z + D'y ¢'==0 and
(1) passing through the origin, .
(2) parallel to the axis of y,
(3) cutting off a given distance a from the axis of v,
and (4 passing through u given point (', y’).
34. Prove that tho diagonals of the parallelogram formed by the
four straight Jined
N3r+y =0, fBy+x=0, (/31 y=1, and \By-+re=1
are at right angles to one another.

35. Prove the same property for the parallelogram whose sides
are

x Y x % /
=1, T4t =1, g o =9
« i b L b_‘ @ @ + [ 'md ’

86. Oue side of a square is inclined to the axis of x at an sagle ¢’
and one of its extremities is at the origin; prove that the equations
to its diagonals are

y (cos a — sin a) =z (sin a +cos a)
and Y (sin a +cose) +r(cus a ~sina)==a
where @ is the lon"th of the side of the square.

Find the equations to the straight lines bisecting the angles
between the following pairs of straight lines, placing first the biseator
of the angle in which the origin lies.

87, z+ya 3=6+2,/3 and z~y,/2 =6-2,/3
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88. 12z+06y-4=0and 32+4y+7=0.
4z + 8y -~ 7=0 and 24z + Ty - 81=0.
2z+y=4 and y+3x=5.
Find the bisectors of the angles between the siraight lines
' 2m 2w’
o -—b=i—__—1-'—‘-,} (x—a) and y—b.—_m(z—a).

Find the efjuations to the bisectors of, the internal angles of the
triangles the equations of whose sides are respectively

42, 8z +4y=6, 12r-5y=3, and 4x--3y +12 -0.

43. 38z +5y=15, x+y=a, and 2z +y=6.

44, Find the equations to the straight lines passing through the
foot of the perpendicular from theq point (& k) upon the straight line
Ax+ By + C=0 and bisecting the angles betwcen the perpendicular
and’ the given straight line. f

45. Find the direction in which arstraight line must be drawn
through the point (1, 2), so that its point of intersection with the line
x+y=4 may be at a distance },/6 from this point.

88



CHAPTER V.
THE STRATGHT LINE (confinued).

POLAR EQUATIONS., OBLIQUE COORDINATES.

MISCELLANEOUS PROBLEMS. LOCT.

88. 70 fiwd the gencral equation (o « straight line in

polar coordinates .

Let p be the length of the perpendicular ()l from the
origin upon the straight line, and
Jet this p(-rponduulu make an
angle a with the initial line. ~

Lit 22 be any point on the *
line and let its coordinates be »
and 6.

The cquation required will
then be the relation between 7, 6, p, and a.

From the triangle O )/ we have

p-reos YOP - veos (a = 60) - rcos (60— a).
The required equation is therefore «

7 cos (6 - a)==p.

[On transforming to Curtesmn coordinates this equation befomes
the equation of Art. 53.]

89. 7o jfind the polur equation of the straight line
joining the points whoss coordinates are (ry, 6,) and (ry, 6,).
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Let 4 and B be the two given points and P auy point
on the line joining them
whose coordinates are 7 and

Then, since *
A AOB- A AOP + A POD,
we have

Irpysin AOB = L rrsin AOL + Yreysin POB,
te. | ryrysin(0,—60,) =1, sin (6 — 6,) + rr,sin (6,— 6),
sin (0,- 6,) sin(6-6 ) sin (0,
R o .

> i ”

7.0,

OBLIQUE COORMNATES.

90. Iu the previous chapter we took the axes to be

rectangular. In the great majority of cases rectangular
axes are employed, but in some casss oblique axes may be
used with advantage.

In thedollowing articles we sh:m]l consider the proposi-
tions in which the results for oblique axes are different
from those for rectangular axes.  The propositions of Arts.
50 and 62 are true for, oblique, as well as rectangular,

coordinates.
e

91. v find the equation to « straiyht line veferred to
azxeg inclined at an angle o.

Let LLL be a straight line which cuts tlie axis of ¥ at
a distance ¢ from the origin and is
inclined at an angle 6 Lo #he axis
of .

L% P be any point on the
straight line. Draw PN parallel
to the axis of » to meet 0X in I,
and Yet it meet the straight hne
through (' parallel to the axis of &
in the Point V.

Let 2> be the point (x, y), so that
"ON=0M =z, and NP=MP—0C:= y—e

“ 5—2
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Since £ CPN = » PNN'— ( PCN'=w 6, we have
y—c¢ NP sin NCP sin @

=TT s PN gi;(;::o) °
. sin 6 . )
Hence Y=z — o= 0) .................. 1.
This equation is of the form :
Y = mx + ¢
where
e sin 6 sin - _tan 6 0__
"= sin(w—0)" sinwcos6— coswsinf  sinw— coswtan §’
t

and therefore tang= sin

lemeose’
In oblique coordinates the equation
Y =M - C
therefore represents a straight line which is inclined at an
angle ;
: m sin w N
tan~! 14+mcosw

10 the axis of x.

Cor. From (1), by putting in succession € equal to 90°
and 90° + w, we sce that the equations to the straight lines,
passing through the origin and perpenfhcular 1o tho axes of

x
« and g, are teupectlvely Y=o and y - — x cos @.

92. The gaes being oblique, to find the equation to the
straight line, such that the perpendicular on it from the origin
8 of len J/’L p and makes angles o and B with the wes of

Y-
. Let L be the given straight line and OX the porpen-
dicular on it from the origin.

Let 2 be any point on the
straight line ; draw the ordinate
PN and draw NR perpenldicular
to OK and /’S perpendicualar to
NR. be / ;

Let P the point (., ¥), so r =
that ON =2 and AI’,‘I)’ _/< B © N BN
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The lines .ZVP and OY are parallel.

Also OK and SP aro parallel, each being perpendmula,r
to NR.

Thus . tSPN=.:KOM=8. ’
‘We therefore have
p=0K=084+SP=0Ncosa+NPcosfB=wxcosa-+ycosp.

Hence xcosa+ycos B—p=0,
being the relation which holds between the coordinates of
any point on the straight line, is the required equation.

93. 7o find the angle betwieen the straight lines
y=mx+c and y=mz+c,
the axes being oblique.
If these straight lines be respectlvely inclined at angles
6 and @ to the axis of x, we have, by the last article,

m sm ™ m’ sm o
tan 6 = ———— and tané’ -
. 1+mecosw T+¥mcosw’ .
*

The angle required is 6 ~ ¢ "
tan 6 — tan

7
Now - 0) = P
m sin o ' sin @ .
l+meose -1+m cosw -
m SN m’ sIn

T+mcosw 1+m cosm
_msinw(l +m cos:»):—zz sino (1 +m C08 )
T (1T rmeosw) (1,+m’ cos )+ ma sin? w
Sy (m—-m)smm

o li(mim)cosw+mm'’ '
The required angle is therefore
- tan-1 (m-m)sine

. T+ (m+m')gosw+mm'”
Cor. 1. The two given line{ are parallel if m =m".
Cor. 2. The two given lines are perpendicular if

14 (m4m’) cos w4+ mm’=0.
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94. If the straight lines have their equations 1n the
form '

Az + By +C=0 and Az + By~ C'=0,
then m;;;A and m' =2,

B )

Substituting these values in the result of the last article
the angle between the two lines is easily foung to be

v AB A
AL+ BB — (A + A" B) cos w
The given lines arc therefore parallel if
A'B--48 -0,
They are perpendicular it

AL CBE - (A 4 A'B) cos w.

tan sin w.

98. Ex. The axwes being inclined at an angle of 30°, obtain the
equations to the straight lines which pass through the origin &nd are
inelined at 45" to the straight line & -y = 1.

Lot either of the required straight lines be y = mz.

The given straight line is y = -~z -1, »o that w’= - 1.

We t{herefore have

(m- m')sinw
LUk (') cos w -+ mom?
v
where o' ~ 1 and w--30°. .

This equation gives - —— mAl 1.

24+(m—1)/3-2m

"Tnking the upper sign we obtain m= — '}q .

NE
Taking the lower sign we have m= - /3.
The required equations are therefore o

= —4/3r and y-=-

stan (£43°),

do
NERE
.. y+a/3e=0 and /3y+x=0. -

1
96. T find the length of the perpendicular from the
point (x', ¥') upon the straight line Au + By + (' =0, the axes
being inclined at an angle w, and the equation being written
80 that C 8 a negative quantily.
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Lot the given straight line meet the axes in /i and ¥,
¢ h
so that OL =— 1 and OM — — 2

Let  be the given point (2, ¥').
Draw the perpendiculars I’Q, I’K,
and PS onethe given line and the

two axes. L
* Taking Oand I’ on opposite sides ¢ U R =%
of the given line, we thgn have ‘

ALPM  AMNOLz=ANOLP + 00PN,
we. PQ.LM+0L.0Msine 0L, PR+0M.PS...(1).

Draw PU and PV parallel 18 the axes of y and =, so
that L7 o and PV=.'.

Hence PR - PUsin PUR =y sin w,
and PS = PVsin P S = af sin o
Also .
LM = JOLF Y OM*=20L. 0M cos w

GO L
2T AR T YA B e dn
since C is a negative quantity.
On substituting these values in (1), we have
1 2cosw C*
—im SIN W

, 1
POx-On 2t 4 4B
e
= A LY sImo —B.w Sin w,

so thmit PO DX +BY+C o
VAT BT _3AB cosw

Cor. If w- 90°, ie if the axes be rectangular, we
have the result of Art. 75.
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EXAMPLES. IX.

1. The axes being inclined at an angle of 60°, find the inclination
to the axis of = of the straight lines whose equations are
(1) y=2z+5, .
and (2) 2=G3-1)z+T. ' . s

2. The axes being inclined at an angle of 120°, find the tangent
of the angle between the two straight lines »

. 8z+7y=1 and 28z - T73y==101.

3. With oblique coordinates find “the tangent of the angle
between the straight lines

y=mr+c and my+zx=d.

.
4, Ify=xtan %’: and p=z tan }2245 represent twd straight lines

at right angles, prove that the angle between the axes is z .

5. DProve that the straight lines y+ax=c¢ and y=z+d are at
right angles, whatever be the angle between the axes. .

8. Prove thst the equation to the straight line which passes
through the point (&, #) and is perpendicular to the axis of = is

x4y cosw=h-t+kcos w.

7. Find the equations to the sides and diagonals of a regular
hexagon, two of its sides, which meet ¥a a corner, being the axes of
coordinates.

8. Trom euach corner of a parallelogram a perpendicular is drawn
upon the diagonal which does not pass through that corner'and these
are produced to form another parallelogram; shew that its diagonals
are perpendiculai to the sides of the first parallelogram and that they
both have the same centre.

9. If the straight lines y=m, x4 ¢; and y=m,r4 ¢, make equal
angles with the axis of & and be not parallel to one another, prove
that my +m, -+ 2mym, cos w=0.

L]
10. The axes being inclined at an anglo of 30°, find the equation
to the straight line which passes through the point (-2, 8) and is
perpendicular to the straight line y + 8z =6.

11, Find the length of the perpendicular drawn from thé*point
(4, - 8) ppon the straight ling, 6z + 3y — 10=0, the angle between the
axes being 60°. ©
12. Find the equation to, and the length of, the perpendiculax
drawn from the point (1, 1) upon the straight line 3z + 4y + 5==0, the
* angle between the axes being 120°.
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13. The coordinates of a point P referred to axes meeting at an
angle w are (h, k) ; prove that the length of the. straight line joining
_the feet of the perpendiculars from P upon the axes is R

8in wa/h?+ k* + 2hk cos w.

14. From a given point (k, k) perpendiculars are drawn to the
xes, whose inclination is w, and their feet are joined, Prove that
e length of the perpendicular drawn from (k, k) upon this line is
hksin® w

ikt 2Rk cos
and that its equation is hx - ky=h?- k%

Straight lines passing through fixed points.

97. If the equation to a straight line be of the form
*av+by+e+A(dx+by+c)=0.......(1),
where X i3 any arbitrary constant, it always passes through
one fixed point whatever be the value of A

For the equation (1) is satisfied by the coordinates of
the point which satisties both of the equations

ax+ by + ¢ 0,
and az+by+c =0.
This point is, by Art. 77,
(l)c’ —be cd - r'u,)
b

e

ab’ ~a’b’ ab < a'b
and these coordinates are independent of A"
BX. Given the vertical angle of a triangle in magnitude and
position, and also the sum of the reciprocals of the sides which contain
it; shew that the base always passes through a fixed point.

Take the fixed angular point as origin and the directions of the
sides containing it as axes; let the lengths of these sides in any such
triangle be a and b, which are not therefore given,

e a b"c t. l'( )' sremresereeena, '---“(I)'
We hav e onst. = - (8ay,
The equatlon to the base is

» 1
ice., by (1), Try(3- §)=1,

] 1 y
i.e. a(x—y)+i-l=0.
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Whatever be the value of a this straight line always passes through
the point given by
z-y=0 and %—1.——-0,
i.e. through the jized point (&, k).

98. Prove that the coordinates of the centre of thé
circle anseribed in the triungle, whose vertices arve the points
(xlr :'/l): (‘7"7 "/")s and (m:u ?/::)) are

ax, + ba,+cxy " ay, § by + ey
a+b+e ; a+b+e
where a, b, und ¢ are the lengths of the sides of the triangle.

b

Find also the coor (l'maleu b the centres of ghe escribed
cireles.

Let ABC be the triangle and let AD and CE be the
bisectors of the angles A4 and €

and let them meet in (. . A,y
Then 0’ is the requived point. Y ¢
Since 4D bixects the angle B Q\

BAC we have, by geometry, Cende c. .

BD DC BD+DC o« 0 2
BA e ACT BA+AC b+e’ o
so that .
Y
“bhae

Also, since U0 biseets the angle .1, we have
40" AC b bac
oD CD ba T a
b + ¢
The point /) therefore divides B(' in the ratio
DA : AC, te ¢ : b
Also O divides AD in the ratio b+ ¢ : a.
Hence, by Art. 22, the coordinates of D are
oy + b, and %iby,‘

c+b c+bd
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Also, by the same article, the coordinates of 0’ are

cxy + b + by,
b+c)x .._3.__%4.(;3:, (b+c) x Y202 ay,
c+b and ¢+
(b+c)+a (b+c)+a !
G, ar by bomy g g+ by oy
CCa+b+c a+b+ec

Again, if O, be the centre of the escribed circle opposite
to the angle 4, the line CO, bisects the exterior angle of
ACB. .

Hence, by geometry, we have

40, A¢ _bae
.. oD eD e
Therefore O, is the point which divides 4D externally in
the ratio b+c¢ : a.
Its coordinates (Art. 22) ave therefore

iy + _b.z'., ey -+ by,

¢ Gro) g an . (o)™
an
. (l-’ + C)—'(L L (b N — ’
i.e. - aiey+ by + oo and "t by, + ey,

—~atb+e T .
. .

Similarly, it niay he shewn that the cvordinates of the
centres of the cxcribed circles opposite (& B and € ave
respectively
oy = byt ey ayy - by, v c.’/e)

_a--[)-}—c ’ w-b4e ?

ay + by, - ".’/::)

a+b - w+b-c

wr, -+ b, -
and (- RN

J . - .

99. As a numerical example consider the case of the
triangle formed by the straight lines
Beqedy - T7=0, 122+ 5y--17=0 and BSx+12y—34=0.

These three straight lines’ being BC, Cd4, and 4B
respectively we easily obtain, by solving, that the points
A, B, and C are

2 19 -52 67

G 7 (e 1) =4 @D
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Hence
3 687 517
a=y/ (G5 -1) + (‘1)’"' 15" 16
k]
2 2 .
“/4 +3= 16’
. 79N 19\2 5% 12¢ 13
"=\/(¥‘7) * (1 - “7') At
and L
N / 2‘_’;'5:3"" 197767 \/396’4165’
€7 A (‘7‘ ‘1) 7 ) 11%
429
”Tf)"/m"“i‘h
Hence
85 2 170 85 19 1615
S T A AR Ca TR B VT
" _13){ ~52 616, 13 61 811
Ta= X 1e T T et T T X § 1120
. 429 C 429 .

'ccs-r-“-é; and c./J 115"

The coordinates of the centre of the ineircle are therefore

170 576 429 1615_ 871 429
i ng T2 T et iR
R B NP C I+
R T 6FTriR
. -1 d 265
e : IR V .
The length of the raditis of the incircle is the perpen-

. ©1 266\ . .
dicular from (— 16’ TTQ) upon the straight line

3z + 4y~ T=0,
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(3 x——-—) (4 :fg -7
IVE T
% .7 21-+1060-784 255 _ 51
) 5x112 5x 1127 112°
The coordinates of the centre of the escribed circle
which touches the side BC externally ave

and therefore

170 676 439 1615 871 429
“{iz "1z T 1R 1“'1‘1'2‘*"11"2*'115
T T " TR 1349
T S S R 6" 7 112
— 417 +.315
5 and TR

Similarly the coordinates of the centres of the other
escribed circles can he written down.
L ]
100. Bx. Find the radius, and the coordinates of the centre, of
the circle cigcumscribing the triangle formed by the points
. . (0, 1), (2, 3), and (3, 5).
Let (x,, ¥,) be the required centro and R the radius.
Bince the distance of the sentre from each of the three points is the
same, we have
224 (- 1)2=(r; = 2)*+ (y, - 3)% = (r; - 3)%+ (171 - 5)%=R2,, .(1)-
From the first two we have, on reduction,
7+, =3
From the first and third equations we obtain
6ury -+ 8y, =233,
Solving, we have x;= — § alid y, =18,
Substituting these values in (1) we get
. R=5J10,

101. EBx. Provethat the middle points of the diagonals ¢)' ¢ com-
Dplete guadrilateral lie on the same straight line.

[Complete quadrilateral. Def. .t O.4CL be any qua.drilaeetal
Let AC and OB be produced to meet ir K, and BC and 04 to meet in
F. Joth AB, 0C, and EF, The resulting figure is called a complete
quadrﬂsteml tho lines AD, o¢, and EF are called its diagonals, and
th:t1 pom{s E, ¥,and D (the intersection of 4B and OC) are called ity
vertices,



78 COORDINATE GEOMETRY.

Take the lines OAF and OBE as the axes of = and y.

F X
Let Od -2 and OB=2b, so that 4 i% the point (24, 0) and B is
the point (0, 2b); also let ¢ be the point (2, 2k).

Then L, the middle point of A¢, is the point (I, k), and 3, the
middle point of AB, is (a, b).

The equation to 1.V is thegefore

k-b
Y- b:ah-_ u (x - a),

i.e ) (h—-a)yy—(k—-b)x=0bh~ak... ............ cend(d)s
. .
Agaln, the cquation to B is y -2 =" I b a,

201 o -
P S0 that I is the peing

- 20k
= “) “

[
Similarly, F is the point (0. - ’12“—]‘1-) .
-

Putting =0, we have »=

Hence N, the jpiddle point of EF, is (_ vho — "k) .

k=D’ T=a

These coordinates clearly satisfy (1), i.e. N lies on the straight
line L. - .

EXAMPLES. X. )

1. A straivht line is such that the algebraic sum of the perpen-
diculars let full upon it fiom any number of fixed points is,zero;
shew that it always passes thropgh a tixed point.

2. Two fixed straight lines.0X and OY are cut by a variable line
in the points 4 and I3 respectively and P and Q are the feet of the
perpendiculars druwn from 4 and I upon the lines OBY and OAX.
Shew that, if 4B pass through a fixed point, then PQ will also pass
through a fixed point.
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8. If the equal sides AB and AC of an isosceles triangle be pro-
duced to £ and ¥ so that BE . CF = A B? shew that the line £F will
always pass through a fixed point.

. If a straight line move so that the sum of the perpendiculars
let fall on it from the two fixed points (3, 4) and (7, 2) is equal to
three fimes the ndiculur on it from a third fixed point (1, 3),
prove that there is another fixed point through which this line always
passes and fing its coordinates.

Find the centre and radius of the circle which is inscribed in the
triangle formed by the straight lines whose equations are

5. 3xz+4y+2=0, 3r—4y+12=0, and 4x—3y=:0.

6. 2r+4y+3=0, 4r+3y+3=0, and 2+1=0.

7. y=0, 12r-5y=0, and 3z} 4y - 7=0.

8. Prove that the coordinates of the centre of the cirvele inseribed
in the triangle whose angular points are (1, 2), (2, 3), and (3, 1) are
B+y10 1 16-,/10 .

6 6

Find also the coordinates of the centres of the escribed circles.

9, Find the coordinates of the centres, and the radii, of the four
circles which touch the sides of the triangle the coordinates of whose
anguldt points are the points (G, 0), (0, 6), and (7, 7). .

10. Find the position of the centre of the circle circumseribing
the triangle®hose vertices are the points (2, 3), (3, 4), and (6, 8).

Find the area of the triangle formed by the straight lines whose

equations are

11. y=urx, y=2r, and y=3z+4.
12. y+z=0, y=r+6, and y=Tx+5. e
13. 2y-+w-5=0, y+2-7=0, and 2 -y +1=0.

14. Bz ~4y-+4a=0, 2r -3y +4a==0,and 5.c — y +a =0, proving alzo
that the feet of the perpendiculars from the origim upon them me
collinear.

15. y=ar—be, y=br-ca, gnd y=cxs—ab.

n a a
] 16. .y ._mla:+;"—l s y-m\p:+‘"~l:; , and y —m,'cq-;'-';; .
17. y=mz+e¢, y=mzx+c,, and the axis of y.
18. y=mz+e;, y=mw+ey, and y=mer+cq.
. 19. «Prove that the area of the triangle formed by the three straight
lines @y +byy -+ ¢, =0, ayr + byy + ¢, =0,%nd ayr -+ byy +¢;=0 is
a3, by, €5 .
ay, b, ¢ | l- + (@1 - aghy) (D — aghy) (a by — a,b)).
Qyy Doy Co



80 COORDINATE GEOMETRY. [Bxp, X.1

. 20. Prove that the area of the triangle formed by the three straight
ines .

zcosat+ysina—p,=0, zcosf+ysing—-p,=0,
and xcosy+ysiny~py=0,

is 3 imsin(y = B) £ posin (a = ) +pesinf - a)}?®

= sin (y — B) sin (a — ) 8in (8 —a)

. 21. Prove that the area of the parallelogram coritained by the
ines

2

4y -8z —-a =0, By —-dx+a=0, 4y - 3z - 3a=0,

and 3y —4r r2a=0 iz 3a° .

92, Prove that the area of the parallelograin whose sides are the
straight lines '

ayr+ b1y+c.1=.0, @+ by +dy =0, ax+byy+c,=0,

and a2+ boy -+ dy=0
. (dy—¢)) (dy~eg)
is S -,

yby - ayhy

. The vertices of a quadrilateral, taken in order, are the points
(0, 0), (4, 0), (6, T), and (0, 3); find the coordinates of the Roint of
interstetion of the two lines joining the middle points of opposite
sides.

) .
24, Thelinesx+ y+1=0,2 y+2=0, 4r+2y+8==0, and
' z+2--40

are the equations to the sides of a quadrilateral taken in order; find
the equations to its thrce dingonals and the equation to the line on
which their mid&ie points lie.

25. Shew that the orthocentre of the triangle formed by the three
straight lines

¢ a a a
Y =myr+ ) Y =myr +”? , and y=mgr+ o .
. . 1 2 '3
is the point A
1 1 1 1
{——a,a. o e SIS SR | 3
my oM, g MmNty .

26. 4 and I are two fixed points whose coordinates are (3, 2) and
(5, 1) respectively ; ALP is an equilateral triangle on the side of 4B
remote from the origin. Find the coordinates of I> and thg ortho-
centre of the trinngle ABP,

102. Ex. 7%e base of a triungle is fived ; ‘find the
locus of the vertex when one base angle is double of the
other.
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Let AR be the fixed base of the trmngle tuke its
middle point O as ongm, the direc- ¥
tion of OB as the axis of z and a
sperpendicular line as the axis of y.

Let A020B =a. '

If P be one position of ‘the A o B N X
vertex, the condition of the problem then gives

¢ PBA =22 PAB,
i.e — == 20,
t.e -~ta.n4> ta.n 200 Q.

Lot 2 be the point (4, &). We then have

= tan 6.’ and W k: = tan ¢.

h+a
Substituting these values in (1), we have
0
B Thva  2(h+a)k
Th-a 1_( (h+ay -k
h+ )
v.e. (et @) 4 22 (I a?),
i.e. k2= 307 — 2ah -+ a®=. 0.

But this is the condition that the point (4, k) should lie
on the curve
yr— 3a® - 2aw + «* =2 0. )
This is therefore the equation to the required locus.

103. Ex. JFrom a point I’ perpendicyfars P and
PN are drawn upon tuo twed lines whach are tnclined at an
angle » aid meet in a fived Qoint O; if P move on a fiwed
straight line, find the lucus of the middle point of MN.

Let,the two fixed lines be taken as the axes. Let the
coordinates of L, any position of the
movmg point, be (4, A)

Leg, the equation of the straight
line on which 2 lies be .
‘e Adx+By (=0,
so that we have
Ah+ Bk +C =0 ...... (1).

L . . - 6
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Draw I’/, and PL’ parallel to the axes.
‘We then have
OM-=0L + LM OL+ LP cosw=h+kcosw,
and ON:-OL' 4+ L'N. LP .+ L'Peosw=%+hcosuw.

J is therefore the point (& -+ L cos w, 0) and N is the point
(0, & + % cos w).

Hence, if («, ') be the ecoordinates of the middle point
of MN, we have

Q! A hCOsS® oo (2),
and 2y lihcoswo .. (3).

Equations (1), (2), and (3) express analytically all the
relations which hold between 7, o, &, and £
Also & and A are the quantities which by their vaviation
cause @ to take up different positions. If therefore between
(1), (2), and (3) we eliminate - and % we shall obtain a
relation between « and ' which is true for all values of 4
and %, 7. a velation which is true whatever be the pusition
that /* takes on the given straight line.
From (2) and (3), by solving, we have
(- Dy —a
L A (‘ -= ?{,-t V> ) and A - —(-"-/—-.— I;—(-?—E—w) .
sin® o sin? w
Substituting fhese values in (1), we obtain
24 (@' - y' cosw)+ LB (Y - cosw) + C sin*o = 0.
But this is the condition that the point (J , ¥') shall
always lie on the straight line
Qd(r-yeosw)+ 2B (y —wcos o)+ Csin®o-. 0,
2.0, on the straight line .
r(d - Beosw)+y(B—Acosw)+FCsin*o =0,

which is therefore the oquation to the locus of (.
. -

104¢. Ex. .l stragr]ht line is drawn parallel to the
base of @ gicen triangle and its extremitics are jointd trans-
versely to those of the base, Jind the locus of the point
of intersection of the joining lines.
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Let the triangle be 048 and take O as the origin and
the directions of 04 and OF

as the axes of 22 and . s!lY

Let OA-a_and OB=1, =Y/ N .\
so that a and'b are given L ;
quantities.

Yet A'F be the straight ;
line which is parallel to the g A A X
base A3, so that {, o

Ol i) B, =\ (say),

and hence OA = Aa :md OB = Ab.

For differcnt values of by we, therefore have different
positions of 4’73

The equation to A7 is
¢

a3
LT | (),
and that to A'B i
x oy 9y .
* A b ! -(2)

Since P is the intersection of AL and .I'7 its coordi-
nates satisfy both (1) snd (2). Whatever equation we
derive from them must thervefore denote a locus going
through 2. Also if we derive from (1) and &) an equation
which does not contain A, it must represent a locus which
passes through /> whatever be the value of A; in other
words it must go through all the different positions of the
point . *

Subtracting (2) from (19, we have

;(lmx)f":f(x‘l)“"’

- . aT b .
This then is the equation to the locus of 2. Hence P
always4ies on the straight line

%.e.

Y ==,
y=2=
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which is the straight line 0Q where 04QB is a parallelo-
gram.

Aliter. By solvmg the equations (1) and (2) we
easily see that they meet at the point .

\ e *
. A+1% X '
Hence, if 2’ be the point (&, k), we have ’
DN O A
h—-;\-_} 1 ¢ and k- X1 b.

Hence for all values of ‘A, 7. for all positions of the
straight line A'#, we have .
ok
a b’
But this is the condition that the point (&, £), i.e. P,
should lie on the straight line

.
© Y
« b

The straight line is therefore the required locus.

106. Ex. .1 variable straiyht line is drawn through
a givew point Q to cut two firved straight lines in R and S ;
Lo it 18 faken a point P such that
2 1 . 1
or OR 05’ .
shew that the locus of P is a thivd ficed straight line.
Take any two fixed straight lines, at right angles and .

*passing through O, as the axes and let the equationt to the
two given fixed str aight lines be .

Aw + By + C =0,

w

and Az +By+C'=0. .
Transforming to polar coordinates these equatichs are
1 Adcos6+Bsiné and 1 AcosO+B’sm0
i y T == 1/
* ¢ T
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If the angle XOR be 8 the values of —0 p aud

therefore
A c050+Bsm€ A c080+L"s1110
— e and' A L
s C
We therefore have
2 A cos 0+ Js‘smG A’ cma-f-]f'sma
oP=" T '

US&N

¢ c”

( o E’) cos 0 (g -(I;:) sin 6.

The equation to the locus of P> is therefore, on again
transforming to Cartesian coordingtes,

| B
2e-a(3 )-v (G &),

and this is a fixed straight line.
[ ]

EXAMPLES. XI.

The base BC (=2a) of a triangle ABC is fixed; the axes being
BC and a perpendicular to it Jhrough its middle pomt find th locus
of the vertex .4, when

.
1. the difference of the base angles is given (=a).
2. the product of the tangents of the base angles is given (= )\)

3. the tangent of one base angle is m times tife tangent of the
other. .

4, m times the sqmu-e of ome side added to n times the square of
¢he other side is equal to a constant quantity ¢

Frogn a point P perpendiculars P and PV are drawn upon twos
fixed lines whwh are inclined at an angle w, and which are taken as
the axes of coordinates and meet in O; find the locus of P

5, Jif OM+ON be equal to 2¢, 6. if OM - ON be equal to 2d.
7. if PM+ PN beequal to 2¢, 8, if PM—~ PV be equal to 2¢.
9. #JIN be equal to 2c.

10, if MN pass through the fixed point (a, b).

11. if MN be parallel to the given line y =mz.



86 COORDINATE GEOMETRY. [Exs.

12, Two fixed points 4 and B are taken on the axes such that
OA=a and OB=b; two variable points 4’ and B’ are taken oa the
same axes; find the locus of the intersection of 4B’ and A'B

(1) when 04’ +0B'-- 04 + 0B,

1 1 1 1 .
and (2) when o4 o= o1 " 0B"

13. Through a fixed point P aro drawn any two straight lines to
cut one fixed straight line OX in A and B and another fixed straight
line OY in ¢ and D ; prove that the locus of the interseetion of the
straight lines AC and BD is a straight line passing through O.

14. OX and OY are two straight lines at right angles to one
another; on OY is taken a fixed point .4 and on OX any point B;
on 4B au equilateral triangle is described, ivs vertex ¢ being on the
side of AB away from (). Shew fhat the locus of C is a straight
line.

e

15. 1If a straight line pass through a tixed point, find the locus of
the middle point of the portion of it which is intercepted between two
given straight lines.

16. A nud B are two tixed points; if P4 and PB integsect &
constant distance 2 from a given straight Iine, find the locus of P.

17. 'Through a fixed point () are drawn two straight ¥'nes at right
angles to meet two fixed straight lines, which are also at right angles,
in the points I’ and (. BShew that the locus of the foot of the
pcrpesndicular from ¢ on PQ is a straight line,

18. Find the locus of a point at which two given portions of the
samo straight line subtend equal angles,

* 19. Tind the locus of a point which moves so that the difference
of its distances from two fixed straight lines at right angles is equal
to its distance frem a fixed straight line.

20. A straight line A3, whose length is ¢, slides between two
given oblique axes which meet at O; 1ind the Jocus of the orthocentre
of the triangle OB,

92]1. Having given the bases and the sum of the areas of a number
of triangles which have a cormnon vertex, shew that the locus of this
vertex is & straght line.

22, Through a given point,0 a straight line is drawn to cut two
given straight lines in R and §; find the locus of a point P on this
variable straight line, which id such that .

(1) 20P=0R+0S,
and (2) OP*=OR.0S.
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28... Given #n straight lines and a i_ixed_ point O; through 0 is
drawi¥ & straight line meeting these lihes in the points R, R, R,
...I%,, and on it*is taken a point R such that .

n 1 1 1 1
or= ok, Tor, T or, TV oy

shew that the locus of R is a straight line.

24, A variable straight line cuts off from n given concurrent
straight lines intercepts the sum of the reciprocals of which is con-
stant. Shew that it always passes through a fixed point.

25. If a triangle A BC remain always similar to a given triangle,
and if the point A be fixed and the point I} always move along a
given straight line, find the locus,of the point C.

26. A right-augled triangle ABC, having C a right angle, is of
given magnitude, and the angular points 4 and B slide along two
given perpendicular axes; shew that tho locus of € is the pair of

straight lines whose cquations are y == zx.

27. Two given straight lines meet in 0, and through a given point
P is qrawn a straight line to meet them in @ and R; if the
parallelogram OQSR be completed find the equation to the locus
of 8.

[

28. Through a given point O is drawn a straight line to meet two
given parallel straight lines in 22 and @; through P and  are drawn
straight lines in given dircetions to meet in It ; prove that the locus of
R is & straight line. . .



CHAPTER VI.

ON EQUATIONS REPRESENTING TWO OR MORE
STRAIGHT TINES. .
106. Surrost we lave to trace the locus represented
by the equation

Y=y +2° -0 . (1).
This equation is equivalent to
, (y—-w)(y-22) O (2).

It is satisfied by the coordinates of all pqjnts which
make the first of these brackets equal to zevo, and also by
the coordinates of all points which make the second
bracket zero, Z.r. by ull the points which satisfy the

equation
. y—w~0. (3),
and also by the points which satisfy
Y2 =0 oo ).

b
But, by Art. 47, the equation (3) represents a straight
line passing through the origin, and so also does equa-
tion (4).
v Hence equation (1) represents the two straight lines
which pass through the origin, and are inclined at angles of
45° and tan™* 2 respectively to the axis of .

107. Ex. 1. Trace the locus ay=0. This equation
is satisfied by all the peints which satisfy the equation
2=0 and by all the points which:satisfy y =0, ¢.e. by
all the points which lie either on the axis of y or on the
axis of x. .
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.The required locus is therefore the two axés of coordi-
nates.

Bx. 2. Trace the locus 2*—5x + 6=0. This equation
is equivalent té (x — 2) (x—3) = 0. It is thereforo satistied
by all points which satisfy the equation x—2 =0 and also
by all the points which satisfy the equation x— 3 --0.

But these equations represent two straight lines which
are parallel to the axis of ¥ and are at distances 2 and 3
respectively from the ovigin (Art. 46).

Ex. 3. Trace the locws ay—4u—5y+20 0. This
equation is’equivalent to («—5)(y—4)=0, and therefore
represents a straight line parallel to the axis of y at a
distance 5 and also a straight line parallel to the axis of a
at a distance 4.

108. Let us consider the gencral equation
. a2y +by® =0 (1)
On multiplying it by @ it may be written in the form
(a*c® 4 2alucy + W2y°) — (B° - ab) y* = 0,
te. {(ax+hy) vy S ab} {(an + hy) - y NEEab) ;0.

As in the last article the equation (1) therefore repre-
sents the two straight lines whose equation®, are

ax+hy +yNIEah 0 @),
and C ae+hy—yNIF—ab =00 ..., (3),

each of which passes through the origin.

For (1) is satisfied by all the points which satisfy (2),
and also by all the points which satisfy (3).

These two straight lines are veal and different if 2* > ad,
real and coincident if /* = «b, and imaginary if A*<ad.

[Hor in the latter case the coeflicient of g in each of the
equations (2) and (3) is partly real and partly imaginary.]

Ine the case when /*-cab, the straight lines, though
thomselves imaginary, intersect in a real point. For the
origin lies on the locus given by (1), since the equation (1)
is always satisfied by the values x =0 and y= 0.
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109. An equation such as (1) of the previous article,
which is such that in each term the sum of the indices of x
and ¥ is the same, is called a homogeneous equation. This
equation (1) is of the second degree; for in the first term
the index of x is 2; in the second term the index of both
and y is 1 and hence their sum is 2; whilst in the third
term the index of y is 2.

Similarly the expression
3u? + 4oty - Suey®+ 98
is a homogeneous expression of the third degree.

The expression .
o " ) P
3t 4y - Dyt + QP — Ty

is not however homogencous; for in the first four terms
the sum of the indices is 3 in cach case, whilst In the last
term this sum is 2. ¢

From Art. 108 it follows that a homogeneous equation
of the second degree represents two straight lined, real and
different, coincident, or imaginary.

] H
110. 7%he axes being vectangular, to find the angle
between the strtivight lines given by the equation

@2+ Qhay by -0.l (1).
Tet the separate equations to the two lines be
y-ompr -0 and Y —mge: 00 L (2),
so that (1) must be equivalent to ¢
b(y—mw)(y--mur)-=0............... 3).

Equatiug thé coefficients of xy and o? in (1) and (8), we
have ‘
b (my + my) & 20, and dmyney = a, .
-
2% a
so that my + My ==~ - o and mgmy = B

b
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If @ be the angle between the straight lines (2) we
have, by Art. 66,

my—my S Fn) = dmom,

tan 6= 1+mon, 1+ wm,
W ka
e AT 2/hf—ab 1
B _1_7_—- —aFb A1)
~‘¢ -b
Hence the required a.ngie is found.

L]

111. Coudition that the straight lines of the previous
article may be (1) perpendicular, cgml (2) coincident.

(1) 1fa+ b--0 the value of tan 0 is w0 and henee 8 ix
907 ; the straight lines are therefore perpendicular.

Hence two straight lines, represented by one equation,
are sk right angles it the algebraic sum of the coeflicignts of
«* and y* be zero.

For exmple, the equations

a® -yt -0 and Ge®-1hey - Gy* .0
both represent pairs of straight lines at right angles. °
Similarly, whatever be the value «f 4, tRe equation
& 2hey -yt 0,
represents o pair of straight lines at right afgles.

(2) TE2* - ab, the valge of tan 6 is zero and hence 6 is
zcro. The angle between the straight lines is therefore
zero gnd, since they both pass through the origin, they are
tlhere?(:re coincident.

This may be seen divectly from the orviginal equation.
For ifh?:- ab, i.c. b == Jab, it may be written,

- wnt + 2. fab xy « by? =0,
i, (Vax+Jbyy=0,

which is two coincident straight lines.
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112. To find the equation to the straight lines bisecting
the amgle between the straight lines given by

ax? + Shay + by =0.............. . ceen(1).
Let the equation (1) represent the two straight lines

1,0M, and L,03, inclined at angles 6, and 60, to the axis
of x, so that (1) is equivalent to

b (y -« tan 6,) (y - x tan 6,) — 0. .
Hence
2% ‘a
tan 6, -+ tan 6, . — o and tan 6, tan 6, — 3 ..(2).
Lgt 04 and OB be the required bisectors.
Since £ AOL, = ¢ L,04,

©L40X—6,-6,~ . 10X,
" 22.40X=6,+6,

Also ' L BOX=90°+ . AOXN.

T 22.B0OX 2180° + 6, +0,.

Hence, it 6 stand for either of the angles A OX or BOX
we have
9 - N el S VE
:‘m 26- tan (0, +6.) l-tan 6, tan, b—a’

by equations (2). «

But, if (x, ) be the cqordlmtcs of any point on either
of ‘the lines 04 or OB, we have

ta.n0_:—.

tan 6, + tan 6, 2/4,

]I
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2h 2 tan ¢
B kb gy
2¥
Y 2y
1-4 =Y
a?
x’-y’_g
a-b  h°

This, being a relation lnoldmﬂ' between the coordinates
of any point on either of the blsoctors, is, by Art. 42, the
equation to the bisectors.

L]
. 118. The foregoing equation may also be obfained in the follow-
ing manner : .
Let the given equation represent the straight lines

o y-~mr=0 and y-myx=0......... . _... .'..(1),
so that . my +my= —-2;! and m, n:._,:;'f ................. (2).

The esquations to the bisectors of the ang,]es between the straight
lines (1) are, by Art. 84, .

YT YoM g YomE Yo
NI my? ;,/l:—-i-.;t;’ /].+ml L Am?’
or, cxpressed in one equation, .
{y_ﬂz,_f___y_—m,.v} {y-m,m + t/--mzr}
JTrm?  Sivmdf WWTEm?  Jivmy

(w-me)y  (y—m, 'v)'-’

tece L+m? T4mg =0,
G (G +m?) (y?— 2my 2y +m222) — (L +m,?) (y2 — 2myxy + mta?) =:0,
i.e. (n? — mg¥) (2 - y2) 4 2 (mymy, ~ 1) (my — my) 2y ==0,
i.e. (my +my) (22— y*) + 2 (mymy — 1) 2y =0. ’
Henoe, by (2), the required equatiqn is -
- —‘g—h @2 -y +2 <b--1> a2y =0,
2=y _zy

ie. A
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EXAMPLES. XIL

Find what straight lines are represented by the following equations
and determine the angles between them.

1. 2% Tay+124°=0. 2. 422 24zy+11y2=0.
3. 8322 Tlry - 1dy*--0. 4. 23— 622+11%-6=0.
5. y°-16=0. 6. ¥° -yt~ 14s% +24a" -0,
7. 224 2zyscef+y?—0. 8. a2+ 2ry cot 6 +y2=0.
9. TFind the equations of the straight lines bisecting the angles

between the pairs of straight lines gwen in examples 2, 3, 7, and 8,

10. Shew that the two straight lines

a® (tan20 + cos? 0.) -2y tan 94 y?sin20 =0

make with the axiz of » angles such that the difference of their
tangents iy 2.

11. DProve that the two siraight lines

(*%+ y*) (cos® A sin*a +sin®0) = (& tan a -- y sin 8)*

includeran angle 2a.

12. Prove that the two straight lines .

a?sin®a cos®d | 4ry sina sin @ + y2[1 cos a — (14 coca)? cos?d)=0

meet at an angle a.

GENERAL ¢EQUATION OF THE SECOXD DEGREE,

114. The most general expression, which contains
terms involving @ and y in a degree not higher than the
second, must contain terms involving &2, xy, 3 x, y, and a
constant. ¢

The notation which is in general use for this ex-
pression is !

aa? 4 2hay + by + 290 4+ 2y e, (1).

The quantity (1) is known as the general expression of
the second degree, and when equated to zero is called the
general equation of tke second degree. -

. The student may better remember the seemingly
arbitrary coeflicients of the terms in the expression (1)
if the veason for their use be given.
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The most general expression involving terms only of
the second degree in », y, and = is
ax® + by? + ¢2® + UYyz + 2gzae + 2Dy ... (2),
where the coefficients occur in the order of the alphabet.
1f in this e.‘;pression we put = equal to unity we get
e @+ byt e+ Uy + 292 + 2y,
which, after rearrangement, is the same as (1).

NoWw in Solid Geometry we use three coordinates x, z,
and z. , Also many formule in Plane Geometry are derived
from those of Solid Geometry by putting = cqual to unity.

Wo therefore, in Plane (eometry, use that notation
corresponding to which weshave the standard notation in
Solid Geometry. .

115. In general, as will be shewn in Chapter XV,
the general equation represents a Curve-Locus.

If a-certain condition holds between the cocflicients of
its t&rms it will, however, represent a pair of straight lines.

This gondition we shall determine in the following
article.

116. 7o find the condition that the general equation
of the second degree
a2+ 2hey + byt 4 2 1 2y ree 0. (1)
may represent Lo straight lines.

If we can break the left-hand members of (1) into two
factors, each of the first degree, then, as in Art. 108, it
will represent two straight lines.

If @ be not zero, multiply equation (1) by « and arrange
in pgwers of «£; it then becomes
@ + 202 (hy + g) = — aby® — 2afy -- ac.
On completing the square on the left hand we have
@2 + 20z (hy + g) + (hy + gt = y? (I — ab)
. + 2y (gh— of) + y°~ ac,

2.8,
(@@ + by +g) = fyP (T2 —ab) + By (gh— af ) + §* —ac ..(2).
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. .

From.(2) we cannot obtain  in terms of y, involving
only terms of the first degree, unless the quantity under the
radical sign be a perfect square.

The condition for this is
(gh— of = (- ab) (g —ac),
.e. &I — Qafyh + aif? = g*h¢ — aby® — ack® + a@be. -
Cancelling and dividing by a, we have the required
condition, viz. .
abc 4 2fgh — af2 -bg?—ch?=0 ......(3).

117. 'The foregoing condition ypay be otherwise obtained thus:
The given equation, multiplicd by (a), is
a2e® + 2ahxy +aby®+ 2002 + 2afy +ac=0............ (4).
The terms of the second dﬁgree in this equation break np, as in
Art. 108, into the fartors
ar+hy -y I ub and ar+hy+y N BE= ab,
If then (4) break into factors it must be equivalent to

Yz 4-(h - NIE ab)y+ dY{ars (h+ W2 Zab)y y -+ B} =0,

where .1 and B are given hy the relations «
(4 BY=20d cooniniiieianiiiinins (3),
A(Rp JIE=ab) £ Bk - JTEZaby=2fa ..........(8),
and AB==a¢ oo, v (7).

The equations §3) and (6) give
O - 2
A D=2y, and A - p.2 22 20k
JhE=ab
The relation (7) then gives

lac=44B (L + Bt = (A=~ B)?

(fa—gh)?

AP T
i.e. (fa = gh)2=(g* ~ ac) (h® - ab), '
which, as before, reduces to
abe +2fgh — uf? = by* ~ ¢l®=0. -

Bx. If a be zero, prove that the general equation will represent
two straight lines if . ©

) 2fyh - by* - ch®=0.
If both @ and b be zero, prove that the condition is 2fy — c{l:&
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118. The relation (3) of Art. 116 is equivalent to the

expression )
ia, h, g
Lh, b,
i
bg, Sfo el |

This may be easily verified by writing down the value
of the determinant by the rule of Art. 5.

A géornetricnl meaning to this form of the relation (3)
will be given in a later shapter. [Art. 355.]

The quantity on the left-hand side of cquation (3) is
called the Discriminant of the General Equation.

The general equation thetefore represents two straight
lines if its diseriminant be zero. *

119. Bx. 1. [rove that the equation
1222+ Tay — 102+ 132 4- 15y - 35 -0

. . . N
represents two straight lines, and find the angle between them. *

Here
a=12, h=j, b= 10, g=1%, [=4&, and e:= - 34,
Hence abe+2fyh —af?--bg?  eh?
=12 (- 10)x ( 85) 12 <4 0 N F--12x (42— (- 10) w3

o (-38)2)
= 4200 -1 4995 — 6075 4 1020 1 1745

= 1875+ 1"‘"- 0 ==().
The equation therefore represents two straight liges.
Solving it for &, we have

+ 1 7 W)\ % 45y 435 Ty 4-18\%
‘r*+.n?lu-—'— 13 + (ly 1 1% ) 10y%~4 )g[_—}_—_'i:_‘_ (i-'/ -}_13)

12 24 12 24

23.:/_—_:1_3 2

24 ’

. Ty 13 23y —43

- S ';ji- -k ‘—2;——, .
°

Q-7 Pyl
2. . &L= -'"-3— or --- ;/.+ 2

The given equation therefore represents the two straight lines
B8x=2y -7 and 4r=-5y+35.

1. - 7
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The ‘Vm’s” of these two lines are therefore 3 and - t, and the
angle between them, by Art. 6

¥ - ( $) -
-—ts,n’1 tan—! (- 31), .
143 (-g) =" (2% Lo
Bx. 2. Find the value of h so that the equation
6x?+2hay + 12y°+ 225+ 31y +20=0 . .
may represent two straight lines.
Here

a=6, 1=12, g=11, f=7%, and ¢==20.
The condition (3) of Art. 116 then gives
’ 2042 - 341k 2807 =0,
i.e. (e~ 13%) (200 ~ 171) = 0.
Hence hg=3F or k.
Taking the tirs:. of these values, the given equation becomes
"1y ¢ 1292+ 220 81y + 20=0,
i.e. (21: P 3y 4 4) (e +4y 4 5)=0.
Taking the sceond value, the cquation iy ¢
2007+ 57ey +40y2 2300 A0y £ 2900,
i.e. (Yo F 8y +20) (S -8y 110)=0,

EXAMPLES. XIII

Prove that the following equations represent two straight lines;
find also their point of interseciion and the angle between thtm,

1. 6y~ zy—-x*+30y+36=0. 2, =z*- arJ+4J’+.r-| 2y —-2=0.,
3. 3y -8ry - 32— 20r+ 3y ~18:=0,
4. YProy-202-52-y-2=0. A
5. Dlrove that the cquation .
a2+ Oxy +9y* 1-4r 12y - H.=0 !
represents two parallel lines.

Find the value of & so that the following equations may zepresent
pairs of struight lines :

6. 6x%+ 1lry —10y2+x+ 81y + k=0.
7. 122%- 100y | 2y? 4 13z -- by + k=0, °
8, 1222+ kryq 29%+ 11z -5y +2=0,

9, 6z%+zy+ky*-11x443y - 35=0.
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10. kxy-8z+9y-12=0.

11, a2+ 32z +y%— 8z — Ty +h=0.

12. 122242y - 62— 2028y + k=0,
© 18, 22%tuxy -y + ke 4Gy - 9=0.

14. 2+kay+y* -5 -Ty+06=0.

i . Provegthat the equations to the straight lines passing through
the origin which make an angle a with the straight fi)ﬁc y+.£=0 are

given by the equation
A 4 2ey see 2a+ y* =0.
16. What relations raust hold between the coeficients of the
equations
(i) ac+by*tectey=
and (i) ay®+obry+dy+ er= 0,
go that each of them may represent a pa.n.ir of straight lines ?

17. The equations to a pair of opposite, sides of a parallelogram
are

22 -Te+6.:0 and y*- 14y 1 40220
finnd the equations to its diagonals,
120. 7% prove that a homogencous eynation of the nth

degree represents n etraight lines, real or imaginary, which
all pass thtough the origin.

Let the equation bhe
YAy e APyt e Byt e et 0
On division by 2", it may be written

4 A, (Z} il (;{) 0 ....(1).

- . Ry
This is an equation of the nth degree in 4 , and hence
@

must have n roots. .

.o Let these roots be m,, my, my, ...om,. Then (C. Smith’s
Algelora, Art. 89) the equation (1) must be equivalent to
the equation .

|/ [} ) k/
o(i—-—m,) ('é—-fm,) (:;v/--—m:a) <§_—«nﬁn =0...(2).

Thg equation (2) is satisfied by all the points which
satisfy the separate equations ’

y 4,
Ym0, Lm0, . Lm0,

«7—2
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i.¢. by all the points which lie on the n straight lines

" y—mE=0, y--myr=0,..y--mz=0,

all of which pass through the origin. Conversely, the
coordinates of all the poinis which satisfy these n equa-
tions satisfy equation (1). lHence the proposition.

1321. Ex. 1. The equation
~ Gry? - 1Lty — Gr# =0,
which is equivalent {o .
(y ~wyly -2r)iy  dr)=0,
represents the three straight lines
y-x—0, y-2:=0, and y-3xr-0,
all of which pass through the origin
Bx. 2. The cquation gy iy | 6y =0,
ie. Wy 2y -8)=0,
similutly tepresenta the three straight lines
¢ -0, y=2, and y -3,
all of which are parailel to the asis of . «

122. 7o find the equation to the two siraiyht lines
Joining the origin to the points in which the straight line

Le by =, oL e (1)
micels the locus whose equation is
a4 2hoey + byt + 2y + 2y e 00 Ll (2).
The equation (1) may be written

. Lo+ my

B 12

| IR (3).

The eoovdinates of the pointe in which the straight line
meets the locus satisfy both equation (2) and equation (3),
and henee satisfy the equation

s+ Ly + by -2 (g5 + ) lr +m v, Ql W+ 1)11/)
iy (4).

[For at the points w hero (3) and (4) are true it js clear
that (2) is true.]

Hence (4) 1epresents some /locus which passes through
the intersections of (2) and (3).

[}
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But, since the equation (4) is homogeneous and of the
second degree, it represents two straight lines passing,
through the origin (Art. 108). *

1t therefore must represent the two straight lines join-
ing the origin to'the intersections of (2) and (3).

123. The preceding article may be illustrated geo-
metrically if we assume that the equation (2) represents
some such curve as QRS in the figure.

7Q X

Lot tlus given straight line eut the curve in the points
P and Q.
The equation (2) holds for all points on the curve PQRS.
The cquation (3) holds for all points on the line 2%,
Both equations are thercfore true as the points of
intersection 2 and (.
The equation (4), which is dervived from (2) and (3),
holds therefore at 1’ and (). .
ut the equation (4) represents two straight lines, each
of which passes through the point 0.
. Tt must therefore represent the two straight lings 00
and O,
124. Bx. Prove that the straight lines joining the origin to the
points ofintersection of the straight line & -y =2 and the enrve
5r?412xy - 8y*+-8r o 4y +12=0 *
make equgl angles with the azcs. .
As in Art. 122 the equation to the requlrod straight lines is

5204 120y - 8y2 + (vo— ) T 5 Y 412 (757 ) =0, ).
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,

For this equation is homogeneous and therefore represents two
straight lines thromgh the origin; also it is satisfied at the peints
where the two given equations are satisfied.

Now (1) is, on reduction,

Y =4t . '
8o that the equations to the two lines are
y=2c und y= -2c. f °

These lines are equally inclined to the axes.

125. It was stated in Art. 115 that, <0 general, an
equation of the second degree rfepresents a curve-line,
including (Art. 116) as a particular cuse two straight lines.

In some cases however it will be found that such
equations only represent isolated points. Some examples
are appended. *

BEx. 1. What is represented by the locus
(g ePr(mry—e)P=0%o ‘1).
We know that the sum of the squares of two real
quantities cannot he zero unless each of the gquarves is
separately zero.
The only veal points that satisfy the cquation (1)
thevefore satisfy both of the equations

4--y+e- 0 and x+y--c¢=:0.
But the only solution of these two cquations is
, =0, and y- ¢

The only real point represented by equation (1) is therefore

(0, ¢). v
The same result may be obtained in a different manner.,
The equation (1) gives '
(w--y +e)? = (u+y—c)
i.e. royre==ATT(ery -0) _—

It therefore vepresents the two imaginary straight lipes
#(l—- D—yl+J/ID+e(l+/71)=0,
and  a(l+a/—1)—y(l-/=1I)+e(l-Z1)=0.
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Each of these two straight lines passes through the
real point (0, ¢). We may therefore say that (1) represents
two imaginary straight lines passing through the point,

(O, c). .

Ex, 2. Vhat is representod by the equation

Y (@t (g - D) =01

As in the last example, the only real points un the locus

are those that satisfy ’)O.llh of the equations
2*--af- 0 and g*--8°--0,
e wexaq, ald y- b
The points represented are therefore
(2, b), (2, - D), (~a, b)and (—u, —0).

Ex. 3. What is represented by the equation
at+y’4 at-- 07

The only real points on the locus are those that satisfy

all three of the equations
: =0, y=0, and a=0.

Hence, unless @ vanishes, there are no such points, and
the given equation represents nothing real. ¢

The cquation may be written -

a? + Yt —ad,

s0 that it represents points whose distance from the origin
is an/~1. Tt therefore represents the imuginary circle
whose radius is @a/=1 and grhose centre is the origin.

126. Bx. 1. Obtain the condition that one of the straight lines
given Wy the equation

Az 4+ 2hxy +by? =0 .....occeevienneinnnnnnn. (1)

may coincide with one of those given by the equation
s . 'zt 2y + by?=0......... SUUUUTUTN 2.

Let the equation to the common strgight line be
i Y=MZ=0 oo (3).

The quantity y — m, x must therefore be a factor of the left-hand of
bo::ihél) and (2), and therefore the value y=m, x must satisfy both (1)
and (2).
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We therefore have :
bm2+2hmy +a=0............ vererereennen(8)y
and Ym2+20'my+a’'=0.....ccooveninnneninnns ().
Solving (4) and (5), we have .
m,? _m, 1
Slha—a) " ab=a’b = 2@k = b’h) .
. ha' = Wu S _ab’~a’d
Y L T e P [V )
80 that we must have R

(al’ — a'b)2=4 (hu —l'a) (b1 — V'h).

Bx. 3. Prove that the (quuu'on
m (x3 — ‘h:y")+,/ -8z%y=0
yepresents three straight lines equall y inclined to one mwther.
Transforming tu polar coordinates (Art. 35) the equation gives
n (eos*0 - 3 cos 0 sin?6) + sin3d — 3 cos?@ 8in 6=0,

ie. m (1 -3 tan?6) + tan®@ — 3 tan 8 =0, ¢
. ) 3tan 6 - tan* 9
b M) Hrang T AR 0

If m=tan a, this cyuation gives

tawn 36 =tana,
the sdlutions of which are “

¢ 80=a, or 180°+ a, or 360°+a,
, a . a . ‘@
i.e. 25 50 OF ()0°-l~5, or 1..’0°+5.

The lecus is' therefore three straight lines through the origin
inclined at angles
a o L & ] o0 2
3° 60 +3, and 120 ‘",3
to the axis of a.
They ate therefore equally inclined to one another.

Bx. 8. Irore that two of the straight lines represenied by the

equation . e
‘ ar®+baty +exy?+dy=0 ... ... v (1)
will Ue at right anyles { if < -
- a*+ac+bd+ d*=0. v

Let the separate equations to the three lines be
y~mz=0, y-ma=0, and y-mz=0,
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g0 that the equation (1) must be equivalent to
d (y —myz) (y — mgz) (y — my2) =0,

and therefore my L mg+my= ~ % ....................... (2),
MgMg + Mgy + MMy =7 coivvnrerinienninenenn (3),

- . a
and ¢ MGG == — = eeeeeeeiinininireineeernens (4).

If the first two of these straight lmes be at right angles we have,
in addition,

empmy= -1 ................ e (5)-
.- From (4) and (3), we have
”1353 ,
and therefore, from (2),
Qe c+ea

¢
ny + My = A d"" a4 -
The equation (8) then becomes

al c+a ~]A_b
d d &’

¢ u?4-ac4-bd 4+ =

i.e.

EXAMPLES. XIV.

1. Prove that the eqlmtign .
y® - a3+ Bry (y - ) =0
represents three straight lines equally inclined to ofte another.
*2. Prove that the cquation
y? (cosa+,/38in a) cus a — xy (sin 2a ~ \/3 cos 2a)
+a%(sina —4/3 8 a) sin a =0
represents two straight lines inclined at 60° to each other.
Prove also that the area of®he triangle formed with them by the
straight line
° (cosa'~ A/ sina) y - (sin a+4,/3cosa)x +a:=0
. a?
18 "l‘\/g )
and that this triangle is equilateral.
8. Bhew that the straight lines L
: . (42 - 8% a2+ 84 By + (B2 - a,n) y?=0 '
form with the line Ax+ By+ C=0 an equilateral triangle whose area

vIrEy N

- *
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Find the equation to the pair of straight lines oinmg the
orig%n to the i mter:eqcﬁona of the strgmht line yf mr+e¢ mjd
2%y J-=a’
Prove that they are at right angles if
2c?=a?(1+ m‘) ‘
5. Piove that the straight lines jofning the ongm to the points
of intersection of the straight line

L+ hy =2hk
with the curve (r-1)2 r(y—Fk)P=c?
are at right angles if W24 R%=c2.

6. Prove that the angle between tbe utraight lmea joining the
origin to the intersection of the stnught hne y=3c+2 with the curve

2%+ 2ry+3y* + 4z 4 8y - 11=0 is tan? "/2
7. Shew that the straight lines joining the origin to the other two
points of intersection of the curves whose equations are
ax® | ey +by? + 29x=0
and - w'a? ey FVY? +29'2=0
will be at right ungl(:q if
gla +b)~g (at b)=0.

‘What loci are represonted by the equations L

8. r*-y?=0, 9. r2-ry=0. 10. xry-ay=0.
11, a'- 2?-r+1-0. 12, - zy*=0. 13, 23+y3=0.
14" 224yt <0 15. £y=0. * 16. (s2-1)(y?- 4=0. *

17. (=12 péy* - 4)°=0. 18, (y- me—c)®+(y-m'z-c)2=0.
19, (#°- @®)® (x%- U2)3+0t (y° - @?)3=0. 20. (x-a)-y?=0,
21, (x +-y)*- 2=0. 22. r=asec(d a).
23, Shew thdt the equation
bz® - 2hry + ay*=0
represents a pair of straight lines \vhﬁ-h are at right angles to the pair
given by the equation

.

azx?+2hry +by?=0. «
24, If pairs of straight lines
12 - 2pry - y*=0 and a®-2qxy - y*=0
be such thnt each pair bisects the angles between the other patr, prove
that pga: - 1.
25. Prove that the pair of'lines
a?23+2h (a+ b) zy + b2y?=0
is equally inclined to the pair
azx? + 2hxy + b2 =0,
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26. Bhew also that the pair
axt+ 2y + by + )\ (F ¥ =0
is equally inclined to the same pair.
27. If one of the straight lines given by the equatiim
N az’-;ﬁha:y-i»by’:O
coinoide ;uth one of those given by
a'ed+ 20 ry + Vyr=0,
and the other lines represented by them be perpendicular, prove that
ha'’  Wa —
Yo Th- a“*‘/ aa’ by,
, Prove that the equation to the bisectors of the angle between
the straight lines ax?+ 2hay +by* =9 is
h(2®-y3) + (b - a) gy = (aa®- by?) cos w,
the axes being inclined at an angle w.
29. Prove that the straight lines
ar®+ 2hxy 4 byt -0
make equal angles with the axis of » 1f =« cosw, the axes bemy
inclined at an angle w.
30. ®If the axes be inclined at an angle w, shew that the eqfiation
a4 2y cod w +y?cos 2w=0
represents a pmr of perpendicular straight lines.
81. Bhew that the equation
cos a (rd ~ Bxy?) +sina (2 - 3rty) 4 3a (22 + y°) - ta3 =06
represents three straight lines forming an eqmlateml triangle, ,
Prove also that lts area is 3 /348,

82. Prove that the general equation
ax® { 2hry FOY*+ 292 +2fy4 =0 o
represents two parallel straight lines if
h*=ab and by2=af?.
Pirove also that the distance between them is

L /\/ ¢ -ac
2,/ 0720
u(a+D)
83. If the equation
A ax? +2hry 4 bf+2y:+2fy+c-—0
represent a pair of straight lines, p ove that the & tmhon to the third
pair of straight lines passing through tlfe points where those meet the
axes is

ax? - Bhay +by*+29x 1 2y +e+ mzy-O
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84, If the equation
ar’4 2hey + byt + 297+ 2y +¢c—0
repiesent two straight lines piove that the square of the distance of
thenn pomnt of intersection fiom the orgin 1s
((arb)=f"-g% .
ab- ¢ .
o
35. BShew that the orthockntre of the triangle formed by the
straight lines
ar?+ 2hey +by®—0 wnd le+my=1
18 & pont (1, y) such that
Z y a4l *
17 m am 2k bl
36 Hence find the lccus ot the orthocentre of a triangle of which
two sides are given m position and whose thirl side goes through a
fixed pomnt .
37 Shew that the distance between the points of intersection of

the straight hne
eeosa+ysine p—0

with the strai ht hincg 14 2ley4 by 0
L)
- * 2pa/l ab
tcsa 2he sasima asm a .

De luce the wrea of the tian,le formed by tham

38 Iiove that the product of the papondiculais lot fall fiom the
pomt{ ¢)up nthe panr of strar,ht Iipes

ar {2y tly 0
ar {2y +by
1 JE O 1k

39 Shaw thyt twoy of the straht lmes represented by the
equ wtion

ayd4 heydier Y + 13y Fedd 0
will be it 11 hit angles it .
@Gid)(ad +tb ) t( @) (t4ci¢) O
40. Prcv thait two of the Inwcs representc 1 by the ¢ luntwn.
avtrbrdy4 o y?idigi =0
will bisect the nglus between the other two 1t
. ¢« +ba— and b+d--0

4], Prove tha one of the knes repr scnted by the equation
azd+ b1ty cry? | dy*=0
will bisect the angl bctween the other two 1f
(8a+¢) (I 4 2d — 3ud)=(b+3d)}(be4 2ab - Jad)



CHAPTER VIL
TRANSFORMATION OF COORDINATES,

127. It is sometimes found desirable in the discussion
of problems to alter the origin and axes of coordinates,
either by altering the origin without alteration of the
direction of the axes, or by altering the directions of the
axes and keeping the origin unclmn"cd or by altering the
ongm ®and also the directions of the axes. The latter case
is merely a combination of the first two. Either of these
processes is called a transformation of coordinates.

‘We proceed to establish the fundameutal formulx for
such transformation of cqordinates. -

128. 7o alter the origin of coordinates withowt altering
the directions of tha axes.
Let OX and OV be the original axes zmd let the new
axes, parallel to the original, be
OX' and O'Y".

Let the coordinates of the new Y P
origin O’, referred to the original
axes Be . and %, so that, if O'/. be , N’
-perpendicular to OX, we huve o X’
eOL=0h and L = o L N X

Let £ be any point in the plahe -
of the paper, and let its coordinates, referred to the original
axes, be z and y, and referred to the new axes let them be
o and y'.

Draw PN perpendicular to OX to meet O'X" in A
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Than *
ONwa, NP.y, ON'=«,"and N'P=y.
We therefore have
& =ON=-OL+0OY =h+a,
and y=NP LO+N'P-k+y.

The origin is therefore transferred to the point (A, ) when *
‘we substitute for the coordinates £ and g J the quantities

2 +h and y vkt

The above article is trug¢ whether the axes be 6blique
or rectangular.

o

129. 7o change th® dercction of the aves of coordinates,
without changing the origin, both systems of coordinates being
rectangnlar.

Let O.Y ind OY be the original system of axes aml ox’
gud OY’ the new system, and let
the angle, XOX', through which
the axes are turned be called 6. Y
Take any poiut 7 in the plmm
of the paper. N’
Draw P’V and 2V’ perpen NLC
dicular to OX%and OX7, and also v
YL and VA per pendloulm to OX and PN,
Tf the coordinates of P, referred to the original axes,
be . and y, and, referred to the new axes, be ' and y', we
have

v b

ON & NP y, ON'S¥, and N'P-y.
The angle .
MPN' 00°—=_UN'P L MUNO - XOX - 6.
‘We then have i
@:-ON« OL~MN' - 0N cos@— N'Psind ’
~7eosf%y sinh . . ... L.l (1),
and  y=aNP LV - MP=0N'sinf+VPcos§
~' 8N+ Y 0080 .....cenineiiniiaeeane ()
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If therefore in any equation we wish to turn the aves,
being rectangular, thrpugh an angle 6 we must substitute

x o0 —-y'sin@ and x’'sin @ 4y cosd

forzandy. o

‘When we have both to change the origin, and also the
direction of the axes, the transformation 13 cleatly ohtamed
by combining the results of the previous articles

If the origm 1y to be transformed to the pomt (&, i)
and the axes to be turnéd through an angle 6, we have to
substitute e

h+a'cos@ -y <nf and A4 ¥’ s b+ y cosd
for # and y respectively .

The student, who 15 acquamnted with the theory of projection of
«traight lines, will see that equations (1) and {2) express the fact that
the projections of OP on DX and OY ate rcspectively equal to the
sum o!‘ the projections of ON and N P on the same two lines

130. Bx. 1. l?ransform to parallecl azes through the pount (- 2, 3)
the equatione
20 4ry + 5341 2291 T=0

We substitute r ¢ 2andy y 3 and the (quation becomes
(v 2i4(r D+HEIW+I® t( 2 22(y 1 470,
e 21%i4ry +592 22 0 ¢
Bx. 3. Jransform to axes incline L at 30 1) the onginal azes the
equation .
C+2 3y 2ad
Tor + and y we have {o substitut
£ 003307~y ain 30’ and r sin 30 +94cov 30, .
te * rJ;—y wnd rqg’Ji
Theswquation then become
(/3 y P+BV3(B-y ) Syaor(ch g o/ 1) -8
e ¢ a"t~y2=al
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EXAMPLES. XV,

1, Transform to parallel axes through the pollit (1, —2) the
equations
(1) y*-4z+4y+8=0, .
and (2) 242+yd-dz+4y=0
2. What does the equation
(x a4 (y b--&
beecome when 1t 18 transferred to parallel axes thiough
(1) the pomnt (¢ ¢ V) ‘
(2) the pomnt (a, b <)’
3. What does the cquition
(« D) !.r'- :/') Qalr 0

become 1f the o11gmm he moved to the pormt (u"bb , 0) )

4, Trandfoim to axes mehined at 457 to the onginal axes the
equations
e (1) 4* gy
(& 17t foas 17y 225,
and (3) ¥ iory-=2

5. Transform to axves mnchned at an angle o to the onginal axes
the equations
.

1 <" 4 .

and (2) *olrytana y —a

6. If the avcy be turnad thiou h an angle tan 12, what docs the
equation 41y 3:%—a- bccomne ?

7. By trinfiorming to paallel axes thiough a properly chosen
pomt (h, 1) prove that the cquation

12r--10xy { 22 + W6 - Sy +2=0

can be.rulu(ul to one contarmng only tcrms ot the sceond degree

8. Iind the an/le thiough which the axes may be tuned Qo that

the equation Ax+By : ¢
may be reduced to the fom r-=constant and detcimme the value of
this constant -

.. .
131. The sndal proposition, which 15 given,in the
next article, on the transformation trom one set of obhque
axes to any otha set of obhque axes 15 of very little
importance and 15 h udly ever required, =
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-

m:‘ﬂ. Xo' Mmmefm‘wﬁmdacm

£

inclined ab an

U . 4
¢ o'y the origin
9;‘ .

-

* Lat ox and OY be the onguml axes, 0.X' and OY"' the
new axes, and let the angle XOX%be 6.

Take any pont P 1n the plane of the dpu r,

Draw .P and PN’ para.l};l to 0Y and OY' to meet 0X
and OX' respectivel Ly inNand N', PL Serpendmula.r to 0X,
and ﬁN "M and N'M’ pe endxoular to OL and {«P.

L PNLg=¢ YOX =w, and PN'M =Y 0X -~ o' +0.
Hence if
ONwg, NP=y, ON'=u, and N'P=y,
wehave yrinp=XNPsne=LP=MN'+M'P * *
= 0N’ sin 6 + N'Psin (o’ +4),
mt}:ﬁo . yenoexsind+y sin (o +0) ... ... (1)

24y cps wm ON + NL=OL=OM + Ny
—~a.’eos0*y’oos(m+0) viens + (D)
Multiplying (2) by sin e, (1) by cosw, and subtracting,
we hage *

wsin w =2 sin (@~ 6) + ¥ sin (w ~ o’ —0) .....(3).

i eqvuhon m also be obtaned by drawin -
dhﬂu (3) ’ and proceeding as tgr oq,natxgn (l)j:m'l

*The equ&tlons 1) and (3) give thepdp&" substitutions
o Shgghangs o angg i t o g‘éne

g S L L

8
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*188. Puarticular cases of the preceding article.

(1) Suppose we wish to transfer our axes from a
rectangular pair to one inclined at an angléfw’. In this
case o is '90°, and the formule of the preceding article
become
’ . _ w=acosf+y cos (o' +6), |
and.. ., y=asind+y sin(o +6). \

(2) Suppose the transference is to be from oblique
axes, inclined at w, to rectangular axes, In this case o is
90°, and our forinule hecome '

x sin o = 2 sin (0. - ) -- 7' cos (w ~ ),
and Yy sin o — 2’ 8in 6 + i cos 6.
These particular formule may easily be proved in-
dependently, by drawing the correspounding figures.

2 3
" . N T
Bx. Transform the equation i })—,-_-1 Srom reetangular axres to
i
axes inclined at. an angle 2a, the new aris of x being inclined at ¢n anyle

b
~/ a'-r-f—-_b'” . 1

Here 0= -« and &' =2a, so that the formula of transformation
(1) become

~a to the old axes and sina being equal to

r=(2"+¥)cvosa and y=(y' - r')sina.

.

i

. . b a
Since sina= -~ -, we have cosa=~ - z---, and hence the
Jai v N
given equation becomes

S U i

a*4- b a® o bt
ie. 'y =% (a2+0%).
*134. The deyree of an equation is wunchunyed by any
trangformation of coordinates. .

For the most general form of transformation is found
by combining together Arts. 128 and 132, Hence the

most general formulwe of transformation are «
- din(w—6 sin (w—o — 6
A ._-.~(,.~— 9 Yy -»—-(w,—w -0) .
sin sin o

sinf . sin (o +0)

and y-k+a, )
. sino sin o
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For a and y we have therefore to substitute expressions
in ' and gy’ of the first degree, so that by this substitution

"the degree 6f the equation cannot be raised.

Neither can, by this substitution, the degree be lowered.
For, if it could, then, by transforming back again, the
degree avou}d be raised and this we have just shewn to be
impossible.  ;°

*188. If by any change of axes, without change of origin, the
quantity az*+ 2hey -+ by* be.cmnz
a'c+ 20 x"y' + b'y’%,
the axes in cach case being rectungelar, to prove that
a+b=d +V, and ab~12=a'V’ - I%
By Art., 129, the new axis of x being inclined at an augle ¢ tc the
old axis, we have to substitute
#'cos§-y'sind and 2’ sin 64y cosd
for x and y respeetively.
Hence az® +2hxy + by?
=8 (x'eos 0 -y’ sin )2 + 2k («’ cos 0 -~ y’ sin ) (' sin 6 -y’ cos )
+ b (&' #in 0 4-7' cos 6)*
=& [« dos® 0+ 2h cos 0 sin A+ b sin 6]
' +22'y" [ ~ @ €os 6 sin 8+ L (cos® 8 - sin>6) +- U cos 0 sin 0]
+#*[a8in?@ - 2k cos @ sin 0 + b cos®0].
‘We then have
@’=a cos?@+2h cos @ sin ¢4-bsin2d @
=4[{a4b) + (a—b) cor20 +2h sin20]...... ........(1),
V' =asin?@ - 2N cos 6 sin ¢4 bcos*0

= 4[(a + )~ («~ D) cos 26 - 2h sin 2&]............ «.(2),
and W = —acos0sind+nh(cos?d -sin%d) + L cos 6 sin &
=3 [2hcos20- (e d)sin20] ......ccoiiiiiiiiiiiiiiiii (3).

By adding (1) and (2), we have &'+ V' =a + b,
Algo, by wultiplying them, we have
4a't’ = (a+b)* ~ {(a - b) cos 20 + 2/t sin 20}2.
Hence 40’V - 412
= (@ 4wb)? = [{2] 8 26 + (a - b) cos 26}2+ {2h 0820 - (1 - D) sin 20}2]
=(a+b)?-[(a~ b)*+4h%]=4ab - 417 —
40 thab @'V - W2=al® 2. '
186. To find the angle through wlich the axes must be turned so

that the expression ax®+2hzy + by? may become an expression in which
there is no term involving &'y,
Ca -

R VR . 8—2
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Assuming the work of the previous article the coeflicient of z'y’

vanishes if I’ be zero, or, from equation (3), if .
21 cos 20=(a - b) sin 20,
. on_ 2N
i.e. if fan 20—‘—'—:-5.
The required angle is therefore o .
N YU ¢
3 tan (a 3

*137. The proposition of Art. 133 is a particular
case, when the axes are rectangular, of the following more
genelal proposition.

Ir by an 1y change of awrsy wdhout change of origin, the
quantzt y aw* + hicy + by becowes «'oF v DR xy + 'y, then

a-+b-2hcoso u +b - lo cos o

Winte sm‘ !
ah—h*  a't’ -
and sa - s
st e $int
o awd o' being the angles hotween the oriyinal and finak poirs
of ares.

Let the coordiuntes of any point P, referred to the
original axes, be X and » and, referred to the final axes, let
them be »” and 3.

By Art. 20 tlne square of the -distance between £ and
the or wn n is ac 1 2 £y COS 0 + 7% referred to the original axes,
and #* + L'y " dos o + y" referred to the final axes.

We thmvtm ¢ always have

Sk Ay coso ¢yt = u® 4 20’y cos ' Yy (1).
Also, by hupposn,mn, we have
5 2Dy 4 by - S 20 Y Byt 2).

Multiplying (1) by A and adding it to (2), we therefore have
22+ X) + 2ey (h+ Acosa) + 5 (b N) '
e (o + ) + 2y’ (B + Aeos @)+ (U4 ). {3).

If then any m.lue of )L makes the left-hand side of (3) a
perfect square,” e _game value must make the right-hand
side also a perfeet, squarer

Jut the values of X which make the left-hand a perfe(,t,
square are given by the condition
(e -+ X cos w)?= (s + A) (b+X),
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z.e. by
FA(1 - cos’w) + A (@ + b~ 2k cos w) + ab— 1* =0,
. 2, 32 +b—2hcosw ab—hR* |
i.¢. by A2+ A e + o =0 ()
In g similar manner the values of A which make the
right-hand &ide of (3) a perfect square are given by the
equation *

v LI, ) XY ’ Y- b2
e G =W eosa’ @b ZlE o ()
SIn*w st w
Since the values of A given hy equation (4) are the same
as the values of A given by (9), the two equations (1) and
(5) must be the same. .
Hence we have
a+b-—2hcosw _a’'+b’—2h’'cosw’
sin?w - sin? w’ ’
ab-h?_a’b'-h?

sinfw T sinfw’

[

and *

EXAMPLES. XVI.

.

1. The cquation to a straight line referred to axes inclined at 30°
to one another is y=2s+1. Find its equatiorn® referred to axes
inclined at 45° the origin and axis of x being unchanged.

2. Transform the equation 2s%4 3,/3cy+3y°=2 from axes
inclined at 30° to rectangular axes, the axis ©f z remaining
unchanged.

3. Transform the equation®z?+ ry 4-y2=8 from axes inclined at
60° to axes bisecting the angles between the original axes.

4. eTransform the equation y?+ 4y cot @ — 4==0 from rectangular
:.}:ea to oblique axes meeting at an angle a, the axis of x being kept
e same.

5. XM = and y be the coordinates of a point referred to a system of
oblique axes, and &’ and y’ be its ceordinagg;,.:o.{errcd to another
system of oblique axes with the same qrigin;’and if the formulm of
transforfmation be
x=mx' +ny’ and y=wm'z’+n'y,

n2+m?-1  mw'

rove that Bk
P n?4n'2-1 " an’



CHAPTER VIIL

LA .

THE CIRCLE.

" 138. Def. A circle is the locus of a point which
moves so that it: distance from a fixed point, called the
centre, is equal to a given distance. The given distance is

called the radius of tho civele,
€

139. 7o fiad the equation to « circle, the axes of coordi-
nales being two siraight lines through its centie at right
angles.

Let O bo the centre of the cirele and let @ be its radius.

Let OX and OF be the axes of
coordinates. ® Y

Let P be any point on the circum- P
ferenco of the circle, and let its coordi-
nates be x and y.

Draw £ perpendicular to O.l and o MJ X
join OL.

Then (Euc. 1. 47)

OM* + MP? = ",z,
i.e ‘X2 4 y2=al

This beum.gne relation, which holds between the coordi-
nates of any pomt G the circumference is , by Art. 42, the
required equation. ®

140. 7o find the equation to a c'm;le reﬁsrred to any
rectangular axes.
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Let OX and OY be the two rectangular axes.
Let € be the centre of the

cirele and « its radius. 3
Take any point 2 on the
circumference and draw per- c L
pendicudars M and 2V upon
OX ; let P he the point (=, y). »
Draw 0L perpendicular to
NP
Let the coordinates ot €' be ° MoN X
7 and k ; these are supposed tp be known.
We have CL=MN- ON - OV =x—h,
and IP=NP ~NL=NPy MC:-y—k.
Hence, since CLE - L1201,
we have (x—~h)24+(y—-k)2=a2...... . «(1).

This is the required equation.
Bx. The equation to the circle, whose centre is the point ( — 3, 4)
and whose radius is 7, is
. (£4-3)%+(y - 4)* =72,
ie 22 ¢ 424 G - By =24,
141. Some particular (;n.ses of the preceding article z;my be
noticed : °
(a) Tiet the origin O he on the circle xo that, in this case,
O M2 =202,
i.e. : R+ k2=al. ¢
The equation (1) then becomes
(- B2+ %y - K)r=D2+ &2,
ie. a2+ y? - 2hx - 2ky =0,

.
(8) T.et the origin be not on the curve, but let the centre lie on
the axis of . In this case k=0, and the equation becomes

— (i — )2+ y2=al.
. (v) Lot the origin be on the carve andtow=the axis of z be a
dnamecgr. ‘We now have k=0 and a =1 w0 tHat the equation becomes
x4+ Y%~ 2hz =0,

(3) By taking O at C, and thus making both & and k zero, we
have the case of Art. 139,
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" (6) The eirelo will touch the axis of z if MC be equal to the
radius, i.e. if k=a. ‘
_’I’he equation to a circle touching the axis of = is therefore -
- " 4y -2he - Zky+ h2=0. ’
éimilarly, one touching the axis of y is )
23+y2 - 2ha - 2ky + K2=0, o F

142. 7' prove thut the equation
24P+ 22+ Uy +e=0..enini. (1),

always represents a cirele for all values of g, f, and ¢, and to
Sind its centre and radius. *[The axes are assumed to be
rectangular. ] . .

This equation may he written
(@ + 29w+ )+ (P + Yy +S7) -+ S~ e,
.e. (+gl+y+fl={Jr+ el

Comparing this with the equation (1) of Art. 140, we
see that the equations are the same if

h=-—g, k= -f, and a::J.r;"::/T"’:?.’
Hence (1) represents a circle whose centre iy the point
(-9,% f), and whoso radius is /g + /9 —ec.
Tf ¢° +f* > ¢, the radius of this circle is real. .
If ¢* i = ¢, the radius vanishes, ¢.e. the cirele becomes

a point coinciding with the point (—g, —f). Such a circle
is called a point-circle.

1f ¢*+/* <e, the radius of the circle is imaginary. 1n
this case the eyuation does not represent any real geo-
metrical locus. It is better not to say that the circle does

not exist, but to say that it is a circle with a real centre
and an imaginary radius.

F-

; Bx. 1. The~gnation 224 %+ 42~ 6y=0 can be written in the

orm Ca
(z+2)7+ (y - 8y=18=(/T3p2,

and therefore represents a circle whose centre is the point ( =2, 3) and
whose radius is /13.
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- Bx. 2. The equation 4522+ 45y~ 602+ 86y +19=0 is equiralent
: - Sry-daty=—-18,

ie. U =3P+ = o - 1=

and therefore repregents a circle whose centre is the point (3, —2) and

whose radius is TR

143. Condition that the general equation of the second
degree may represent a circle. -

The equation (1) of the preceding article, multiplied hy
any arbitrary constant, is a particular case of the general
cquation of the second degred (Art. 114) in whicl there is
no term containing ay and in which the coeflicients of »?
and y* are equal. .

The general equation of the second degree in rectangular
coordinates therefure represents a circle if the coefficients
of x2 and y2 be the same and if the coefficient of xy
be zgro.

144. The equation (1) of Art. 142 is called the
general equation of a circle, since it can, by a proper
choice of g, £, and ¢, be made to represent any circle.

The three constants ¢, /, and ¢ in the general equation
correspond to the gecometrical fact that a cirele can be found
to satisfy three independent geometrical cohditions and no
more. Thus a circle is determined when three points on it
i:m given, or when it is required to touch three straight

ines. .

148. To find the equatioy to the circle which is described on the
line joining the points (.c;, y,) and (£, y,) as diameter.

Let 4 be the point (x, y,) and Ii be the point (i,, ¥.), and let the
coordifiates of any point P on the circle be 2 and Z.

The equation to AP is (Art. 62)

k—1y
- y—y1=F:o£: (Z=2g) eeeeeeerrs e ),
and the equation to BP is * T
. k—y,, =
d Y-ya= h—_.-;: (B=g) crvrreeerarreeeeernene (@).

But, since APB is a semicircle, the angle APB is a right angle,
and hence the straight lines (1) and (2) are at right angles.
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Hence, by Art, 69, we have
k-yy k-Ya_ -1
. ' Pz h-wy
i.e. (h— ) {h= 7)) + (&~ y3) (k ~ yo) =O0.
But this is the condition that the point (k, k) may lie on the curve
. whose equation is
(B = £y) (= 29) + (Y~ y)) (U - Yg) =0,
This therefore is the required equation.

146. Intercepts made on the ares by' the circle whose equation is
ax?+ay®t 2gr+2fy+e=0.. ...oin v (D).
The abscissm of the puints where the circle (1) meets tho axis of x,
i.e. y=0, are given by the equation
ar?+2gc+e=0... . ....(2).
The reots of this equatiodbeing 2, and x,,
we have
2

ra,= =Y,

and Ly dy= o (Art. 2.)

Honce _
4y dyg=ury-- - J(x, +2y)? - dryw,

ey i
at  a ¢ a

Agrin, the 10ots of the equation (2) are both imaginmy if g?<ac.
In this ease the tirele does not meet the axis of z in real points, i.e.
geometrically it does not meet the axis of z at all.

The circle will touch the axis of x if the intercept A,4, be just
zero, i.e. if g®=¢1c.

It will meet the axis of x in two points lying on opposite sides of
the origin 01 the two 100ty of the eguation (2) are of opposite signs,
1. e. if ¢ be negative.

147. Ex. 1. Fiwd the equation to the circlewhich passes€hrough
the points (1, V), (0, — 6), and (3, 4).
Let the equation to the circle be
22+ Y2+ 202+ 2y +e=0 ... e #i (1)

Since the 1w gaints, whose coordinates are given, satisfy this
equation, we have ‘e -
14+29+c=0.iinniiiniiiiiiincnnnnean (2),

3612+ 6=0uuerreer cirr e e venee (3),
and 2546 +8 +e=0.....cc. ... s e 4).
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Subtracting (2) from (8) and (3) from (4), we have

2g + 127 =35,
and 8g+20f=11.
Hence f=47 and g= - 7¢.

Equation (2) then gives c=52,
Substiteting these values in (1) the required cquation is
428 4+ 4y? - 142 + 4Ty + 138 =0.

Bx. 2. Find the equation to the circle which tonches the axis of y
at a distance + 1 from the origin and cuts off an intercept 6 from the
axis of x. hd

Any citcle is 2% 4yt 298 4-2fy +e=0.

This meets the axis of y in pointg given by

¥+ 2fys+c=0.

The roots of thiz equation must be equal and each equa} to 4, o

that it must be equivalent to (y — 4)?=0.

Hence 2f= -8, and ¢=16.
The equation to the circle 13 then
. 22+ y?+2gr -8y +16=0.
This meets the axis of « in points given by .
rd {290 416=0,
i.e. at points Uistant
~g 1+ Jo9*=16 and -g- /g%~ 18.
Hence 6 £2./4%-16. .
Therefore g = + 5, and the required equation is
224 y2 L 10r -8y +16=0. ”
There are thereforé two circles satisfying the given conditions.
This is geometrically obvious.

EXAMPRES. XVII
Find.the equation to the circle
1. Whoso 1adius is 3 and whose centre is (-1, 2).
2. Whose radius is 10 and whode centre is (- 5, —0).
3. \Whose radius is b and whose centro i {2y, - 0).
4, Whose radius is a7~ 0% and whose céntre 15 (—a, = D).

Find the coordinates of the centres and the radii of the cireles
whose equations are

5, sS+yd-4z-8y=4l. 6. 373+ 8y%-bv -6y +4=0.
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7. a*+y?=k(z+k) 8. z+y?=2gx-2fy.
9. AT+m?(22+y?) - 2cz ~ 2mey =0,
Draw the circles whose equations are
10, 22+y?=2ay. 11. 32?+3y?=4x. °
12. 522+5y*=2z+3y. « *

13. Find the equation to the circle which passes through the
points (1, - 2) and (4, — 3) and which has its centre on the straight
line 3z + 4y =17.

14. Find the equation to ihe circle’ passing through the points
(0, a) and (b, 1), and having its centre on the axis of x.

Find the equations to the circles which pass through the points
15. (0, 0), (¢, 0), and (0, B). ‘16, (1, 2), (3, —4), and (5, - 6).
17. (1), (2, -1), and (3: 2). 18. (5,7), (8, 1), and (1, 3).
19. (4, b), (¢. -D), and (248, a - V).

20. ABCD is a square whose side is «; ta.kin;; AB and AD as
axer, prove that the equation to the circle circumseribing the sguare is

22+ y?=a(z+y).

21. Tind the equation to the circle which passes.through the
origin and cuts off intercepts equal to 3 and 4 from the axes.

22. Find the oquation to the circle passing through the origin
oand the points (a, b) and (b, ¢). Find the lengths of the chords that
it cuts off from tl.w axes.

23. Find the equation to the circle which goes through the origin
and cuts off intercepts equal to 4 and % from the positive parts of the
axcs.

.

24. Tind the equation to the circle, of radius a, which pasges
through the two points on the axis of & which are at o distance b from
the origin.

Find the equation to the circle which .
25. touches each axis at a distance 5 from the origin.
926. touches each axis and is o? radius a.
27. touches xes and passes through the point (- 2: ~3).

28. touches the nxis of*z and passes through the fwe points
1, ~2) and (3, - 4). _ 3

29, touches the uxis of y at the origin and passes through the
point (b, ¢). 5
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. 30. touches the axis of x at a distance 3 from the origin and
intercepts a distance 6 on the axis of y.

81. Points (1, 0) and (2, 0) are*taken on the axis of z, the axes
being rectangular. .On the line joining these points an equilateral
triangle is described, its vertex being in the positive guadrant. Find
the equations to the circles described on its sides as diameters.

82. If Y =nfr be the equation of a chord 6f a cirole whose radius is
a, the origin of coordinates being one extremity of the chord and the
axis of « being a diameter of the circle, prove that the equation of a
cirele of which this chorad is the diameter is

(1+m?) (x°%-y?) - 2a (x+ my) =0.

33. Find the equation to the ciyele passing through the points
(12, 43), (18, 39), and (12, 3) and prove that it also passes through
the points ( - 54, —69) and (-81, « 38).

34. Find the equation to the circle cironmscribing the quadrilateral
formed by-the straight lines

2v+38y=2, 3r-2y=4, 2+2y=38, and 2r-y=3.

35. Prove that the eqnation to the circle of which the points
(24, ¥;) and (x,, ) are the ends of a chord of a segment containing an
angle 0 & .

(= —21) (& - a) + (y — y1) (¥ ~y2)
200t 0 [(2 - a1) (¥~ 3) — (v —x) (y — )] =0.

36. ¥ind the equations to the circles in which the line joining the
points (a, b) and (b, —a) is a cpord subtending an angle of 45> at any
point on its eircumference.

L]

148. Tangent. In Geometry the tangent at any
point of a circle is defined o be a straight line which meets
the circle there, but, being produced, does not cut it; this
tangent is shown to be always perpendicular to the radius
drawn from the centre to thg point of contact.

From this property may be deduced the equation to the
tangeng at any point (&, 3') of the circle o2 + o = a2

, Fc’w let the point 2 (Fig. Art. 139) be the point
& ¥)

The oquation to any straight line passing, through 2 is

by Art. 62, y Seight Ao prerhesHhrongh £
. Y=y =mr—a) ...l (1).
Also the equation to OP is
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The straight lines (1) and (2) are at right angles, 7.¢. the
line (1) is a tangent, if

mn ;Z, =—1, (Art. 69)

’

i.e if me=——.
Y

Substituting this value of m in (1), the equation of the
tangent at (¢, ') is
Lo e
Y-y == @),

.

.6 £ Fyy aty T )

But, since (&, &) li(;s on the circle, we have % + )/ =- a?,
and the required equation is then

xx’ 4+ yy’ =al

149. In the case of most curves it iv impogsible to
givé a simple cunstruction for the tangent as in the case of
the circle. It is therefore necessary, in genegal, to give a
different definition.

Tangent. Def. TLet 2and @ be any two points, near
to one another, on any curve. ¢

Join P@; then 2I¢ is called a
secant.

The position of the line £’¢) when
the puint (eis tuken indefinitely close
to, and ultimately coincident with, the
point /> is called the tangent at 7.

The student may better appreciate
this definition, if he conceive the curve
to be made up of a succession of very small points (much
smaller thau could be made by the finest conceivable drawing
pen) pached close to one another along the curve. The
tangent at en the straight line joining P and the
next of these small pbints. .

(,, 1?0}_”.'1'0 :Il'u[v( xtelw equatjan of the tangent at the point
<, Y') of the circle & + y* = a’

L
.
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Let P he the given point and @ a point (x”, ") lying on
the curve and close to P.
The equn.ti(;n to P is then

. ;7/”".'/ 4
y—-y’: m"(w—x) Vesectasraiinan (1).

R
Since both (2, ¥) and (", y”) lie on the circle, wo have
JULINS VR, 2
‘113 "2 - 1
and ) o7 Fyt -l
By subtraction, we have

15

e Wty gyt =0,

i.e. (& =) ("2 )+ Y ~y) (4 +y) -0,
[ ]
ie. "/7,—: Y '-':,; ha .»-'

2T T Y +y
Substituting this value in (1), the equation to PQ is
. m’l + .l:’ .
—Yf = =) 2).
. Y g ey &) &)
Now let @ he taken very close to P, so that it ulti-
mately coincides with P, i.e. put «”= +" and y” = 4.

Then (2) becomes .
0,

-t
:'/""1"2'7 (-L' —m’)’ *

t.e yy +aox’ -yl &

The required equation i« therefore

1t will be noted that the equation to the tangent
found én this article coincides with the equation found
from the geometrical definition in Art. 148,
Our definition of a tangent and the geometrical definition
therefore give the same straight lime in the 26 of a circle,
L

181% 7 obtain the equation of the tangent at any point
(<, ¥') lying on the circle

2+ 5y + 292 + 2fy + ¢=0.
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Let P be the given point and ¢ a point (£”, ¥”) lying on
the curve cluse to 2.
The equation to @ i< therefore

R/ -y 2
v-y- .c”_--.%' (@—i) i, - (1).
Since both (., 3} and (", ") lie on the cirels, we have
w2y 1 290 F Y e 0L Ll 2),
and a4y Qga” + Y re= 0 ... (3).

By subtraction, we have
By g4 2y =) 4 Y= ) 0,
te. (=) v 2+ Y =YV Y +2F) 0O,
73 . o ‘)
i.e. SO ' veg
RN Y+ v 2
Substituting this value in (1), the equation to ¢ be-
come-s .

»

’

£ 2![ ,
T g A ETISTONORR & § X

yey sy (0T D)

Now let @ be taken very close to 2, so that it ultimately

,

coincides with 7, 7' pat 2”7 " and " - .

yo-a =

The equation (1) then becomes
"" + (/ r
Yy 1/, 4 ..j'(""‘c)’
fe W AN+ rg) Y S) R @ 4 g)
w1y b+ Y
-y S -6
by (2)- .
This suay be written
X4y +B(E+X)+ (Y +Y)+0=0
which is the 1equmgd equation,

v

*
152. The equation to the tangent at (., 3/) is there-
fore obtained fiom that of the ciccle itself hy substituting
i for & gy for ¥, @ for 2, and y + y for 2.
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This is a particular case of a general rule which will Le
found to enable us to write down at sight the equation 10
the tangent at (., ) to any of the curves with which we

shall deal in this book. .
183. Points of intersection, in general, of the straight
- L]
line ¢
Hoar -y
with the cirele am e e ().
.

The cogrdinates of the points in which the straight line
(1) meets (2) satisfy both equations (1) and (2).

H therefore we solve them as snnultancous equations
we shall obtain the coondinates of the conunon point or
points, . o

Substituting for y from (1) in (2), the abscissie of the

3 4
required points arve given by the equation
& (e e) .
toe. (U )y 4 2imen -t wd U L (3).
The roots of this equation are, by Art. 1, real, coinei-
dent, or imaginary, acceording as
(2'/)&«5“’ =4 (1 + %) (" — %} s positive, zero, or negative,
i.e. according as
rE(L s wd) et is positive, zero, or negative,
.e. according as . -
AHis e Lor - wt (10 ).

Iu the figure the Yines marked [, 11, and TIL are all

parallel, .2, their cquations ajl have the same “m.”

L. e 9
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The straight line T corresponds to a valye of ¢ which
is <a? (1 + 2%) and it meets the circle in two real points.

The straight line 1JT which corresponds Lo a value of ¢,
> a® (1 + m?), does not meet the cirele at all, or rather, as in
Art, 108, this is better expressed by saying that it meets
the circle in imaginary points. .

The straight line 11 corresponds to a value of ¢, which
is equal Lo a® (1 + w*), and mects the curve in two coineident
points, .2, is a tangent.

v

154. W ean now obtain the length of the chord inter-

cepted by the cirele on the straight line (1), Vo, if & and

ay, be the roots of the equation, (3), we have .
Qe | -t
RS L, oaunndd e, .
- I T k

Henee

)
w, —wn JOr e 3 - ey N T AR P YR B
t = v ol m J ( ‘ L)
"
TG ey - e
1w
If //,_:unl s be the ordinates of @ and 22 we have, since
these points are on (1),
e gp ey ) (e o) = m (v ~.‘1':).
Henee

3

W o - WY A (e -

.Jl Aol (g )
. /u’ (b4 'y~ o
1w’ ’
Iu a snmlie wanner we ean consider the points of intee-
section ot the straight line ¥y w4 & with the circle

oyt 2y 2y e O

155. [/« ‘.s/cq\(l.yllt line

@

v ome a1 s w®
i always « Loy ot to the circle

«® 4 y® = a”,
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Asin Ary, 153 the straight line
¥y met e
meets the circle in two points which are coincident i

.
¢ o Jl Vo,

.

But. if a straight line meets the cirele in two points
which ave indetinitely close to one another then, by Art
119, it is a tangent to the citele.

The straight line g *wer 1 e is therefore a tangent to the

cirele if
“ o J
. .
£.e. the eqnation to suy tangent tq the cirele is

y=mx+4+asiqfm. ... . .. (1)

. B
I+ e,

Since the vadieal on the vight hand may have the + or
sign prefixed we see that corresponding to any salne of o
there e two tanuents. They are marked P oand <Y in
the figure u_.nf At 1A,

156. The above re<alt muy also he deduced from the cquation
(3) of Art. 150, which may he written
.

oo e ’ (1),

, mosathat ', and the yelation a3 - g™ gives

AR § REYTE PN ;/:, AT mi e
The cquation (1) then hm'un:.w '
PERI Y RTINS R
Thi i therciore the tangent at the point whose eoordinates wre

-t «

-
. 187, If we assome that a tnn-,:mu't to g, cicle ix always perpen
dicular go the rading veetor to the poidt of coulact. the result of

Art, 155 may be obtained in another manner.
For a tangent is a line whose perpendicular distnnce from the
centre is equal to the radius.

g_.

o
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The straight line y =mx + ¢ will therefore touch the eircle if the

perpendicular on it from the origin be equal to a, i.eMf .

¢
- =a,
N1+ m? -
i.e, if ¢-a N/l—t}-m_"
'.[:hi;s method is not however applicable to any other curve besides the
cirele. : i

1568. EBx. Find the equations to the tangents to the circle
by~ Gr 4y 212
which are purallel to the straight line
Art 3y 320,
Any straight line purallel to the'given ouc is
Ar3Y+ C=00 et v, (.
The equation {o the eirele is
. (v —8)% 4 (y 1-2)2=5%
The straight line (1), if it be a tangent, must be therefore such
that its distance from the point (3, —2) 13 equal to L35,
Hence B-6re ¢ (At 73),
. R et
»0 that Yz — 6 £25=19 or -- i1,
The required tangents ace therefore
4r+3y+19=0 and 4r -3y -31=0.

159. Normal. Def. The normal at any poing £ of
a curve is the straight line which passes through P and ia
perpendicular to the tangent at 2%

Do find the equation to the wermal at the point (7, ¥) of
(L) the circle .

Wyt el <
and (2) the cirele
Yyt 2y 2y 10 O
(1) 'The tangent at (&, ¥') is .
. D yy s o
. a ot
2.C. Y= Bt
Y Y
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The equagion to the straight line passing through (/) y)
perpendlcula.r to this timéeut is

Y-y = (e —u),
where m < (— i—,) =—1, Art. 69),
. Yy

L]
. Y
NN wmo- 4.
&

The required equatidsn is therefore

Y - ' = ‘{’ (w - &),
ie. Ly :r-,r/' =%0.

This straight line passes through the centre of the civele
which is the point (0, 0).

1, we assume the ordinary geometrical propositions tho
eqyuation is at once written du“ n, since the normal is the
stfaight lige joining (0, 0) to (2, ).

(2) Thoe equation to the tangent at (+, ') to the circle

2

£ 'l/“' i '_),l/l' -4 '_Z/:l/ re 0

) A ~-|/ . !/.t" -E-'-/}/' .+“v_' e § "
U - s AR (Art. 151.)

The equatlon to the straight line, passing through the
puint («, ¥') and pc,rpendlcul.u to this tangens, is
y- o M(r— ),

oy
where‘ "~ (---[/, Ny -1, (Art. 69),

t.e m - '?/,—tf! .
. Y
The equation to the normal i% therefme
* +f
(% —

Yy ‘/'?FJ

ie. Y& +9)— & +f) + fol — gy =0.

-
A

'),
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EXAMPLES. XVIIL

Write down- t'he equation of the tangent to the circle

1. 2%+y?-Bz+10y =15 at the point (4, - 11).

2. 4z%+4)2 - 16z 424y - 117 at the point (~ 4, —379.

Find the equations to the tangents to the circle

8. z%+y®=4 which are parallel to the line x+2y+38=0.

4. 2°+y?+ 292 +2fy +c=0 which are parallel to the line
z-+2¢y-6=0.

5. Prove that the straight line y=x-cA/2 touches the cu'ole
2%+ y3=c?, and find its point of contact.

6. Find the condition that the straight line ex — by +5*=0 may
touch the circle £”4- y*=ax + by and find the point of contact.

7. Find whether the straight line z-+y =2 +-4/2 touches the circle
22 4y? - 20~ 2y +1=0.

-

8. ‘'Find the condition that the straight line :Lc+4y=7¢ may
touch the cirele x< + y*=10x.

9. Find the value of p so that the straight line
zcosa+ysina-p=0 )

may touch the circle
» T2 Fy? - 2uz cos @ - 20y sin a — «? sin®a =0,
10. Find the condition that the straight line Az + By +C=0 may
touch the circle
(e-a)*+(y - bfF=c?
11. Find the cquation to the tangent to the circle :c‘+y’=-a"‘
which
(i) is parallel to the straight line y=mr +c,
(ii) is perpendicular to the straight line y=mz +c,
(iii) passes through the point (b, 0), '
and (iv) makes with the axes a triangle whose aren is a®

12. Find the length of the chord joining the points in which —the'
sﬁmght line

T~ 5 Y_ )
@ ~a .
meetazhpoimlo 22 yi=r '

18, Find the cquation to the circles which pass through the otigm
and cut off equal chords a from the straight lines y=z and y = -=. |
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14, Find the equation to the straight lines joining the origin to
the points in which the straight line y=mz+ o cuts the circle
a2+ y3=2az + 2by.
Hence find the condition that these points may subtend a right
angle at the origin,
Find also the condition that the straight line may touch the
& gircle. o '
Find the equation io the circle which

15. has its centre at the point (3, 4) and touches the straight line

bz +12y=1.

16. touches the axes of coordinates and also the line

z ¥_
a 't »=1
the centre being in the positive quadiant.

17. has its centre at the point (1, — 3) and touches the straight
line 2z -y -4=0.

18. Tind the general equation of a circle referred to two perpen-
dicular tangents as axes.

19. ® Find the equation to a circle of radins r which touches the
axis of y at a point distant & from the origin, the centre of the circle
being in the®positive quadrant.

Prove also that the equation to the other tangent which passes
through the origin is .
(12 —h?).r +2rhy =0,

20. Find the cquation to the circle whose cenre is at the poirft
(a, B) and which passes through the origin, and prove that the
equation of the tangent at the origin is

ar+ By=0.
21. Two circles are drawn through the points (&, 5a) and (4a, a)
to touch the axis of y. Prove that they miersect at an angle tan-149.

22. A circle pusses througlf the points ( -1, 1), (0, 6), and (5, 5).
Find the points on this circle the tangents at which are parallel to the
straighg line joining the arigin to 1ts centre.

160. 7o shew that from any poink theve can be drawn

two tangents, real or inaginary, to a circle. »
Let the cquation to the circle be a2 + ¥ = % and let the
given point be (2, y,). [Fig. Art.161.] -

The equation to any tangent is, by Art. 155,
y=mx +a /I +m
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If this pass through the given peint (zl,,y,) we have
‘ p—may+a JTemi. e 1.

This is the equation which gives the values of m corre-
sponding to the tangents which pass through (xy, ).
Now (1) gives - .« ¢
¥ -me,- a1+ md,
e Yy} — 2mary, + min? - a® + a'm?,
i.e m? (-~ @*) - 2may, + yP—a*=0 . ... (2)
The equation (2) is a quadratic equation and gives
therefore two values of m (real, coincident, or imaginary)
corresponding to any given values of a, and ;. For each
of these values of m we bave a corresponding tangent.
The roots of (2) are, by Art. 1, real, coincident or
imaginary according as
@ran)? L (1 @) (g ‘@) is positive, zero, or negative,
.
i.e. according as ’
at( a®t a1 »%) s positive, zero, or negative,
i ». according as 'yt
1f »2 4+ g2 - o+, the distance of the point (7,, ) from
the centre is greater than the radius and hence it lies outside
the circle. ’
If 21 y* o the point (1, 3,) lies on the circle and
the two coincident tangents become the tangent at (a3, ).
If »? y* o the point (2, y,) lies within the circle,
and no tangents can then be geometrically druwn to the
cirele. 1t 13 however better to say that the tangents are
imaginar)y ¢

161. Chord of Contact. Def. If from any point
T,without a circle two tangents 7' and 7'¢Q be drawn to
the circle, the straight line PQ joining the points of
contact i called the Lhard of contact of tangents from 7'

»
Po find the equation of the chord of contact of tangents
drawn to the circle 2 +y*=a? from the external point

@ ¥)-
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Yot 7 be the point (ai,, #), and P and @ the points
(', ¥) and (2", y") respectively.
» The tangent at 2 is

' +yy =at ....... (1),
aud thatat @ is
a’ +yy = a? ... (2).

Since these tangents pass through
T, its coordinates (z,, y,)anust satisty
both (1) and (2).

Ifonce s+ gy ot v (3,
and ra’ gy =a® ... s .(4).

The equation to 2@ is then

XX +yy;=at. .. ...
For, since (3) is true, it follows that the point (&', ¥),
t.e. P,%es on (5). .

Also, sipice (4) is true, it follows that the point (7, ¥”),
1.e. @, lies on (5).

Hence both P and @ lie on the straight lihe (5), .e.
(B) is the equation to the'required chord of contact.

If the puint (r,, »,) lie within the circle the argument
of the preceding article will'shew that the line joining the
(imaginary) points of contact of the two (imaginary)
tangents drawn from (r,, »,) is an, + yy, - @2

‘We thus see, since this line is always real, that we may
have a real straight line joining the imaginary points of
contm:t of two imaginary tangents

163. Pole and Polar. Def. If through a point
P (within or without a circle) there be drawn any strai
line to meet the circle in @ and B, the locus of the point of
intersection of the tangents at Q axnd R is called the polar
of P; fa!so P is called the pole of the polar.

In the next article the locus will be proved to be a
gtraight line,
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163. To find the equation to the polar of the point
(=1, 1) with respect to the circle a* +3* =a?

S,

Let QR be any chord dtawn through P and let the
tangents at @ and £ meet in the point 7" whose coordinates
are (’I, L) »

Hence (£ is the chord of contact of tangents drawn
from the point (4, &) and therefore, by Art. 161, its
equation is ah . yk @~ «
Since this line passes through the point (v, y,) we
have ¢

b gk cdt L (1).

Since the relation (1) is jfrue it follows that the
variable point (&, k) always lies on the straight line whose
equation is ¢

x4+ yyy=a’... ..o (2).

Hence (2) is the polar of the point (v, 7).

In a similar manuer it may be proved that the polar of
(x, 3) with respect to the circlg

2+ Yyt Qg+ 2y~ 0
is way g g @) s f@ryp)re 00 ¢

164. 'The cquation (2) of the preceding article is the
same as_equation (5) of Art. 161. If, therefore, the point
(1, 1) be without the cirele, as in the right-hand figure,
the polar is the sanié™ws the chord of contact of the real
tangents drawu through (=, ¥,). N

If the point (x,, y,) be on the circle, the polar coincides
with the tangent at it. (Art. 150.)



GEOMETRICAL CONSTRUCTION FOR THE POLAR. 139

1f th& point (x), ) be within the circle, then, as in
Art. 161, the equation (2) is theline joining the (imaginary)
points of contact of the two (imaginary) tangents that can
be drawn from (x,, ,).

‘We see therefore that the polar might have been
defined as follows:

The polar of a given point is the straight line which
passes through the (real or imaginary) points of contact of
tangents drawn from the given point; also the pole of any
straight line is the point of intersection of tangents at the
points (real or imaginary) in which this straight line mects
the circle.

165. (leometrical constructiol for the polar of « poind.
The equation to OP, which is the line joining (0, 0) to
(o o), 35

Yy - n .
t.e. sy oy 0 (D).
LY L N
Y
N P . \
L
— P
& o X
Also the polar of 7’ is
- we Yy @l 2).»

By Axrt. 69, the lines (1; and (2} are perpendicular to
onePa.nbther. Hence O2 is perpendicular to the polar
of P,

.A]SO the lengt.h OP - Jx_lﬁ:-y:{’
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and the perpendicular, 0.V, from O upon (2)

Hence the product ON. OFP —a?

The polar of any point P is therefore constructed thus :
Join OP and on it (produced if necessary) take a point N
such that the rectangle ON. O is equal to the square of
the radius of the circle.

Through N draw the straight line L/’ perpendicular to
OPF; this 1s the polar requircd

[Tt will be noted that the unddle posnt N of any chord 1.L' lies on
the line Joming the cantre tg the pole of the chord.]

166. 7o pund the polc of a given line with® respect to
any circl
Tet the equation to the given lme he .
) der By 0 L (1)
(1) Jst the eqnation to the erdle be b
R
and let the requured pole be (v, 3,)

Then (1) 1pust he the equation to the polar of (2, #,),
i.e. 1t 16 the same as the equation

L e (A SR ¢ X
Comparing equations (1) and (2), we have
“ o a
A~ 8B (7
' R /N
80 that “T a® and y, - A
The 1equued pole is therefore the point
[ 4, B g)
\\ Ca y ¢ @ ).
(2) Let the equation to the circle be
2yt + 292+ 2y +e=0.
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If (r, 3) be the required pole, then (1) must he
equmvalent to the equation

ax, + Yy + g (ark &) 1 Fy+y)+e 0, (At 163)
ie tat@+y @GN +on fin+e 0 (D
Compang (1) with (3), we tharefore hwe
.
z+g NS Jhu 1 fin+e

d I (¢
{ By solving these equitins we have the vilucs of o,
and
Bx. Iwnd the psle of the ll)alj.hl hn
91 +y-2=0, (1)

wath 1espect to the «ucle
21 {2y 3y T OO (2)

If (15, y,) be the 1equuncd point the line (1) must comeai le with the
polar of (ry, y;), who-e equation 15

2T+ 2y (4 )d (rdy) T O

Te ot (43, Niy(dy, 5 na5u,-11 0 3)
Since (1) and (3) arc the same, we have
41, .'1_21‘-!5 - r+ -1t
9 1 28
Hence 1= %, 12 .
and 3r, 1174 1

Bolving these cquitions we have , 3w Ly, 1 <o that the
requued pomt s (3 1) .

167. /f the polor «f aeqpoint I* puss throngh a pont T,
then the polar of 1' passes thiough P

Le® P and 7' be the pomnts (1, ) and (r, o) re
spectively (Fig Ait 163)

The polu of (v, 4) with 1cspect to the nele
a4 (f;ﬂ 15 o ) Ve pec

. ar+yy=a
This straight hine passes through the pownt 7'1f

apy .Yy, o ).
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Since the relation (1) is true it follows that the point
(13 91), 1 e P, lies on the straight line za, + yy, = &% which
is the polar of (xy, ,), i.c, 7 with respect to the circle.

Hence the proposition.

Cor. The intersection, 7, of the polars of two points,
P and @, iy the pole of the hne Q. ..

168. 7o find the length of the tangent that can be
drawn from the point (»,, y,) to the circles

1) ry—ay
and (2) «yir2gr yie O

If 7' be an external point (Fig Art 163), 77Q a tangent
and O the centre of the cirele, then 700 is a right angle
and hence

7Q* 0T — 0@~

(1) Tf the equation to the circle be * + y*- a4 O is the

origin, 01" 1% y? and 0Q* «*

Hence 70 Giy? .
(2) TLet the equation to the circle be .
Py 2901 2y e 0,
2.0, (rigy (y40), & 1P -c

In ths ease 0 1s the pomnt (¢, — f) and
o
O~ (radwms)* g 0 - e
Hence o1* [ey- ( N v (=N (Art. 20).
' (rn+gl+ (e
Therefore  7Q° (1, +g)*+ (i 1 f) - (402 ¢)
o4yt 2y R 27,4 e
In each case we see that (the ~quation to the circle
being written so that the coefliients of +- and y* are each
unity, and the right hand member zero), the square of the
length of the tangent drawn to the crdle from ¢he point
(=1, 9,) is obtained by sibstituting 2 and g, for » and y
in tho left-hand member of the equation. .

*169. 7 find the equation to the pair of tangents that
can be draum from the point (x,, y,) to the circle o* + y* = ab
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Let (£, %) be any point on either of the tangents from
(2, 3)- . .

Since any straight line touches a circle if the perpen-
dicular on it from the centre is equal to the radius, the
perpendicular from the origin upon the line joining (w, 1)
to (4, k) must be equal to a.

The equation to the straight line joining these two
points is

=y, ..
Y=Y ]:'_'_"wl (2 —ay),

yh—wy) —x(k—y) +kxy, —hy, - 0.
keary — I,
ey - a
Wik =)+ (=)
so that (hry =l ) =@ (-2 + (k)]
Therefore the point (A, £) always lies on the locus
. g an) @l a 4 ()] e (1)
This therefore is the required equation.
The equition (1) may be written in the form
22(yt —-a®) L (0 =) E(rE )
- Qryany, -2y 2atyy,,
te. (P47 —a®) (0 £ @) el 4 Pyt et + 2y,
- 2000y = 2yy, (v yy @t el (2).

Hence

#170. Il a later chapter we shall obtain the equation to the pair
of tangents to any curve of the second degree iu a Yorm analogous
to that of equation (2) of the previous aitiele.

Similarly the ecquation to ®he pair of tangents that can be
drawn frem (ry, y;) to the circle

- (= f)+(y ~0)*--a®
s e~ rly~-9)2-a}{(x, -1)2+ (v, - 9)* -0}
# e . —ENE-NHY-9-g)-E A
If the &uation to the circle be givey in the form
8924090 4 Ofy 40 B
the equa:ion to the tangents is, similarly, .

(@2 +y%+ 292 + 2y + ) (1) + .2+ 297, + Uy, + )
=[re +yy+9 (x4 21) +£(y+y) +eF A (2).
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EXAMPLES. XIX.

Find the polar of the point
1. (1, 2) with respect to the circle 2?+y3=7.
2. (4, — 1) with respect to the circle 222 +2y2=11.
3. (-2, 3) with respect to the circle . e
at+y*—4r -6y + 5=0.
4. (5, —4) with respect to the circle
3a%+ 3y -Tr+8y-9=0.
5. (a, - U) with respect to the cizcle
LB+ g+ Qaz -+ 20y + a® - 5= 0.
¥ind the pole of the staaight live
8. z+2y=1 with 1espegt to the circle .r2+y2=5.
7. 2z-y- 6 with 1espect to tho circle 522+ 5y2=9.
8. 2r+y+ 12 0 with respect to the circle
%4 y2-4r+3y- 1=0. .
9., 48c- 34y 1 33=0 with respect to tho circle
822+ 3y*+bec— Ty +2=0.
10. ar+by~ 5a%+30% =0 with respect to the circle *
124 y?+ 2axr 4 20y = a4 b2
11. Tangents are drawn to the circle s%+y2=12 gt the points

where it is met by the circle «%+4 y*- 5x+3y—2=0; find the point of
intersection of these tangents.  ° '

12. Find the equation to that chord of the circle #*+y2=81 which
is bisected at the point ( - 2, 3), and 1ts pole with respec} to the circle.

13. Irove that the polars of the point (1, — 2) with respect to the
circles whose equations are

12442 +6y +5=0 and 23+y%+2z+8y+5=0

eoincide, prove also that there is another point the polars of which
with 1espect to these circles are the same and find its ooordin::tes.

14. Find the condition that the ¢hord of contact of tangents frorn
the point (', y’) to the circle z* +y3=a? should subtend a right ms@
at the centre.

I Y
15. Prove that the distanges of two points, P and Q, each from
the polar of the other mjth respect to a cicle, are to one another
a8 the Qiatnnces of the points from the centre of the cirale. “

16. Prove that the polar of a given point with respect to any one
of the &4 yt-2ke+¢?=0, where k is variable, always passes
through & fixed point, whatever he the value of k.
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ﬂi%':ﬁgmw‘?hﬁmt:: a&mo:'h;h’po tirnx:nf;,l.; :‘gm?ed‘hl:y fﬁtg.f
and the straight line jouming their points of contact 18
a@+i-ad?
. I A®

Find the lengths of the tangents drawn R

18. to the Hrele 2234 2y2=3 from tho pont ( -2, 8).

19. to the circle 822+ 3y*— 7z — 6y =12 from the point (6, - 7).

20, to the circle 22+ y*+ 20z — 30% =0 fiom the pomnt

a+b, a-1b).

21. Given the three circles .

4%+ y%-16:4 60 -0,
8x% | 3y2-+36r4 81=0,
and aty y?—16r-12y+84 =0,
find (1) the point from which the tangents to them are (qual m
length, and (2) this length.

22, ¢The distances from the onigin of the centres of three gireles
23yt - Dx=e4 (Where ¢ 15 & constant and A a varable) are m
geometrical progression ; prove that the lemgths of the tangents drawn
to them from®any point on the circle r'+ y-—care also in geometrical

progression.
28. Find the equation to the parr of tangents diawn
(1) fiom the point (11, 3) to the circla z* + y2— 63,
(2) from the pomt (4, 5) to the circle hd
2zt +2y?— Br+ 12y +21=0,

'

171. To find the general equation. of a eircle veferred
to polar coordinates.

Let O be the origin, or®pole, OX the initial lina, ¢ the
oentre and a the radius of the
dircle.@

Let the polar coordinates of C
bo R a, 50 that OC - I and
Lt X0C2a, ‘

Let a radius vector through O
at an angle ¢ with the initial line
cut the circle in 7> and Q. Let
QP, or 0Q, be r.

L.
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Then (7'rig. Art. 164) we have
CP2=0C*+ 0P -20C . OP cos COP,
i.e a®— R+ 7?--2Rrcos (0 —a),

t.e. 2~ 2Rrcos (0 -a) + R*—a*—0.......... .{1).
This is the required polar equation,

173. Particular cases of the general equation in polar coordinates.

31) Let the initial line be taken to go through the centre C. Then
a=0, and the equation becomes

12~ 2Rreos @4 R% ~a?=0.
. (2) Let the pole O be taken on the circle, so that
R -0C=a.
The general equation then becomes
riedurcos (8- a)- 0,
i.e. 1 -2acos (0 - a).

(3) TLet the pole be on the curcle and also let the initial line pass
through the centre ot the circle.  In this case

- a 0, and R=ua. P
The geneial equation reduces then to th: m
simple form r- 2aewno.
This is at once evident from the figure. (o} .
For, if ¢CA Le a diameter, we have
OP=04cos8, =

e . 7 -=2acosd.

173. The cquation (1) of Art. 171l is a quadratic
equation which, for any given value of 6, gives two
values of 7. *These two values in the figure are OF and
0.

1f these two values be ealled r, and r,, we have, from
equation (1),

r,r;- product of the roots — £* -a?
e OP.0Q R:—d

The value of the rectangle OF. 0@ is therefore the
same for all values of. 6. It follows that if we drew any
other line through O to cut the circle in P, and” Q; we
should have OP, 0Q =0PF,. 0Q,.

This is the well-known geometrical proposition.



POLAR EQUATION TO THE TANGENT, 147

174. Find the equationr to the chord joining the points on the circle
r=92a cos @ whose vectorial angles are 0, and 8,, and deduce the equation
to the tangent at the point 6,.

The equation to any straight line in polar coordinates is (Art. 88)

. p=rcor(f—-a). .. .. (1).
Ill‘!. this pagg thyough the points (2a cos 6, 6,) and (2a cosf_, 6)), we
ve

2a cos 0, cos (f; —a)=p==2acos Gy cos (6, a) 2).
Hence cos (26, — a) +cos a=cos (26, - a) +cosa,
i.e. .20, ea= - (26, a),
since 4, and 6, are not, in general, equal.
Hence a=0,+%,,
and then, from (2), p="2a cos ¢, coml,. .
On substitution in (1), the equatidn tosthe 1eqwired ehord is
reos (6 0,-46,)= 2acosf coaf, . @)

The equation to the tangent at the pomt ¢, 13 found, as in
Art. 150, by puttmg 6,=6, m equation (3).

‘We thus obtain as the equation to the tangent .
reos (6 -26,) - 20 eostl,;.

Ag in the fregomng atticle it could be shewn that the (quation to
the chord joimng the points 0, and 8, on the cuele r=2ucos (P y) is

reosl0 8, #y+ ] 200058 ) cos (8, - )
and hence that the cqration to the tangent at the pomt 9, 1s

1eos0 260, Fy)- Bacosi(8, ) ¢

«

EXAMPLES. XX. .

1. Find the coordinates of the eentio of the cirele
1=.dcov0{ Lamn 6.

2. l:md the polar equntion of a encle, the initial hine being a
tangent.” What does 1t beeome if the ongin be on the cireumference?

8. Draw the loci

Y @) r=a; (@) r=asing, (3) r=acosd; (1) r=asecd;
(6) r=acos(@-a); (6) r=asece(d-a).

4, P?ve that the equations r=a cos (¢ L a) and r=bsin (6 ~a)
represent two circles which cut at right angle..

5. Prove that the equation 73 cos 8- arros 20 — 243 dos =0
represents a straight line and a circle.

» 10—2

v
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Find the polar equation to the circle described on the straight
line joinmg the pl::nts (a, a) and (b, 8) as diameter.

7. Prove that the equation to the circle dercribed on the lﬂﬂghf'
line joining the points (1, 60°) and (2, 30°) as d.ameter ig
72— r[cos (8 - 60°) + 2 cos (@ — 30°)] +,/3%0. o
8. Tind the condition that the straight line . s

%—-a cos 0+bsiné

may touch the circle 7 =2¢ cos0. .

175. To find the geuergl equation to a circle referred to
oblique axes which meet at an angle o

" Let C be the centre and. o the radius of the circle. Let
the coordinates of (" he (4, L) so
that if ("A/, drawn parallel to the v
axis of y, meets OX 1n M, then
OM h and (' L.

Tet P be any point on the
circle whose coordinates me o and
y.  Draw IV, thc ordinate of P, o

and (L parallel to OX to meet O M N X
' in L.
Then L CL MUY -0N -0M r—h,
and e NP -NL- NP -MUC=—y~Fk

Ao L(LP . ONP 180°-  PNX - 180°- w
Mence, smce (124 117 - 2CL. LPcos CLP =8,
wehave (X —h)34 (v — k)2 42 (x—h) (v — k) cosw = a3,
e, 4374 Jaycos o - 20 (h+ keosw) - 2y (B+ Acos w) y
0+ R34 20k cos w=at.
The requned equation is therefore found. ’

. °

176. As in Art. ‘142 it may he shewn that thn
equation

. a* ) eycosw + Y+ 2pr+ 2y +e =0 .
representa’ a circle and its radius and centre found.
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fBx. If the azes be wnclined at 60°, prove that the equation
& rxy+yt-4x -6y -2=0 i)
represeits a circle and find 1ts centre and radvis
If w be equu} to.1)0°, 80 that cos w=1}, tho cquation of Art. 175
es

22y +yt- 2(2h+k) -y (21 +h)4 A LR+ WA~ 2

Thia equatidn agrees with (1) if
2hh 4 @
2h+h-3 (1),
and I +d°+ hh—a?- 2 (1)

Bolving (2) and (3), we have 2—1 and 7 2 1 quation (1) then

gives [
a=h+1°rll +2 9

8o that alg

The egntion (1) thereforc 1present® a eaxelc whose ecntre is the
pornt (1, 2) and whose 1adias 15 3 the vies hang inchined at 60°

EXAMPLES XXI

Find®the mchinations of the aves <o that the followmg « quations
may represent circles, and in cach casc find the radiug and centre 3

1, =z —aliyi-29r 21y=0

2. T iASry+y —dr-6y +5-0

3. The axes beng mclmed at 1n anglc « tind the «cntre and
radius ot the cucle

2r2iycoset+y =2 2y 0 ®

4, The axes bemg mechined at 45  tnd the cquation to the encle

whose centre 13 the pont (2, 3) and whosc 1adius 1s 4

5. The axes being melined 1t 60 find the equat®n to the circle
whose centre 15 the pomt (5, - 3) and whose 1adius 18 6

8. Piove that the equation? to a crcle whose radws 19 a and
$moh touches the axcs of coordinatcs which are melmed at an angle
«, 18 e

2+ 25y 008w r Y2~ 2u (1 +y) cot;"-i a’wt=;'=0

) 7. Prgve that the straight line y =smz will touch the cnecle
z*+2vycosw+y + 20% +2fy+¢=0
if » (g +fm)3=c (14 2meos w ¥ m3)
. ?‘ The axes being mclhined at an angle w, find the equation to the
eiicle whose diameter 13 the straight Line joining the posts
(¢, 9') and (=", ). .
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g Ooordina.tel of a point on a circle ezpremd 111
terms of one single variable. .

177. 1If in the figure. of Art. 139, we put the a.ngl:e\
MOP equal to a, the coordinates of the point P are easlly
‘seen to be @ cos a and @ sin a.

These equations clearly satisfy equation*(1)" of tbst
" article.

The position of the point 7” is therefore known when
the value of a is given, and it may be, for brevity, called
“the point a.”

‘With the ordinary Cartesian coordinates we have to
give the values of two separate quantities o’ and g’ / (which
are however connected, by ‘the relation o' - ,/a® — y?) to
express the position of a point > on the circle, The
above substitution therefore often simplifies solutions of
problems.

-

178. 7 find the equation to the straight line goining
two pomts, a aml B, on the circle o + y* = a®.

Let the points be 2 and @, and let OV be”the perpen-
dicular from the origin on the straight line £Q ; then ON
bisects the angle 206, and hence

L XON =L (L XOP + £ XOQ) =} (a+ B).
[4
Also  OX - 0P cos NOP .- weos “SE.

The equation to 7°Q is therefore (Art. 53),
I- B8 e+ B a—pf

arcos ™= Py ysin — = @COS —, .

‘ - - é’
- If we put B=a we have, as the equation to the tangent
at the point a,

2cose + ysina=a.

- This may also be deduced from the equation of Art. 150
by putting 2’ ~acosaand y' = asina. SR

178. If the equation to the circle be in the more’
gemml fogm .
T @Ry k)=l (Att. 140),
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we may express the coordinates of P in the form
(h +acosa, k+ asina).
For these values satisfy the above equation.
Here a is the angle LCP [Fig. Art. 140].
The ;quﬁ.ﬁon to the straight line joining the point
B can be easily shewn to be ! BT pomisa and
(@~ k) cos 2EB +{y k)ysin?® t B_ 4o a;B

2
and so the tangent at the point a is
(e—R)cosa t{y A)sina a.

#180. Common tangents to two circles. If O,
and Oy bo the centres of two cwrcles whose radii are 7, and
7y, and if one pair of common tangents meet 0,0, m T
and the other pair meet it in 7%, then, by similar triangles,
0,‘ Taon - 0.7, ., 'The points 7, and 7', therefore
70, 107
divide 0,0, 1n the ratio of the radii.

The coordinates of 7, having been fownd, the corre-
sponding tangents are straight lines passing through it,
such that tho peipendiculars on them from O, aro each
equal to . So for the other pair which passthrough 77,

we have

Bx. Find the four common {angcnts to the cireles
r z4 y8—220+4y+100=0, and 1*+y®+22z—4y—100~0.
The equations may be written
(z-11)%+ (y +2)*=>5% and (z+11)%+ (y - 2)*=15%
Yhe centre of tho first I the powt (11, ~2) and its radius is f.
The centre of the second is the poifit (-~ 11, 2) and its radius is 15.

The T, is the powt dividing internally the line joining the centres
in the ratio 5 : 15 and hence (Art. 22) its coordinates are

1Bx1+6x(=11) . 15%(~2)+5x2
. TTI5+5 and "TT1545 T
*that iy, T, is the point (3F, ~1).
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Similarly 7, is the point duviding this line externally in the ratin.
5 : 15, and hence 1ty coordinates are

1Bx11-5%(=11) . 15x(-2)-5x3
. 15-5 e Ty S
that 18, 7, 18 the point (22, - 4) '
Let the equation to either of the tangents passing tkrough 7', ba

. y4 1—m(c-1y) (1).
Then the perpendiculir from the pomt (11, 2) on 1t 18 equal to
5, and hence i [
. = (11-32)~( 2+1)-=k5
N1+ms
On solving, we have m— %t or

The required tangents ﬂn'uugh' T, arc therefore
24x+ Ty =125, and fv- 3y - 25
Similarly the e quitions to the tangents through T a1e

y+t=ma -22) 2)
. 2) — ¢
where (Il 2)-( 24 _ .
ML rm? .
On solving, we have m o

On substitution 1u (2), the 1 quired e juations aro therefore
Tr 2ty —250 and Jr + 4y 50,
The four commion tangents are therefore found. g

181. We shall conclude this chapter with some mis.
cellaneous ex1mples on Jou

' Bx. 1. Fuud the locus of a point P which moves so that its distance
Jiom a gren pot O 1s aluays i a gien ratio (n 1) to s distance
Jrom anothar queen point | .

Take O as o1, and the dnection of OA as the axia of z Let
the distance O 1 bu «a, 50 that 4 15 the pont (a, 0)

If (, y) be the comdinates of any position of P we have
OP —n" 4P%, »

1 e, P+ yi=nl[(r-a)' +y7, . A
1 (1 Fyld) (n2 1) - 2an’z 4 n%?=0 ). we

Hence, by Art 143, the locus of P11 a circle. .

Let this exrcle me«t the axis of x in the points C and D. Then 0C
sl 0D are $he root of the equation obtained by putting y edqual to
zerom (1), -

na * na
Hence R 00‘;-?-‘1 and )Dg-'.-.:—l,
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‘We therefore have
a a
GA —m bnd AD'=”~_1
oCc oD
Hence . c4a=ip=" *

The pomnts C and D therefore divide the line O 4 inthe given ratio,
and the 18quied circle 18 on O as diameter

Bx. 2. From any point on one giren crrcle tangents are d1awn to
another gwen cucle, prore that the locus of the muddle pont ot the
chord of contact 13 a thud cucle

J
Take the centre of the first cirele as ory,7in and let the axis of o
pl:.qs thiough the centre of the scgond eircle  Their equations are
then

Syt -at (1)
and (z-c)? 2y~ )
where a and b are the 11du, and ¢ the distanee between the eentres, of
the encles

Any point on (1) 15 (2036 asin6) wheie 0 15 vaniable  Its chord
of contact with respect to (2) 15
bt (e—c)(acond-c)+yaun =4 (3
The middle pont of this chord of contact 1~ the pont whae 1t 1y
met by the ferpendicular f1om the ccntic 22 the point (¢, 0)
The equation to this perpendicular 15 (A1t 70)
~(r c¢Jasmé4(acosd-c)y—0 (1)
Any equation deduced fiom (3) and (4) 13 sitished by the coordr
nates of the puint undcr consrdaration It we ehimwate ¢ from them
we vhall have an cquition always satisficd by the coordinates of the
pomt, whatever be the valuc ot @ Fhe result will thus be the equation
{0 the required locus

Solving (3) and (4), we have .
2
asiné_— vy y
® Yy (L£~¢)
»(r-c)
snd o acoso-c_y +z—o
b’ (z-c) :
go,that agosf —c+ y"7+ (5= o
~ Henos .
2020082 0 + a?sind 2 Tme W
a2 = a® cos 0+a?sin? f=c2+ b y,+(;_()‘+y,+(‘v_—b},
The required locus 18 therefore

(a? - )[4+ (% — ¢)?] = 2% (& - ) + b*
+ Thus is & ewrcle and 1ts centre and radius are easily found
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Bx. 8. Find the locus of a point P which is such that its polar with
respect to one circle touches a second circle.

Taking the notation of the last article, the equations to the two
circles,are

i ryy=a? ... . PO 1),
and (F—)+yP=b% e e e - (2

Let (h, k) be the coordinates of any position of P. Its polar with
respect to (1) is

. rh+yk=a® . .. v 2 (8)s
Algo any tangent to (2) has 1is equatfon of the form (Art. 179)
(£ -c)cosf tysind=b..... . ........ (4)-

If then (3) be a tangent to (2) it must be of the form (4).

Therefore ('0’72 ,512 q _ccosb+ b

These equations give
cos 6 («®- eh) —~bh, and sin 0 (a? — ch)=Dk.
Squaring and adding, we have .

a?

(@?=eh)2=02 (%t %) .. o (D).
The locus of the point (R, 4) is thorefore the curve
V(224 ¥ - (a2~ er)2
. Adum. The, ondition that (3) may touch (2) may be othorwise
ound.

For, aa in Art. 153, the straight line (3) meets the cirele (2) in the
pointy whose abscisere aze given by the equation

A (e —c)* 4 (@ - hr)2—=02R7,
ie. o (hE4A2) = 22 (kB +ath) Y (A2 at - DEE2) =0,
The hne (3) will therefore touch (2) if

.
© (cR2ath) = (AR b A2) (A% + ot — DIRY),
i.e. if V(h2 + R2) = (ch - a?)?,
which is equation (3). *
-

L
Bx, 4. O is a fived point and P any point on a given circle; OP
is joimed and on it a point Q is taken so that OP.0Q=a constant
quantity k¥; prove that the locus of Q is a éircle which becomes «
straight line when O lies on the original circle.
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Let O bo taken as pole and the line through the centre C as the
initial line. Let 0C=d, and let the P
radius of the circle be a.

The equation to the circle is then ]
at=r34+d?—2rdpos §, (Art. 171), le) d C

where OP=r and £ POC=4. U
Let OO b® p, so that, by the given

condition, we have rp=#%? and hence r-:—,; .

a

Substituting thig value 1y the equation to the cicle, we have
A IA d

a9~P3+(F- 2 - cus ¢ o),

80 that the equation to the locus of Q1
’ og ML Gepr M v
d: -~ a? d* -a? : =

But the equation to a cirele, whowe 1ad1us 1 «’ and whose centre is
on the initial line at a distance o’ 13

12- 9d’ cos@=u? d'* (3).
Gompmmg (1) and (2), we see that the requued loeus is a”citele,
such tha Py
d hé
o 2 . —
Ik = e a and a”?-d T -az
’. u‘
2 .
Hence T dea [_(I" at 1] (d2- a%?”
The requncd locus 15 therefore a cnele, of radtus f’:"{;_, , whose

centie is on the same line as the original centre at a distance -

from the fixed point.

When O hes on the original encle the distance d is equal to a, and
the equation (1) becomes A2—2d) cos 8, t.e., in Cartesian coordinates,

] 2
L) o< 20"

g(‘l' this case the 1equired locus 18 a straight line perpendicular
to OC.

When s second curve is obtained feom a given curve by the above

gg'qmetncal process, the second curve is said to be the inverse of the
t curve and the fixed point O 1s called the centre of 1uversion.

The inverse of & citcle is therefore a circle o1 a straight line
according as the centre of inversion is not, or is, on the circumference
of the original cirole.

In” l
ai—
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Bx. 8. PQ ¢ a strarght line drawn through O, one of the comman
pouits of two cireles, and meets them agawn in P and Q, find the locus of
the point 8 whach basects the Line PQ

Take O ns the origin, let the 1adnt of the two circles be R and R,
and let the hnes jompng then centies o O make gngles a and a’ with
the 1mtial hne

The equations fo the two encles are therefore, {Art 47212)},
r—=2Rcos(0 a) and 1=2R cos(f—a)
Hence, 1f S be the nuddle pomt of PQ we have
20S=0F +0 )~2Rcos(0 a)*~2k cos(f a)
The locus of the pant S 19 thet.cfort.
r—Res(@ a) I ¢ (0 a)

—(hcosa [ (‘)\U,)L('ao.f(lu‘on.la-l]n smma)ané .
2R c> @ o) (1),
where h ¢sa [c¢ea+h cosa
and 1 stie  Lesma+R sma
Homee tyd I 2hR cos(a a)
and ‘1 I smat+hsmea i

hcosa +1 cosa

Trom (1) th T cus of S 1 a cucle whose 1wus 18 R, which
passed thron ki th crigin O and 19 snch ghat th ¢ line jomng O toats
cuntre 15 1nelm d at an wlc @ ) the mitial line

EXAMPLES XXII

1. A pormt »oves so that the sum of the squares of its distances
fiom the four <1 les of a s junre 16 ccnstant  prove that 1t always lies
on a circle

[}
2. A pomt nves so thit the sum of the squares of the perpends
culars let fall f1 m 1t on the sudes ot an equilateral trangle 18 coryatoni,
prove that 1ts locus 18 a cuzele

3. A pomnt n oves g0 that the sum of the squares of 1ts digtances
from the angular points of a triangle 15 constant, prove that its locus
19 a curcle 4

4, Find the locus ofep po:nt which moves go that the square of
the tangent drawn frum 1t tp the eircle & +y2=a® 15 equal {0’ tumes
1ts distance from the straight hine Iz +my +n=0

5, Find the locus of a pomt whose distance from a fixed pomns 18
10 & constant ratio to the tangent drawn gxom 1t t0 & gaven carole.
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8. Find thelosus of the vertex of a triangle, given (1) itq base snd
the sum of the sguares of its sides, (2) its base and the sum of m tinies
the square of ona mide and n tunes the square of the other

7. A pomnt moves so that the sum of the squares ot 1ts distances
from n fixed points 1s given  Prove that 1ts locus 1> & circle

8. Whatever be the value of a prove that the locus of the inter
section of the straight hines

zeosa+ysina=a and 1 smMa-ycosa=b
is & circle

9. I'rom a pomnt P on®a circle perpendiculars PV anl PN ae
drawn to two radit of the circle which are not at 11ght angles, find
the locus of the middle point of &N

10. Twupgents are diawn to & cucle fiom a point which alwa;
lies on & given linc, prove that the locus of the nuddle pont of tg:
chord of contact 13 another eirde

11. Tind the locus of the middle pomts of chords of the (nele
24 y?=a~ which pass thhough the fised pomnt (& &)

12 _Xind the locus of tho muddle pomnts of choids of the circle
234+ ¥ a? whuch subtcnd a 11 ht angle at the powt ( , 0)

13. O1sen fixed point and P any pont on a fined encle on OP
18 tiken a p 1ot @ such that OQ 15 m a constint rat10 to O, prove
that the locus of Q 15 4 wrdde

14, 013 a fixed point artd P any point on 1 given stinight e,
OP 18 jomcd and «n st 1s tilcn 4 pou i @ such that OP 0OQ ~k-
prove that the lccus of @ ¢ the inver e «f the Biven straight hne
with respuot to O, 18 a circle whach passes thrrugh O

15. One vertex of a tinangle of given speciesas hxed and another
moves along the cucumtcrcnce £ a tinel ennedl prove that the locus
of the remaimng veirtcx 1« a ciiele and find ite radius

16. O1sany pomnt in the Pl of a cncle und OP,P any chord
of the cide which passts thiough O and mects the ancde ' P; and
P, @n this chord 1s takun o point @ such that 0Q 18 equal to (1) the
anthmelie, (2) the gcome tric and () the harmonic mean bitwecn OP;
and OF,, m each case hnd the cquation to the locus of @

17. Eand the locus of the pomnt of mtersection of the tangent to
a given circle and the perpendiculamlet fall on this tangent from e
t on the endle

nxed

gmL otrole tonches the axis of v aifd cuts off a constant length
2t the axis of y, prove that the equation ot the locus of 1t9 centre
1% y? ~ o= P cosec’ w, the axcs being inclined at an angle a.
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10. A straight line moves so that the product of the perpendi-
culars on it from two fixed pomnts 13 constant Prove that the locus
of the feet of the perpendiculars from each of these pownts upon the
straight line 18 & eircle, the same for each.

20. O 18 a fixed pont and 4P and BQ are two fixed paiallel
straight lines, B0A 1s papendicular to both and POQ 18 a right
angle Prove that the locns of the foot of the perpendicular drawn
from O upon P{Q 1s the circle on AB as diameter

21. Two rods, of lengths a and b, shde along the axes, which are
rectangular, 10 such a manna tht thar ends are always concychio;
prove that the loous of the centre of the gircle passing through these
ends 18 the curve 4 (v~ y )=a?- b2

22, Shew that the locus of @ pomi, which 18 such that the
tangents fiom 1t to two given concentric cncles are mnversely as the
radis, 18 & concentric encle the squitte of whose 1adius 19 dqual to the
sum of the squares ot the 1adyt of the given areles

23. Shew that 1f the length of the tingent from 1 poiut P to the
cirele 124 42 - a- be “om timcs the lag th ot the tangent fiom 1t to the
crcle (r—a)4+ y a than P lics on the ande

150 4 15 Barta-=0 N
Prove also that these three aarcles pass thiough two points and that
the distance beiwe n the confres of the st and third cixcles 18

yixtcen tunes the distance between the centrcs of the second and
thnd ncles

24, T'md the locus of the foot of the papendiculu let fall from
the oz upon iy chord ot the cirde v +y + 241 t 2iy+(=0 which
subtends a 112ht u.uglc- at the onigin

Find also the locus of the middle pornts of these chords.

25. lluou h a tined porit O uc drawn two stinght ines 0020
and ORS to mect a encle m I and @, and R and 8, respectively
Prove that {1 ¢ ldcus ot the pomt ot mtarseciion of PS and QR as also
that of the pant ot 1ntarscetion ot LI and 9, 15 the polar of O with
1cspect to the aucle [

26. 4 I ¢ and D are four pomts mn 4 straight ine  prove that
the lucrg; of a pont P such that the angles A7/ and ( £D aret qual,
15 & eircle

27. The polu of P with 1cspect to the cncle r2+y2 a? touthes
thecwrale (r o (y-B) b2, prove that ats locus 18 the cuave fiven
by the equation (n+g8y—-a) =2 (1 +y)

-

28. A tangnt s diawn fo the oncle (r  a)?4 y* =02 and aperpen-
dicular tangent to the encle (1 +a)*4y 2, find the locus of t!
pont of mntersection and prove that the bisector of the angle betwean
them always touchcs one ot other of two fized creles.
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'

29, In any cuwcle prove that the pexpendicular fiom any pont of
it on the line joming the pownts of contact of two tangents 13 a mean
proportional between the perpendrculars fiom the pownt upon the two
tangents.

80. From any pont on the circle

* 224 y2+3g2+2fy+c=0
tangents a%e dfawn to the circle
22y +292 t 2y +ecom’a+(g” 1 f7)costa=0,

prove that the angle between them 15 2a

31. The angular points ofa tuangle are the pomts

(acosa, asma), (@cosB, asn @), and (zcosy awny),
ptove that the coordinates of the orthocentre of the tiangle ai
a(cosa+co3f t cosvy) and ¢ (yna+smn S+€ny)

Hence prove that if { B (, and I) be four pomnts on a cndle the
orthocentres of the four triangles 18, BCD, (D 1, and D 1B lie on

a circle.

32. A vanable cirde passcs thiough the point of intcrsection O
of any t®o strught Iines and cuts off from them portions O and 0Q
such that m O +n 0Q 13 cqual to umty pove that this endle
always pascem thnough a fixed pont

33. I'ind the length of the common chod of the cureles whose
equations are (x—~a) {9y~ a wmdx 4 (y b)) 1 ndprove that the
equation to the cicle whose diime ter 15 this common chord 1s

(@ V)T 1y )-2ab(briay) =
Prove that the length of the commmon chord of the two enrles
whose equations are
(z—a)4(y b) —c and (¢ b) r(y-n)ic®
is J n - J—(u o)
Henco find the condition that the two cncles may tonch
85. %¥ind the length of the common chord of the circles
221y ~2az—4day 4a =0 and "4 y--3ar+day=0

Find algo the equations of the common tangcnts and shew that
the length "of each 1s 4u -

86. Xnd the equations to the common fangents of the cicles
1) 22ry*-2z-6y19-0 and v-+y-+61 2y41=0,
@ s2+yd=c? and (z-aq) +u2=1-



CHAPTER IX. ’

SYSTEMS OF CIRCLES,

(This chapter may be omitted by the student on a ﬁrst
reading of ‘the subject.]

182. Orthogonal Circles. Def. Two circles are
' said to intersect orthogonally when
the tangents at their points of
intersection are at right angles

If the two cneles intersect at
P, the rachi 0, and 0.2, which
are perpendicular to the tangents
at P, must also be at right angles.

Hence . 0,02 0P+ 04

i.e. the square of the distance between the centres must be
equul to the sum of the squares of the radii.

Also the tangent from 0, to the other circle is equal to
the radius a,, i.e if two c:rcles.be orthogonal the length of
the tangent diawn from the centre of one circle to the
second circle is equal to the radius of the first. |,

Either of these two conditions will determine whether
the cirdles aie orthogonal.
1]
The centres of the cu'cles ’ .-
22yt 2or +2jy+c=0 and 7%} 2429’z + 2f 'y + ' &

points d » ~f'); also the theit
rad:inrep’-kf’-candf;”?f (—cg =/); aleo *
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M N

'J.‘;ﬁv theielate oat or!hogomny i

- “a“ﬁ +f')'-=¢’+f5-xc+g"+f“~c 8
LB s wesorbiand PR

‘ & »,uadml A:un.v:na." The radical axis of
o c ‘g ‘Tocug of a point which moyes so thab the
)engthaof e'hanggmsdrg)wnfmmittothetwo circles are
Lettheequahombothamnclesbe '
\” U;}{V w’+y’+2gz+%+c=0 fooow(1)
"' e R+ 20 LYY+ =0 e o (D), 77
a.nd lot :c,,%,)beany point dgch tha,t the ta’xgents from it
tothesemlesareequa

By Art. 168, we have
oy 89w + Oy + 0 - w + Y, + 29,0 + %y;; o,
te. *  (9—q)+2n(f—fi) +c—e=0. .

» But thigis the condition that the point (a, y,) should
lie on the locus

i 2 (g—) + 2y (f=S)) +c—e,=0 (3).
This'is therefore the equation to the radjeal axis, and i
is clearly & straight lile.

Tt is easily seen that the radical axis is perpendiouldy
to the line joining the centres of the crcles, For these

centres. wre the points (-g, —f) and (g, rf). The

“m” of the line joining® them is therefore ~am{=/)
R . k?’l"' "y)

f i *‘. v v

g’

The %™ of the line (S)is—f;i-g—i*

of these two Hm's” is - 1.

by Art. 69, the radical axis and the line joining
the g@fitres are parpesidionlar,

(3 4

L

11
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184. A geometrical construction can_be given
for the radical axis of two circles.

If the ocircles intersect in real points, P and @, a8 in
Fig. 1, the radical axis is clearly the straight line PQ.
For if 7 be any point on PQ and 7R and 7'S be the
wtangents fiom it to the circles we have

L TR*=TP.1Q=T8 .
If they do not intersect in real points, as in the second

figure, let then racii be @, and @,, and let 7' be &"point such
that the tangents 7'R and 7'S are equal in length,

Draw 70 perpendicular to 0,0,. '

Sinee TR*=TS% .
we have 702 - O0,R -T02— 0,8°,
e 0 + 0,0° - a2=T0+ 00} — a;
f.e. 0,0? - 002 = a,:- al ¢t

‘o‘o v (010 - 00,) (010 + 00’) 5= g3 a,’,
vy —al
Sa 0,0~ 00; = 2!._02,: =8 ¢onstant quantity.
Hence O is a fixed point, since it divides the fixed
straight line 0,0, into parws whose difference is constant. ,
mm,lme o,og ;:d a 1ight anhile, the 10%% T
t.¢. the radical axis, is a straight line perpen r to
the line joining the centres, L4
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185. If the equations to the circles in Art, 183 be
written in the form §=0 and §' =0, the equation (3) to
the radieal axjs niey be written §—8=0, and therefore
the radical axis passes through the common points, real or
imaginary, of the circles §=0 %nd 8'=0.

In the last article we saw that this was trué geometri-
cally for the case in whickl the circles meet in real points.

When the eircles do not geometrically intersect, as in
Fig. 2, we must then lpok upon the straight line 70 as
passing through the imaginary points of intersection of the
two circles. .

186. Z'he radical axes Bf three circles, taken in pairs,
meet in & point. ‘e
Let the equations to the three circles be
S=0... cooiiiiiriiiinrnenn(1),

S=00i it rrreeieans o (2),
and 3° 8" =0 cecrrerrenieienn e veen(3),
Jin The radical axis of the circles (1) and (2) is the straight

e
S=8=0 iccrmee e et e (4)
The radical axis of (2) and (3) is the straight line
8820 AN «B).

If we add equation (5) to equation (4) we shall have the
equation of a straight line through their points of inter-
section.

Hence YOS 0. UCTOPRRRIN ()|
is a straight line through the intersection of (4) and (5).

Bet (6) is the radical axis of the circles (3) and (1).

Hence the three radical axes of the three circles, taken
in pairs, meet in & point. -

This puint is called the Radical Centre of the three

ocirclegy,
¢ ’l% may also be easily proved geometrically. For let
the three circles be called 4, B, mgeo , and let the radical
axig of 4 and Bmdtl\zfa\totﬂand € meet in & point O,
. et T e Vips
11—2
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g A TETTINN T - »
By the definifion of the radieal axis, the tangent from O
to the circle 4 == the tangent from
O to the circle®, and the tangent
fioin O to thé civcle B =tangent
from i to the'sircle ¢. *
{  Hence i¥Matgent from O to
the aircle 4 =the tangent from 1t
to the civele C; 7¢ O iz also a
point on the radical axis of the
circles 4 and C.

187, If 8=0 and & = O"be the equaivons of two crreles,
the eguation of any cwrcle through thewr points of nter-
section 18 §=AS". Also the efyuatron to any ovrcle, swch that
the radveal azas of 1t and S=0 13 u=0, i8 S + Au=0

For wherever S -0 and S =0 are both satisfied the
equabion 5= AS’ 18 clearly satistied, so that §=AY" 18 some
Iocus through the intersections of § =0 and §'=0:
¢« Also 1n both § and S’ the coefficients of a¥ and Fare
equal and the coefhcient of xy 1s zero  The same statement
18 therefore true for the equation §=AS. Hence the
proposition.

Agam, since u is only of the first degree, therefore in
S+Au the coefficients of 2* and »* are equal and the
coefficient of xy 18 zero, so that § + Au = 0 is clearly a circle.
Also 1t passes through the intersections of §=0 and 1 =0,

Prove that the following pairs of oncles intersect exthogonally :
T3 2*+y*-2az+e¢=0 and 2%+ y*+2by ~c=0.
2. a*4y°- 224 Wy +c=0 and a’+y*+2bz+2ay ~e=0.

Find the equution to thoe eirole which passes th rigin
a0 at8 o e ooy ol padses thraugh fhie o

2+y"-Cr+8=0 and 2V+y3-29-2y=T.
Find the radical axis of the paws of ciret ’
4, 2*+y*=144 and 2%+y?~ 18z 4 11y =0,
5. 2t+y'-8e-dy+5=0 snd Byt lylity+ Nt .
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v e

‘ - » x N
6. x’+y’—cﬁ-&0«-7y+8=0 and SV y¥-ay - 4=0,
the axes being inclined at 120°.
* M%me&p?ﬁ ?ﬂlmlu ,
e Pl
a '344 1) » M ‘}hﬁ‘;ﬂi‘”*%*ﬁﬂ
L~ 3 mﬁty‘*?ﬁ-@u-ﬁw% PR
8, (x-2)%+(y-8)*=386, {z+8)%+ (y -+ 2)2 =49,
' {5 4P+ (9 +8)3=64
that the f the tangent that can be drawn from
an; gm: one mtol:ltz. .ﬁé’merimu 18 equal to twice the product
otzhaperpendmu!udutmco of the point from the radical axis of the
two circles, and the distance betwéen their centres.

10. Prove that a common unggut to two circles is bisected by the
radical axis. [Hence, by joining the m?ddle points of any two of the
common tangents, we have a construction for the radical axis.}

11. Find the general equation of al' circles a ir of which. have
the same udm.lg:xnm as the circles . n pa
- 22+yi=4 and 2%+y3+ 2z +4y=6. .
12. TFind the equations to the straight lines join the ongin to
the pounts o?lnteergeehon of jorming
234yl 4z - 2y=24 and 27+y?-22- 4y-4=0,
13. The polars of a point P with respect to two fixed ciroles meet

in the pomt Q. Prove that the circle on PQ as diameter passes
through two fixed pomnts, and cuts both the g1ven cncles as right

angles.

and

014, l:inzz’e tha)t ﬁ ::u%ﬁs:ﬁlu, whxc:: hgass through ﬂ;ntmz points
a) an - e straight line y = eub ortho-
& 18 A 2ng (3 1. YR

15. Find the locus of the odhtre of the circle which euts two given
carcles orthogonally

18 If two cirdles cut orthogonally, prove that the polar of
t P on the first encle with respect to the second passes throu,
qther eud of the diameter bf the fixst aucle which goes through P.
Bqnu‘?ysmddmbgtheo ewrcle of thiree circles as
the locas of & point such that its 8 with respect to the circlap
eet i« & point) prove that the orthogonal circle of three circles,
vert By the gemersl equation 19

4+ Y+Nie @it Y+
gy Y+fo gerh Syt (=0
Y st Sy ke
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188. Coaxal Circles. Def. A system of circles
is said to be coaxal when they have a common radical axis,
.. when the radical axis of each pair of circles of the
system is the same.

To find the equation of a system qf' coaxal mrclca

Since, by Art. 183, the radical axis of any ‘pair of the
circles is pel’peudtcuhr to the line joining their centres, it
follows that the centres of all the circles of a coaxal system
must lie on a straight line which is perpendicular to the
radical axis.

Take the line of centres a$ the axis of  and the radical
axis as the axis of y (Figs. I and IT,, Art. 190), so that O
is the origin.

The equation tu any cu-cle with its centre on the axis

of x is
Py =290 c=0000 (1).
Any point on the radical axis is (0, y,). ¢

The square on the tangent from it to the cu'cle (1) is,
by Art. 168, y,- ~c.

Since this quantity is to be the samne for all circles of
the system it follows that ¢ is the same for all such circles ;
the different circles are therefore obtained by giving dif-
ferent values to y in the equation (1).

The intersections of (1) with the radical axis are then
obtained by puttmg x - 0 in equation (1), and we have

= kf—e.

If ¢ be negative, we Imvo twd real points of intersection
asin Fig. T. of Art. 190. In such cases the circles are said
to be of the Intersecting Species. ¢

If ¢ be pusitive, we have two mmgma.ry points of in-
tersection us 1n Fig. 1L

«

189. Limiting points of a coaxal system.

The equation (1) of the previous article which gives any
circle of the system may be written in the form

(z~gP+Pp=g"—c=[J5* —c]
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It therefore represents a circle whose centre is the point
(9, 0) and whose radius is ,/g*— c.

This radius vanishes, i.e. the circle becomes a puint-
circls, when g*=¢, i.e. when g=4+ Je

Hegee at the particular points (+ 4/¢, 0) we Lave point-
circles whidh belong to the system. These point-circles are
called tho Limiting Points of the systemn.

If ¢ be negative, these points are imaginary.

But it was shown in the last article that when ¢ is
negative the circles intersect in renl points as in Fig. I,
Art. 190.

If ¢ be positive, the limitihg points Z, and Z, (Fig. IL) are
real, and in this case the circles intbrsect in imaginary points.

The limiting points are therefore real or imaginary
according as the circles of the system intersect in imaginary
or real points.

180. Orthogonal circles of a coaxal system.

Let B be ary point on the common radical axis
of a system of coaxal circles, and let 7’R be the tangent
from it to any circle of the system.

. Fig. 1.

Then a circle, whose centre is 7" and whose radius is 7R,
will cut each circle of the coaxal system orthogonally.

-

EIAI
;:*'rdlﬁ
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[For the radius 7'R of this circle is at right angles to
the radius O,R, and so for its intersection with any other
circle of the system.]

g II

Hence the lmiting points (being point-circles of the
system) are on this orthogonal circle .

The limiting ponts are therefore the intersegtions with
the line of centies of any circle whose centre is on the
common radical axis and whose radius 13 the*tangent from
it to any of the circles of the system.

Smce, in Fig. I, the limiting points are imaginary these
orthogonal circles do not meet the line of centres in real
points.

In Fig. IL. they pass through the limiting points I,
and Z,. ¢

These orthogonal circles (singe they all pass through two
points, real or imaginary) are therefore a cvaxal system.

» Also if the original circles, as in Fig 1., interse~t in
real points, the orthogonal circles intersect in imaginary
points; in Fig TI. the original circles intersect in imaginary

. points, and tho orthogonal circles in real points. » ,

We therefore have the following theorem:

A set of coaral circles can be cut orthogonally by dnother
set of couxal circles, the centres of each set lying on the
radical axis of the other set; also one set is of the limiting-
point species and the other set dd the,other species.



.

¢ ORTHOGONAL CIRCLES. 169

191. Without reference to the limiting points of the original
rystem, it may be easily found whether or not the orthogonal circles
meet the original line of centres,

For the circle, whose centre is T' and who#e radius is 7'R, meets

or does not meet the ljne 0,0, according as TR? is > or < T0?,
t

i.e. aecordieg as TO,’.— OR?is = TO?,
i.e.ncoordingas  T0%+00,2—OR*is = TO®,
1.¢. socording as 00, is Z O,R,

i.e. according as the radical axis is without, or within, each of the
circles of the orginal system. ®

192. In the next article*the above results will be
proved analytically. .

To find the equation to any’ ciréle which cuts two given
cireles orthogonally.

Take the radical axis of the two circles as thoe axis of y,
so that their equations may bhe written in the form

° 22+ -2y-¢ O.. .l (0,
and - P+ —2gr+c=0... ... (),
the quantity ¢ being the same for each.

Tet the equation to @iy circle which cuts them or-
thogonally be

(—dy+(y-Byep=R .. % ... (3).
The equation (1) can be written in the form
(w—g) +9°- [Vor=ep.... .o, (4.

The circles (3) and (4) cyf orthogonally if the square of
the distance between their centres is equal to the sum of
the squares of their radii,

i.e. if (A—gP+ B~ I+ [Jf —ecP,
teif M A B 2Ug=R—¢............(3).
Similarly, (3) will cut (2) orthegonally if
b A+ B =249, =Ri—c .... ..... . .(6).

Subtracting (6) from (5), we have 4 (g-g,)= 0.
Hence 4 =0, and B*=B%+¢ *
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Substituting these values in (3), the equation to the
required orthogonal circle is
4+ PP —2By—c=0...ccoeuuun.n... (M),

where B is any quantity whatever. R

‘Whatever'be the value of B the equation (7) represents
a circle whose centre is on the axis of y and'which passes
through the points (+ /¢, 0).

But the latter points are the limiting points of the
coaxal system to which the two circles belong. [Art. 189.]

Hence any pair of circles belonging to a coaxal system
is cut at right angles by  any circle of another coaxal
system ; also the centres of the circles of the latter systemn
lie on the common radieal hxis of the original system, and
all the circles of the latter system pass through the limiting
points (real or imaginary) of the first systein.

Also the centre of the circle (7) is the puint (0, B) and

ity radius is /B e, .
The square of the tangent drawn from (0, B) to the
circle (1) = B+ ¢ (by Art. 168). ‘

Ilence the radius of any circle of the second system is
equal to the length of the tangept drawn from its centre to
any circle of the first system.

&
193. The equation to the system of circles which cut
a given coaxal system orthogonally may also be obtained
by using thg result of Art. 182.
For any circle of the coaxal system is, by Art. 1838,
given by .
@ k=29 +c=0.... .......(1)
where ¢ is the same for all circles. .
Any point on the radieal axis is (0, ).
The square on the tangent drawn from it to (1) is
therefore y' +c. o *
The equation to any circle cutting (1) orthoggnally is
therefore
B+ (y-y) =y"+q
a"+y'--gyy'-;c=0.



ORTHOGONAL CIBCLES. 171

Whatever be the value of g’ this circle passes through
the points (+ /¢, 0), .e. through the limiting points of the
system of circles given by (1). .

194. We cannow deduce an easy construction for the
circle that cuts any three circles orthogonally. -

Cousider $he three circles in the figare of Art. 186.

By Art. 192 any circle outting 4 and B orthogonally
has its centre on their common radical axis, ze. on the
straight line OD. .

Similarly any circle cutting B and (' orthogonally has
its centre on the radical axis OF.

Any circle cutling all three circles orthogonally must
therefore have its centre at the intersection of 0.0 and OF,
v.e. at the radical centre 0. Also its radius must be the
length of the tangent drawn from the radical centro to
any one of the three circles.

Ex. %ind the equation to the circle which cuts orthogonally-each
of the three circles
- 24yt 2r 4+ 17y + 4=0 .. .1,
224 y24+7r+ Gy+11=0.. . e e (2)y
A4 y?- 24+2294 3=0. ... ... (3).
The radical axis of (1) and (§) iy
bx - 11y +7=0. .
The radical axis of (2) and (3) is
8r- 16y +8=0.
These two straight lines meet in the poiut (3, 2) whigh is therefore
the 1adical centre.
The square of the length of the tangent from thke point (3, 2) to
each of the given circles =67.
The required equation is therefore (r—8)*+(y — 2)2=57,
ie = 23442 = 6z — 4y ~ 44 =0.

196. Bx. Find the locus of a point which moves so that the length
of the tangeyt drawn from it to 6ne given circle is \ times the length of
the tungent from it to unother given circle.

Asin Art. 188 take as axes of x and y the line joining the cenires
of the two circles and the radical axis. The equations to tho two
ciroles are therefore

224yt -2z +e=0........ .. e (1),

and byt =8g2te=0.ccccccrree .« cereeees (),
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Let (k, k) be a point such that the length of the tangent from it to
(1) is always A times the length of the tangent from it to (2).

Then k24 k2 - B9l + ¢ =N [h3+ k® - 2g,h +c].

Hence (k, k) always lies on the circle

A2 !
220 T o0 (B):

'This circle is clearly a circle of the coaxal system to which (1) and
(2) belong.
Again, the centre of (1) is the point (4,, 0), the centre of (2) is

$_
(gy, 0), whilst the centre of (3) is (“ﬁ-’\)‘___.:]-"@ ) 0) .

Hence, if these three centres be called 0, 0, and U, we have

g - " A2
0,04= 'f\. 1 L “h=ae oy (72— 31)
RN 1
and O04-750 4 Lo "-)‘2_‘]:(92"'.'71)»

g0 that 0,0;: 0,0, ::A%: 1,

The 1equited locuy is therefore a cirele coaxal with the two given
circles and whose eentre divides externally, in the ratio A\3: 1, the line
joining the centrer of Lhe two given cireles., ¥

EXAMPLES." XXIV.

1. Prove tfm.t a common tangent to two circles of a coaxal
systerm subtends a right angle at either limiting point of the system.

2. Prove that the polar of a limiting point of a voaxal system
with respeet to any cirele of the system is the same for all circles of
the systetn.

3. Prove that the polars of any’point with respect to & system of
coaxal circles all pass through a fixed point, and that the two points
are equidistant from the radical axis and subtend a 2ight ar ~le at a
hmiting pomt of the system. If the first point be one limiting point
of the system prove that the second point is the other limiting point.

4, A fixed circle is cut by a seties of circles all of which pass
through two given points; prove that the straight line joining the
intersections of the fixed circle with any circle of the system always
passes through g fixed point. ¢

5. Prove that tangents drawn from any point of a fixed circle of
a coaxal system to two other fixed circles of the system are in a
constant ratio.
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6. Prove that a system of coaxal circles inverts with respect to
cither limiting point into a system of concentrio circles and find the
position of the common centre,

7. A straight line is drawn touching one of a system of coaxal
circles in P and catting another in Q and R. S8hew that PQ and PR
subtend equal or supplementary angles at one of the limiting points
of the systdm. o .

8. Find the locas of the point of contact of parallel tangenta
which are drawn to each of a scries of coaxal cireles,

9. Prove tlat the circle ofesimilitude of the two cireles
2242 -2kr +5=0 and «?+y2- 2Nz +5=0 '

(i.e. the locus of the points at which the two circles subtend the same
angle) is the coaxal circle L
24y?-2 k' +8

k+k

10. From the preceding question shew that the centres of simili-
tude (i.e. the points in which the common tangents to two circles
meet the line of eentres) divide the line joining the centres internally
and exteryally in the ratio of the radii. .

11. If r+yJ -1=tan(u+ ¢ J- 1), where ., ¥, u, and v are all
real, prove tha¥® the eurves u —con<tant give a family of coaxal cireles
passing through the points (0, * 1), and that the enrves 1= constant
give a system of circles cutting the first system orthogonally.

r+4=0.

12. Find the cqnation to the eivcle which culs orthogonally each
of the circles R

234+ y2+8gr+c=0, %4 Y24 20'r + 0 =0,
and 24yt 200t 2y +a=0.
13. Tind the equation to the ciicle cutting ortifogonally the
three circles
22ayi=al, (r-co)+y?2a? and 224 (y-b)=al

14, cgfind the equation to the circle cutting orthogonally the

sles
a® Fy?- 2243y - 7=0, 224+ y?+ 52 -5y +9=0,
and . 224 y2 4+ T8 - 9y +29=0.
15. Shew that the equation to the efrele entting orthogonally the
cireles
.(x-a)’+(y—- b)2 =12, (e=0)*+(y —a)?=a?,
and (e—a -b-c)* +y=ab+c?,

is 2?4+y3 -2z (a+b)~y(a+b)+a®+3ab+ 2=0,



CONIC SHECTIONS.

CHAPTER X.
TAE PARABOLA.

196. Conic Section. Def. The locus of a point
P, which moves so that its distance fiom a fixed point is
always in a constant ratio to its perpendiculart distance
from a fixed straight line, is called o Conic Section.

The fixed point is called the Foous and is usually
denoted Ly S.

The constant ratio is ealled the Eccentricity and is
denoted by e

The fixed straight line is ealled the Directrix.

The struight line passing through the Focus and per-
pendicular to the Direetrix is called the Axis.

When the eccentricity e is equal to unity, the Conic
Section is called a Parabola. “n

‘When e is less than unity, it is called an Ellipse.

‘When » is greater than uflity, it is called-a Hyper-
bola.

.

[The name Conic Section is derived from the fact that
theso curves were first obtained by cutting a cone in
various ways ]

§
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19%7. 7o find the equation to a Parabola.

Let & be the fixed point and Z.J the directrix. We
require therefore the locus
of a point I which moves \'g E
so that its distance from §
is ulwn,ys\qual to PAM its M P
perpendicu

ar distance from
ZM, L
Draw SZ perpendicular

to the directrix and biseet Z[ A\ S !
SZ in the point 4 ; produce : :
1]

Z4 to X, 1

The point A is clearly a ¢
point on the curve and is .
called the Vertex of the
Parahola.

Take .l as origin, 4X as the axis of and 47,
perpendigular to it, as the axis of .

Let the distance Z.1, or A8, be called «, and let 2 be
any point on®the curve whose coordinates are » and y.

Join 8P, and draw PN and PP perpendicular respec-
tively to the axis and directrix.

F'

‘We have then SP P -
1.e. (2 af4y -ZN" (v i x)

yi=4ax.............. ()

This being the velation which exists bhetween the co
ordinates of any point I on #he parabola is, hy Arvt. 42, the
equation to the parabola.

C©dF. The equation (1) is equivalent to the geometrical
proposition
PN2=445.AN.

198. The equation of the preceding articlo is tho
simplest ‘possible equation to the parabola. Throughout
this chapter this standard form of the equation is assumed
unless the contrary is stated.
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If instead of AN and AY we take the axis and the
directrix ZJ/ as the axes of coordinates, the equation
would be

(£ — 2a) + g2 =22,
t.e. Poda(e—a) .. .o . (1).

Similarly, if the axis SX and a perpendjculsr line SL
be taken as the axes of coordinates, the equation is

124 92 = (r + 20)}
te. F-da@va) . ol (2)

These two equations may be deduced from the equation
of the previous article by transforming the origin, firstly to
the point (~'a, 0) and secondly to the point (a, 0).

199, Thea ¢quation to the parabola 1cferied to any focus and
directuix may be eawlv obtaincd. Thus the equation to t{e parabola,
whose foeus 13 Lhe pomnt (2, 3) and whose directrin is the straight
line x -4y +5- 0,1«

-4y 32 -
R .|:~22|-1-32=[' M }»
( ¥ (J ) 1'\,1-_‘ 12 s .
ve. 17[2tvy- - oy 13]={x® +16y24 9 Sry+ ¢ -24y},
t.e 16224 y? s Ary —Tir— 78y + 212=0.

200. 70 trace the curee

. ¥ olae oL L (1).

If . be negative, the corresponding values of y are
imagmary (since the squme 100t of a negative quantity is
uureal) ; hence there 18 no part of the curve to the left of
the point 4.

1f y be zero, so also is «) <o that the axis of x meets
the curve at the point .1 only.

If « be zero, so also is y, so that the axis of ‘3; meets
the cutve at the point .1 only.

For every positive value of e we see from (1), by taking
the squarc 100t, that y has two equal and opposite values.

Hence corresponding o any point 2 on the cdrve theto

is another pont 2 on the other side of the axis which is
obtained by producing I’V to F so that P¥ and NP are
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equal in x‘nagnitude. The line PP’ is called a double
ordinate.

As .« increases in magnitude, o do the corresponding
values of y; finally, when x becomes infinitely great, y
becomes infinitely great also.

By &kipg a largp number of values of 2 and the
corresponding values of y it will be found that the curve is
as in the figure of Art. 197.

The two branches never meet but are of infinite length.

201, The guentity 3./" --dax’ is negative, zero, or positive
according as the point (', i) is within, upon, or without the
purabola. . Lo

Let € be the point («, ¥) and let it be within the
curve, i.e. be between the curve and the axis AX. Draw
tho ordinate ¢.V and let it meet the curve in £,

Then (by Art. 197), P.V?® fa...

. Her‘xce ¥ de. QN2 is < D.V4 and hence is <4,
Syt = tad is negative.

Similardy, if () be without the curve, then y7, i, QN2
is > PN? and hence is > 4o,

Hence the proposition.

202. Latus Rectum. Def. The latux rectum of
any conic is the double ordinate LS5 dra%n through the
focus 8.

In the ease of the parabola we have SL - distance of 1
from the directrix = 57 2e. .

Hence the latus rectum,  f«.

When the latus rectum is given it follows that the
equi‘t*"on to the parabola is completely known in its
standard form, and the siz¢ and shape of the curve

det%m’.ned.
he guantity 4« is &0 often called the principal
parameter of the curve. ®

Foval Distance of any point. The focal distance
of any point P is tho distance SP.

This focal distance - PY ~ZY - ZA+AN -« ~a.

- 12
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Bx. Find the vertex, ars, focus, and latus rectum of the parabola
4y?+ 12z —20y +67=0.

The equation can be written
Yy -5y=-3x-9J,
i.e. (y~4§)2=-82~92 43 = -8 (x+}).

Transform this equation to the point (-§, §) and it becomes
y?== -8r, which repicsents a parabola, wlose axis is ‘the' axis of z
and whose conoavity 18 turned towards the negative end of this axis.
Also its latus 1ectum 13 3,

Referred to the original axes the vertex is the point (- %, §), the
axis is y =§, and the focus is the point (+ ] -4, §), t.e. (~3&, §).
EXAMPLES. XXV.

Find the cquatiou to tife pa;nbolu with
1. focus (3, 4)and duectrix 65— 7y+5=0.

2. focus (a, b} and dircctrix :-.- Y=1.

b -
PRind the vertex, axis, latus rectum, and focus of the pn'mbolas
3, yi=tatin 4, P r2=8-7.
5. £2=2ar +2ay 0. 6. y=1ty-dr.

7. Diaw the curves
(1) ¥’=—1ar, (2) a'- tay, and (3) = —day.

8. Find the velue of p when the paiabola y*= ipx goes through
the point (1) (3, - 2), and (u) (¥, - 12).

9. For what point of the parabola y3:-18x 11 the ordinate equal
to three times the abscison ?

10. Tove that the equation to the parabols, whose vertrx and focus
aro on tho axis of ¢ at distanccs 2 and o' fiom the origin respectively,
is yi—t(a’-a)(a-a) ‘

11. In the paiabola y%==6:, find (1) the equation to the chord
thiough the vertex and the negative end of the latus reetwh, and

(2) the equation to any chord tinough the pomnt on the curve whose
absoissa 13 24, 3 .

12. Piove that the equation 42 P§Ar+2ﬂy+v=0 reprowents a
parabola, whose axis is paxallelvo thenxis of x, and find its vertex and
the equation to 1ts latus rectum. .

13. Prove that the loous of the middle points of all chords, of
the parabola »- =4ax which are drawn through the vertex is the
patabola y*=2v..
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14. Prove that the locus of the centre of a cirele, which intercepts
a chiord of given length 2a on the axis of z and passes through a given
point on the axis of y distant 4 from the origin, 18 the curve

3~ 2yb + b2=a3.
Trace this parabola.

15. PQis a double ordinate of & parabola. Find the locus of its
puints of ¢égisegtion. .

168. Piove that the locus of a point, which moves so that iis
distance from a fixed line is equal to the length of the tangent drawn
from it to & given ecirale, is o parabola. Find the pusition of the
focus and duectrix. N

17. If a circle be drawn so ns always to touch a given straight
line and also a given airclo, prove that the locus of its centie is
u purabola.

18. The vertex 4 of a parabold iy jomed to any point I’ on the
enrve and PQ is diawn at 11ght angdles # AP to meet the avisin @,
Prove that the projection of PQ on the axis is always equal to the
latus 1ectum.

19. If un a given base tiiangles be deseribed xueh that the sum of
the tangents of the base angles 1s con<tunt, prove that the locus of
the vertiqes is a parabola. .

20. A double ordinate of the curve y?  tpr is of length 8p; prove
that the linessfrom the vertex to 1ts two ends are at 11zhit angles,

21, Two parabolas have a common axis and concavities in oppo-
site dircetions; if any line paisllel to tho common asis meet the
parabolas in P and P’, prove ikt the locus of the nuddle point of PP/
is another parabola, provided that the latera 1ccta of the given para-
bolas are uneqnal. -

922. A parabola is diawn to pass through 4 and P, the cnds of
a diameter of a given cncle of 1adins @, and 10 have as directrix a
tangent to a conceniric endle of 1adius b, the axes being 48 aud
a perpeudioul?r dmx;xek-r, prove that the locus of the focus of the

;X ¥
parabola is w2 i 7"'/_“3=1. .

. T'o find the points of intersection of any straight
line with the paralbola

YA e, e (D).
The eyuation to any straight line is
Y=MLF Coverrenrnr cennnen oo (2)

The®coordinates of the points common to the straight
line and the parabola satisfy both equations (1) and (2),
and are therefore found by solving them.

12—2
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1
i, . &5«*1’" Lo Mt Qe (me—2a)+ =0 bL (B

o Thm is a, q,uadmm, equation for # nnd,therefore has two
7 roots, real, taincident, or imagmiry.

»
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Substituting the value of y from (§) in (1), we have
’ (mr 1 o)t = 4ar,

*  The straight line therefuie meets the pn.rabo{a in two
points, real, cmnculenu, or 1Mmaginary
The 100ts of (3) are real or 1maginary according as
aginaty
{2me  2a)p—4m??
is positive or negative, 1e accnding as —ame +a® is
positive or negative, i.e. avcording as s is £4q.

204. 7o aind the longthnf the chord wtcrcepted by the parabola on
the strawght line
Y=—mr . (1)
1€ (z,, %)) and (r_, ) be the common points of interscction, tl.en,
2310 Art. 154, we havc, from yuation (3) ot the last axtlcle,

¢ Vg =2 ) (4 2)2~411
e 21)*  4c- _lba(a -mr]
wt Tom2 T md
and Y Y. mry-a,)

Henco the rcquired lensth  A/(y, ‘v )3 (7,- 7,)?
1 SRR,
=l4mi(y 2= m- N m? JaTa Smd).

205. 7o find the equa,/um to the tangent at any point
(' ) of tha purabo(u ¥ 4

The defimtion of the tangeng 18 given in Art 149

Let £ be the point (2, y') and @ a puint (=, ) on the
parabol 1 '

The ¢quaition to the hine PQ is

. ."j" ,f’” s
y—y' = L,(v—-.r) . ..._:u." (1).
Since 2’ and Q both lie on the curve, we have
»? tax <. (2,
r ¥ ”»
and e e, <o (3

P
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E

. 5
Hence, by subtraction, we have g
. "2y = da (2 ),
".6‘ * ‘?/”"".'/’) (yu "’y‘)'—‘- 40 (x"—ﬁ'),

» e
5 Y'-y _ _da
and henge ":‘::‘:" e S e
Substitating this value in equation (1), we have, as
the equation to any secant, I’Q,

]
- e- &
y-v -, +'/( )
ie. Cy Yy dar+yy 1yt —tan
- talvyy” . o (4).

To obtain the equation of the fangent at (+, ') we t-n.ke
@ indefinitely close to /7, and hence, in the limit, put y'- ¥

The equation (4) then becowes

. 2y -yt +tar Mard dar,

ie. vy’ = 2a (x + x'). )

Cor. Yt will be noted that the equation to the tangent
is obtained from the equition to the curve by the rule of
Art, 152,

Bxs. The equation to the tanunt at the pomt @, - 1) of the
parabola y?=8c s
y(-4) -1(21+2),
[N 2ty r2-0.
The equa.twn to the tangent at the point ( wt’ m) of the pa1abola

y:=4azis
. 2a _2a 4 a
Y-m= m2]"

L _ a
# y=mr+ .

e
206. T find the condition that the straight line
Y=mac........ O ¢ 5

may teuch the pambo(u ¥® = dax ... R (2).
The abscissee of the points in w]nch the btmlght hne 1)
meets the curve (2) are adn Art. 203, given by the equatmn

N ”}Wq’?@(m—rga) +c2=0. (3)
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The line (1) will touch (2) if it meet it in two points
which are indéfimtely close to one another, ie. in two
points which ultimately comncide.

The Yoots of equation (3) must therefore be equal.

The condition for this 13

4 (1nc — 2u)? = 4%, vt
t.e. at- amo- 0,
so that e .
Wl

Substituting this value of ¢ in (1), we have as the
equation to a tangent,

a
= —
Y, X+
In this equation = 15 the tangent of the angle which
the tangent mah:s with the axis of a.
The {oregomg proposition may also be obtained fiom the equatmn

of Art, 205
For equation /4) of that article miy be wnitten

2a 21 .
Y ry o — 1).
IRl M
a 2a
Tn this equation put R A
, Y2 _a 20t _
and hence - St and y Tm

The equation (1) then becomcs y -m.r i‘ .
Also 1t 13 th? tangent at the pomt (¢, %), t.e. (m i‘:\ .

207. Zguatwn to the normal at (v, %). 'The 1equired
normal 1s the stiaight hine which passes througlx the point
(«, ¥) and 15 pﬂpendmular to the tangent, is. to the
straight lme

2a

Yy ’, (” +-.l, .
Tts equation is therefore a
y ¥ wm(x-2)
, 2 . #
whete mx = 1, de y: = _2!/_; s (Art. 69.)
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and the equation to the normal is

y-y=3

Y (x—x). Q).

208. To express the equation of the normal in the form
te ¥ 2 me- 2am— am®,
In equataon (1) of the last article put

’

-.;—-/— m, te. y -—2am.
2a
e

Hence & - amd
4a

The normal is therefore *
¥+ 2am m ( ® am?),
i.6 Yy = mx ~2am — am3,
and it is & noimal at the point (am? — 2am) of the curve
¢ In this equation m is the tangent of the angle which
the no¥mal makes with the axis. It must be odt‘ofully
distinguished from the 2 of Art. 206 which is the tangeut
of the angle which the tangrnt makes with the axas. The
“m?” of this article is 1 divided by the “m” of Ait. 206,

209. Subtangent and Subnormal. Def. If
the tangent and novmal at any point P ofea come section
meet the axis in 7' and & respectively and PN be the
ordinate at L’ then N7 15 called the Subtingent and NV the
Snbnorma,l of P.

Z'o find the length of the subtangent and swbnormul
T P be the point (r3 ') the equation to 7P i<, by
Art. 203,
™ oy =2a(e+a) . (1)
To obtain the length of .17, we
have to ?nd the point wltere this
straight line meets the axi of 7,
ie wg put y=0in (1) and we
have

E=m e (@)
Hence AT = AN.
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[The negative sign m equition (2) shews that 7' and
N always hie on opposite sides of the vertex 4]

I{encg the subtangent N/ 24N twice the abscissa
of the point P,

P Since 77G 18 a night igld tnangle, wé have

‘

Py IN XNt « £
Hence the subnoimil N
Py PN
. . 2a
14 24V ¢

The subnormil 15 thercfore constunt for all pomnts on
the parabola and 15 cqu il to the semu Ivtus 1ectum

.
210. EBx.l. I/« chor {alieh 1s wimal to the parabola at one
end subtend a 11qht nnje 1t the 1ert a, prove that 2t w3 inclined at an
angle tan™'\/2 to ths aris

The equation t  wny chord v huch 19 normal 14

3
Yy m1 2uin am e
2¢ R nx oy =2un4 ¢
The paribola 12 y o

1he strar it Iin j s ung the o i to the intarscetsons of these
two are tharetoro gaven by the cyurtira

y:(2amta ) tu(mr-y) 0

If these be al 11¢ht an e« than ‘
2o+ et tim 0
4
1¢ mo 3.2

Bx. 2. Jicm the pownt wha  any noymal to the purabo’a y* + v
mects the amis o diawn a un p ipen wuln to thes normal, prove that
tnes Line alw apssteuches an ¢ pual puabila

Tho equatic n of any notmal to the pmabola 15
y mr 2 ar’
This merts the v an the pont (2a + am , 0)

Lhe equation U the straight hine through this powt perpendicalar
to the noinal 1y

y=m(r 2a an-
whae mpm= -1
Tho equation 1s th 1cfore @

a
v m{a 2a-m[‘)

Y-y (2 za)-’-gl.
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This straight line, as m Art 206 alwavs touches the equal par whola
y —dayg 2ua)
whose vertex is the pont (2¢, 0) and whose concavity 18 towards the
negative end of the axis of &

‘s EXAMPLES. XXVIL

Write down the ¢quations to tne tingent and normal
at the pount (4, 6) ot the pmabdla y v
at the point of the putibola y  br whowe o1 linate 13 12
at the ends of the latus rectum of the parabola 4= 12,
at the ends of the latus lect:lm of the pawabolvy —t2(s a)
Lind the e¢quition to that {anznt to the parabola y° 71

which 1 parallel to the stiaight line 49-143 0 Iwnd also 1its
point of contact

6 A tangent to the purabcly 4 ~41r mahes an an,le of 60° with
tlu.mm , find 1t4 pomnt ot contact

Adangent to the paraboly v 81 makes an angle of 15 with

7
the strught lwe y 3v4 5 Finl ats cpuation nd ats pomnt of
¢ untact

8 Fmnd th¢ ponts of the puibcly y —t1r at which (1) the
tan ent, and (n) the norm 15 m lined at 30 to the aan

T'ind the cquation to the ., cnts to the paribolay 92 which
goes through the pownt (4, 10)

10. I:lovc that the strught lmc : 1y -1 touches the parabola
y 1-¢

11 Prove that the stiarht lme » mi4 ¢ touches the parabola

S D)

y =la(r+a) f c=riat ::.
12 Thiove that the strught In¥ /¢ + 11y + n=0 touchea the parabola
y taratin=am

13 Tor what pomnt of the pataboly y — far 14 (1) tht normal equal
to twiee the subtingent, (2) the norm il cqual to the diftcrence b twe n
the subtangent and the sul normal ?

I:nd the equations to the commn tangents of

14. the parabolasy 4ar and » - 4by

15. the arcle 2% + ¥ =4az and the parabola y"—4s

16 Two equal parabolis have the same vertex and then axcs are
at 1ght angles, prove that the common tangent touchus cach at the
end of a latus rectuns, '
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17. Prove that two straight lines, one a tangent to the parabola
y*=4a (r t a) and the other to the parabola y2:=4u’ (£ +a'), which aie
at right ungles to one another, meet on the straight line £ +a+a'=0.

Shew also that this straight line is the common chord of the two
parabolas.

18. PN is an ordinate of tho parabola; a Straight line is drawn
parallel to the axis to bisect NP and meets the cuxve jir Q ; prove
thate NQ meets the tangent at the vertex in a point 7" such that
AT =3NP.

19. Prove that the chord of the parabola y*:-4ar, whose equation
2; ¥~ +n2+4a /2 =0, 1s & normal to the curve and that its length is

20. If perpendiculais be drawn on any tangent to a parabola from
two fixed points on the axiy, which are equidistant from the focus,
prove that the difference of their squarces is constant.,

21. I P, ), and R ba threo Yo0ints on a paiabola whose ordinates
are in geometrical progression, provo that the tangents at ¥ and R
mect on the ordinate of (.

22. Tangents are iawn to a parabola at points whose abscisss
arc in the ratio g : 1; prove that they inteiseet on the curve .

. Y (ud4 ,u'l)guc. .

23, Tf the tangents at the points (', ') and (2", q") meet at the
pomt (5. y;) and the notm s at the same pomts in*{ry, y,), prove
that

i ’ s

(1) = ’14:: and y,_—'u -;"/ N

Ryt oY Ty
(%) x3- €. ¢ and yo= yy"7 ;" ,

4u 3 Ry
and henco that ,
3) «, <2a+ '{:- -0y and y,= -'r;"‘.
.

24. From the preceding question prove that, if {tangents he drawn
to the parabola y* - tar from any pa'nt on the parabola y* =a (x+ &),
then the normals at the points of contact meet on a fixed straight
line.

. : g

25. TFind the lengths of the normals drawn from the point on the

axis of the putabola y%==Bax whose distance from tho focus is 8a.

26. Prove that the locns of the middle point of the portion of a
normal intersected hetween thg enrve and the axisa papn.bola whose
vertex is the focus and \\hosc%ntua rectum is vne quarter of that of
the original parabola. .

27. VProve that the distance between a tangent to the parabola and
the parallel normal is a cusce 0 sec?§, where 8 is the angle that either
makes with the axis,
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.

28. .I’NF ia a double oidinate of the parabola; prove thut the
locus of the point of intersection of the nurmal at P and the stiaight
line through 1* parallel to the axis is the equal paraboln y2=4q (r - 4a).

29. The normal at any point P meets the axis in G and the
taugent at the vertex in G; if A4 bo the vertex and the rectangle
AGQU’ b, mmyleted, prove that the equation to the locus of @ ix

L J

‘2?2 2uat+ayl.
30. Two equal parabolas have the same focus and their axes are
at right angles’; a normal to one is perpendienlar to & normal to the

other; prove that the locus,of the point of intersection of thene
normalg is another parabola.

81. If a normal to a parabola make an angle ¢ with the axis,
shew that it will cut the ourve again at an angle tan = (} tan ¢).

32. Prove that the two paraholas y?={ax and y*< 4c (¢ 1) ennnot
have a commnon normal, other than the axia, unless P _)::_ w2

33. Ifa®~803 prove that a pont ean be found such that the two
tangents from it to the parahola y- - 4ux are normalg to the pavabola
ai=4by. o ‘ .

84. Prove that three tangents to a parabola, which are such thab
the tangents o their inclinations to the avis are in a given harmonieal
progression, form a trinngle whose arca 13 constant.

85. Prove that the parabolas 4* - tur and 2 = 1hy cut one another

3atpd
at an angle tan™! -.-. — J
2 (ad 4 0% -

36. Prove that two parabolas, having the same focus and their axes
in opposite directions, eut at nght angles.

37. Shew that the two parabolay

4 da(y ~2h a)-_(; and y? =40 (xr - 24 t b
intersect at right augles at the common end of the latus rectun
of each.

38.—A parabola is druwn touching the axis of r at the origin and
having its vertex at a given distance X from this axis. Prove that the
axiy of the parsbola is a tangeny to the parabela x* = — 84 (y - 2R).

L]
211. Some properties of the Parabola.

" (a) ‘If the tangent and normul at any point P of the
parabole weet the axis in T and G respectively, then

ST =8¢ =P,
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and the tangent at P is equally inclined to the axis and the
Jocal distance of P. '

T 2

M| P

Let P be the poiut (+, o). . « *

Draw 75 perpendicular to the directrix

By Art. 209, we have A7 AN, .

TS TA - AS ANV ZA_ZN MNP =8P,

and hence LNT'P LSPT.

By the s same ar twlo NG -2485 ZN.

St~ SV + NG 4S8+ SN - MP_-8P.

(B) If the tangent at I’ meet the directrie in K, then
KSP is a zight angle.

For tSPT . PTS= ¢+ KPJI.

Hence the two triangles A48 and KM have the two

sides K, ’N and the angle APS eyual respeotwoly bo the
two sides KP, ')t and the angle KP.IL

Hence « RSPz 2 KMP o right angle

Also Lt SKP= ¢ UKP.

(¥)  Tangents at the eitremities of any foral clwrd inter-
sect at vight anglrs i the directrix,

For, if 28 be produced to meet the curve in 7%, then,
snce < I”7SK is a nght angle, the tangent at P meets the
directrix in AL
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Also, by (B), L MKP=:SKP,
and, similarly, < L M'KP == L SKP.
Hehce . oA
¢ PKF -} L SKM 3 ] 2 SKI' = u right angle.
y 2 i e fungen >, th
lies (57); ﬂz]cxufg;z:t?t?lz‘i:ﬁgﬁrale ‘,’;’ Y’-“ ’ ;{L‘s"f ‘u\’tl’l then ¥
Yor the equation to any tangent is

! 3 Nr-l-a 1
W gt e e (D)

The cquation to the perpendicular to this lme passing

throngh the focus is .

1
v- —;;(J @) i (2)

The lines (1) and (2) meet where
a 1 1 @
° me + S U(r—a) - e+ -,
K m 2

i.e. where z — 0.
Hence P lies ou the tangent at the verte.
Also, by geometry,
S¥2 SA ST AS.SP.

212. 7o prove that through any gives™ point (£, 1)
there pass, in general, two tangents to the parabola.

The equation to any tangent is (hy Art. 206)

¢«
7 R  ees mesvcasvens .
yomry h

-
1f this pass through the tixed point (x,, »), we have
/

U =mar,
I LA

t.e. miry -y a0l (2).
For any given values of r; end y, this équation is in
general a quadratic equation and gives two values of m
(veal or®imaginary).
Corresponding to each value of m we have, hy substi-
tating in (1), a different tangent.
P

ot

are®
@t

S
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The roots of (2) are real and different if y,*— 4az, be
positive, t.e., by Art. 201, if the point (s, 3,) lie without
the curve.

They are equal, i.e. the {wo tangents coalesee into one
tangent, if 4, — 4ax, be zero, i.e. if the point (2, ;) lie on
the curve. . )

The two roots are imaginary if % — 4a.x;, he negative,
1.e. if the point (ay, y,) lie within the curve.

213. Fquation to the chord of contact of tangents
drawn from a point (r, y,).
The equation to the tangent at any point @, whose
coordinates are o and ), 14
9 2e(ed )
Also the tangent at the point &, whose coordinates aro
a” and y”, i
YY" 2ale+”). .
B theso tungents meet at the point 7, whost cuordi-
nates are ., ad y,, we have

L4
Wy ey ) )
and ny =2a (e, ) o (D)
The equation to Q& i then "
- yyi=2a (X+Xx)... ... e eeenn(3)

For, since (1) is true, the point (), ') lies on (3).

Also, sinee (2) is true, the point (2", ) hies on (3).

Hence (3) must be the equation 1o the straight line
Joinmg (#, y) to the point (£°, y’), i 1t must be the
equation to QR the chord of contact of tangents from the
p"int’ ("‘1‘ .’/l)'

<

214. The polar of any point with respect to a para-
bola is defined as in Art. 162,

To find the cquation c¢f the polar of the point (r;, y,)
with respect to the parabola y* = lae. .

Tet @ and B be the points in which any chord drawn
through the point £, whose coordinates are (wx;, ¥,), meets
the parabola.
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Let the tangents at Q and R meet in the point whose
coordinates are (&, k).

We require the locus of (Io,'.l").
Since QR is the chord of contact’of tangents from (h, &)
its equation (Avt. 213) is
ky - 2(r 1 k).
#ince this straight line passes through the point (v, )
we have *
. Eyy <20 (wy vl oo il A1),
Since the relation (1) is true, it follows that the puint
(ky k) always lies on the straight line
yyi=8%a(x4x)... ... .. (2).
Hence (2) is the equation to the polar of Ty, ).

Cor. The eqnation to the polar of the foeus, vis, the point (a, 0),
is 0=u +«, so that the polar of the foens is the directrix,

215. When the point (», #,) lies without the parabola
the equation to its polar is the same as the equation to the
chord of contact of tangents drawn from (o, y).

e Vhen (i« 7y) is on the parabola the polar is the same
as the tangent at the puint,
As in Art. 164 the polay of (»y, »,) might have Leen
defined as Yhe chord of contact wf the tangents (renl or
imaginary) that can be drawn from it to the parabola.

216. (leometrical construction for the polur of a point
(215 91)-
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Let 7' Le the point («y, yy), so that its polar is
AR L R S WO § § X
Through 7" draw a straight Jine parallel to the axis; its
equation is therefore
9\
. Yty eeenenerninnnes (2
~  TLet this straight line meet the ‘polar
in V and the curve in 7.
The coordinates of 1, which is the
intersection of (1) and (2), are therefore
2
{,—:{ vypand y oo ()
Also I’ is the point on the curve
whose ordinate is y,, and dhose coordi- lie. 1
nates are theretore g -

and y,.
1 I

abiscissa of 77+ abscissa of of”

Since abscisau of 2 o ~ "=~ there-
-

fore, by .\at. 2z, Cor, I’ is the
mddle point of /'f"
Alvo the tangent at /2 is
Y

AR (l ' '4"):
which 15 parallel to (1).

Henee the polar of 7' is parallel
to the tangent at T, 2.

To draw the polar of 7" we fnerefore draw a line through
T, parallel to the axis, to meet the curve in 2 and produce
1t to Vo that 7 PPV a line through 17 parallel o the«
tangent at £’ is then the polar required.

217. If the polar of a pont Ppusses through the puint T, then
the polar of 1I' ques through €°.  (Fig. Art. 211).

Tiet I’ bo the pomt (o, y;) and I the point (i, L),

The polar of 2’ 1s yu,  2a (r+.0p).

Biuce it passes thionel 7, we have
NA=20(Zy 4 1) oneciinnnnssivninagennes (L)

»
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The polu ot 1 s yh 2010 1)
Smee iy s brue, thais equation 1« satistied by the co 1in o L
and u,
Hunae the propocation,
Cor. lhe pownt of mtar cetion 1, of the jolas Hf two v
Panl g, l‘-.”l(‘pvl( ot the line '@
.

218. [ pndthe polc of & weod s gqut 1w qey tt ot
parabl .
Totthe goven «tia i hine be
fa [y ¢ 1
It st~ pote be the pomt (4 /) tnut b e tu bt

e s
>
Y/ ’ (‘: l!

241 uy .!“ 0

te
Since tne o trar Wt himes v o the une vy
21 w2y
i 1 «
D]
- 2
I f [t
1 / ! .

. I

219. Uy fialth cquit on oy g of enacs is that
can b diann to the povalnla foomett et o 1)

Lat (2, Ay be any pomt on 70, of the timgents dy own
trom (rp ) The et Uy e ige Jomnmy ¢ v to

h ks .
Ao
Uy
/ ! h "l L
VY Y/
¢+« 17 ! v " / '
le ' h ‘
I this be a tangont 1t ¥t e ot the form
7
e ) y i
n
y/
50 that 7 woand A “ .
« ko ley 1y m

Hence, by wmltplication,
* Aoy Ly
1 LN /l LN ’
te (- ay) (A-~yythy Ao
L 3
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The locus of the pom (b A) (¢ » the powr of tingents
regquited) 1 therctor

i L o u iy, 7/'|) (l)
It will be  cen thot this cquation 1 the sune s

(y  tayty fr) Vyyy Zu (0 v )P

220. /o that 11 rud W poats of a syst:m of
paralic] choy s of 1 paral o AT on a sbhawht Tone whach
s praral! Lt th wa

Siuce the chord o by oodled thoy db make the same
wmisde with the o ot 1e
the twgent of thr o ch o

The equat v 0 0 ay

one ot th nod e o4
fore
1
Whete ot bl
N
Vo I nit LI B
e
e trare o me 1 the puaabola v point
vihe oo b e Jn [

.oy tooy
o 2)

1 de ottt im0 the ardimute o
wma oo b ol o w bt the owdimate b the
nulh weor Q@A

1 TR W

1, 2, f
/ ' '/ < -
"
trom « m )
The hacate ot 1 thadfore <ot iy the  puaton
2a
/
m

so that the ' w of F s e sttaisht e pardlel to the ixas
ot the curve
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(7
Lhe soa bt liae » meer the cneve vy 1

)
o

whose ordma ¢ s el whose thsaass s thodt
e

IThe 1 cnt et thes pomt s by e _0»

aul s thoratore poodbeb e cr b 1 the v bl

H onee the e tan udile pmt 1o m oo
pudll chods of vy d "vas 0 bulh e owh o
prdlet th the v vl mect e wrve a0 et the
tin oot ot whichy pudb T the civer v ten

221y [ rn’ U/ ] $ 7 oy !
bret ! v wwyyp t0 4

Evtl Jotan tb v gy Lty v Ve v ot atal
thep 5t whac vir 1in Iooyp ot e mer td

cug
Aoy Mt 200 b g T ) 1ot tw,m
thn oy o0/

IV v qieg T hordasth vty g btV r d a !
INnec t th ul "o '
ty h { 1y Aot

222 Diameter Dcef. Ih 1 v tilcuillc pam
of a4 system f pudll chal o v yu® o0 aldled
drvmetar and the ha 1w uodoat d oubl o hina e

Thu 1w the tiome t A 220 /71 0 cdianeter and
QR amd 1L the ol T hoad e cndioates t this
dinmctar

The propostion of taou® vt for o thorctore be stated
as follows

Uny dwamet v o w0y D oo gt thos 1ed
the tanyg ut at the pcoat oh fon s e 0 g ald
£o 1bs orclenert .

.

223. Th 14 wts ot I'IM.!’N I ey hoad e Foon
the dumni t 1 whoch Liseets th hor {
Let the cquation of Q22 (b A\t 2°0) 1
s ome (1),
122
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and let the tangent o ¢ and R mece at the pomnt 77
(rs )
Then @£ 15 the chord of contact or tingents drawn
trom 7, and hence s cquation s
o 2ale ) (N 21
Comp g this with cquiation (1, we Inve
e 7
m o~ thad oy
A nt
and therctore /' hes o the stvuehit bo
Yy
o

Bat the o lue wae provad w0 it 220 10 be
the diancter 227 whach biwect the ol ord

224. / o i 4
hoswy oy ot ol the Pona b 1o e paradela ol b
povad il e it et he o

et 2700 vl v e and 22 th 1 gone w P
metin, the 1 o

ot ro ok putrad o e s

Take any porv ) b ca
e deaw @ popewn b to e
vsmectingtt e ot /b an /

fat T du i ety
Praw 22V porp ndicc b o the
av o ob the curve and ot
tf ) VAR AR
Thay
R B T A VEDovm 0 HEY tan f
1 Is cot 0 rvm 11
and 7400 W B I W B SRV N T I
Now (7272 T A B VA PP B (h
\lso .
QI NP r 2ottt Tygsme Cacol sy s,
and Js U2 B S A8 | Voo ocor 0 0k ypcost
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Subsatuting the ¢ valmes oy we b
(et @0 ysin f (rcot 8« uoonl

1 y s A
Phe requinad ¢ quation v theretone
y
. e (
Whe e
! (L cot 1y (Y N2oe o A a0
i ¢

e Cyudion to the '| ol achenicd tothe o v
toth o tore ot the sume tonm o gt o doo the
tect nouia o oF At o7

The Cpusten )t trn.l
AV N

¢

225. lhe cumtity 1 ul e paromet 0 bt

agnmucter 22 Fosopud bl vy hoved whhoa
poo b to 2 and gy vy bty .
Fevdb 1 £ v the chn by ol P md e g
thhon_ o tl® focu and non /b ow haw
771 Ne oS,
Cathot (! Yot '
i her o [ )] iy -
226. Ju o\ O a0 ala ' hovwve thu
th v ot a ooy voh TTRY]
Snlavia b o booretany o
¢ EXAMPLLS XXVII
1 the tne Vo v oot oof
on tt ot tunono e i !
. \ LN I

2 lincthat v nev ot th tru o fermer b the tar onta
from they mbe sy u onal naty g day 2
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3. Tt aperpendieutar he let £411 hom any po nt P upon its polar
prove that the distnee ot the ot ot fhus popondicular friom the
focu~ 1~ equal to the distince of the pand 22 rom the ditectin.

4. What i9 the cqution 1o the chod of the perabole y2=8z
which 15 bisceted at the poune (2, )¢

5. The munaiad « patin ty a system of puallel chordy i the
} o wola y s Lo oy 10 What s the ¢ quatwon to the cor-
pondm e diuneter !

6. P O,and R v hivcpowt cna publcand the choed PQ
eut the diawe ter e o Wl n b Opliy s PW oand @V are diawn
oy dinnetar, oo b L1 LN L

7. Twocan puat e waith cae an ey s aotecions tonch ar
apont O hon o p vt o bt oue i tan ents P
amd PO toth «ttar 1 ol tevel fn fustp reholin
P wha 1/ p 10 O A

Coordutates of anv point on the parabola ex-
pressed in terins of one vanable,

227. 1 onencomvanont to expi s llu-um.uhuu’w
:
of iy poant orch a1 te e of ae vy anhie

I wlcw o r 0 v .

alw g ety he e th o
- '

Floweo 4 aho vihee o s dhe pornt

i
I '

he vt cun Lo Ve o dins e n pod o the
tince m the vane whno hoth v o Ut the pora mnkes

with 1l I~

N
Lhe o ranm o the taingent vt p oo,

and the norw v In e 297 toumnd o

) ”"
my 0 da
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228. I'he coordinutes of the pomt could usy Le ex
pres ol terms of the e ot the novmd at the poryg
this ¢ s ats coordinttes ve wrr and = 2

The vquinon ot the tangent ot the poant e —tn
1 by At 205

* . muy, o+ a0
ind the ¢quation to the normad 1

4 ¢ the o
.

229. Ine unplot ub titutom covad ng bhoth negn
tive siens and tractions)
x=at? ! y=2at.
. .
Lhe o vidues sty the squaiton e

the cquition to the tucent amd novmd at the poat
(il 2y ae by Ares 200 anl L0g
»

. tr 7 .
i ;) ! Yat ot
.
Phe vquation to the ttullit o pomn
(et oy wad ‘
1~ sl tonad to he °
.
¢ ! 4 t/
The tingents o the |oants
te! nl o Y
(313 1y o !
»
and ty "
Phe pomt ot mtas ction F o Ctwo tu gents g cloady
Yt wu [
.
The phint whose coorlu ves we cal Zaf) tor

evity, be called e pomt f

In the tollowing uticles we shul prove come unportant
propaties ot the p ualolo nnbkme use ot the bove substa
tution
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280. If the tangents at I’ and Q meet in T, prove that
(1) TP and T'Q subtend equal angles at the Jucus S,
(2) ST2=S5P.5Q,
and (3) the trianglcs SP T and STQ are simular,
Let P be the pomt (at-, 2at)), and Q be the y
pont (ul,'-'.‘?nl.,), <0 that (Art. 229) 7' 16 the pont XA
tabity, a(ty 1 ). ' Ugfl- /U
. 2ut
(1) The equation to SP 1<y “ ‘“ (r a),
1,0, (Il" 1)_1/ 2004 20t 0
The papendwcuwla, 11, hom [ on ths
stimight line
altd D O U ar it Baty o (7 ) ()
N R TR T 4l
a(ty ) o
Smmlah 71 hy the sune nuomencal vahe
The w s 2L and s 1 are thadon cquad .
(2) Byoa coZachne SEoa (-t and SQ - alli1 )
e

Also SE o watt oy oy ) .
a o vt 1) o)1ty

Henc SESP S ‘
N St

t3) i and e angles TSP and IS are cquil, the

s
trangsles SPIH and ST ve snmla sofhu

2NQU NI and 2SI LS
-

231. e wrea of e tianetc dovmed by thice pornts on o«
parabola o tiice the woa o the tangle formed by the tannts at
thew point

Lt the tloce pomts an the paraboia b

(tty 2at)) (ar =, 2at ), avd (at ', 2at)
The wovof the rnngle founcd by thece pomnts, by g 25
ply (2at_ 0 Zal ) at 2at, 2uh) ValF(2at 2ty
. [T B AT A MR PR N
The mter rctions of the fangonts at theve pomnts are (A1t. 229)
the points +
tat b ) et it ant p 1)), and futt | a(tg ).
The aren ol \h finwgle formed by these thice pots «
~Yal ety ar) att aly aty) Faty (aty-at)!
=ha’(t 1ty )y ).
The first of the « aicas 15 double the second.
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2382, The cude cucwmsaihing the triangle formed by any thyee
tangonts to a parabola passes through the focus

Let P, ¢, and R be the pomts at which the tingeuts are diwwn
and let their coord uites be

(aty, &at), (ut -, 2at), and (al -, 2at)
As m Are. 229, the tingents at ¢ and Rantersect mothe point
fat ty, agt 1))
Suniluily, the other pans of tun ants mect W the prnt
fatit,, o (f ) and jatt, a (i t)
I ¢t the cquation to the Tl be

vy 2q00 20 0 N
Smce it pa sy throush the |b(‘\ ol e pounds we hve
al by a(t, Ly 2qatg ddat #) o B (K]
wloly a il ) 4 dgalty 2a(t 1) 0 1)
and att=ya (t0 by 2aatit v 2a(ty t)y 0 (t
* Bobtiwtmg (3) from (2 and dnadmg by o (0 1), we ha
b ailt (& byt B 2t 20

[ ]
Sumlualv bom () md (1) we e
edlt, (t tYy t 4 . vy o0
From those two cquition w hawe

EN] a(l 1ttty 0t)anl Yy s tont ]
Substitatmeg the ¢ vaune 11 ¢2), we obtnin
o1, e .

Toe equrtion (o *he ¢ iede 1 thadton
TR AT I | G O S A Y BT (PO A A R |
Pt trogry 0,
whoch elculy rocs thioe It b twu (0

#R33. 11 O b any puit St ai anl POP b iy chond
passena threwge O and o TV LV e the ovdinate of P and 1,

.-gr.ou.tlmr W tu 1o, ant PV 11 fa 10O

Let O bo the point (& 0) aind It 2> wd 17 be the ponts
(nt; 2a)) .mvl (1t 2at)
The equation to PP 15 by it 253,
o4ty 2 2atd
If this pass thioush the punt (A, 0), we hive
2 2atyt,
h
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¢
Hemce  AM.AM'—ati.atp=a’.h=1= A0}
*

and PM . PM’ =2at,.2at,. - {a? ( - ll:)z -4a.40.
Cor. I’O be the focus, 40=na, and we have ¢

it =—1, e t;=~ -
Y
~2a

The poml.s (at)3, 2aty) and (' v,

) are therefore at the ends
of a focal chord

234. To prote that the orthocentie of any triangle formed by,
three tangents to « parabolu lies on #he drrcctrie

Let the equitions t) the three*tangents be

a »
yomt .
a gy
‘ yomes e
a
and y mgr+ m, R (3).

The pont of wtr~cction of (2) and (3) 1s found by solving them,

to be
‘ a l
- lmamg’ (m_ My j

The equation to the straight lino thiough this puint perpendicular
to (1) 13 (A1t 64)

1 1 1 a
y—al — ] ,
m,  m, m, man,

v 1 1 1
e Yo m, -4 |_mJ : , ! mlmeJ ’ “‘
Bumilarlv, the equation to the straight line thiough the intersection
of (8) und (1) pcrpendicular to (2) 15 LIC RN

LA . 1 . .
. vt my o \my m,' m.m,m, @)
and tho equation to the straghf Line through the mterseotxon of (1)
and @) perpendicular to (3) 1s

L
_Ta-l+—]—-l—1) . {8)
ey my o omy o mprgmy
The point which 13 common to the straight lines (4), (3), and (6),
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i.e. the orthocentre of the triangle, is easily seen to be the point
whose coordinates aro L 11 L
B=-u, y=a (;.:,ﬂ:r,* g .,7,;;:;,.-,)-
and this point lies on the directrix.
L]

* *  EXAMPLES. XXVIIL

1. 1f w be the anele which a foeal chord of a parahola n;al\ewwith
the axis, prove that the length of the chord is {a cosec- w and that the
perpendicular on 1t from the vertex 18 4 win w,

2. A point on a puinbola, the foot of the perpendicular fiom it
upon the directriy, and the focus a1e the vertices of an equilateral
triangle. Prove that the focul distance of the pows 15 ecqual to the
latus rectum, . .

3. Piove thdt the semu latus-rectum 18 & haimonic mean between
the seguients of any focal chod.

. If T bo any pnint on the tungent at any point £ of a parabola,
and if 77, be perpendicular to the tocal radws 81’ and TN be perpen-
dicular 10 the direetrix, prove that 51, - F'\

Hence obtgin a geomdirical construction for the pair of tangents
drawn to the paiabola from any point 1.

5. Piove that on the axis of any parnbola there 1< a certamn point
K which has the property thataf o chord PQ of the parabols be diawn
through 14, then .
1,1 -
Ph- QA4
is the sae tor all positions of the chmd.
8. The nonnal at the point (h?, 2at)) mcets the paabola again
in the point (at;?, 2at,); prove that
%=t
. t
7e A chord is & normal to a parshola and i» inelined at an angle
¥ e axis; pove that the area of the triangle formed by it and
Jthe tangents at 1ts extremities is fuZcec! @ cosec? o,

8. If P@ be a normal chord of ﬂ;p parabola and if S be the focus,
* prove that the locus of the centroid of the triangle SP0Q is the curve
. 86ay® (3z ~ 5a) ~ 8ly¢.=128a4.
0. FProve that the length of the intercept on the normal at the
point (a?, 2as) made by the circle which is described on the foeal
distance of the given point as diameter is a \/1+12 *
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10. Prove that the area of the triangle formed by the normals to
the parabola at the poinis (at2, 2at)), (at,?, 2at,) and (a:,’, 2aty) is

2
(—'2“ (8= 1) (13— ) (= 1) (4 + 1y +29)%

11. Prove that the normal chord at the point whose ordinate
i8 equal to its abscissa subleuds a right angle at the focug.

.

12. A chord of a parnhola passes tlirough a point on the axis
(outside the parabola) whose distance from the vertex is half the
latus rectum ; prove that the novmals at its extremities meet on the
curve.

13. The normal ut a point P of 3 purabola meets the curve
again in (), and 7' is the pole of P05 shew timt T lies on the diameter
passing through the other end of the focal chord passing through P,
and that 1" is biceoted by the dirgetiix.

14. If from the verlex of a parabola a pair of chords he drawn ai
right angles to one another and with these chords ag adjacent sides a
rectangle be made, prove that the locus of the tnrfher angle of the
rectaugle iv the purnbola R
¥ (- 8a),

A series of chords is diawn so that their projeciions on s
straight line wlueh is imelmed at an angle « to the axis uie all of
constant length « - prove thut the locus of their middle point iy the
curve ¢

W= dar){ycose s 2asina)t vated- 0.

16. Thove that the locus of the poles of chods which subtend a

right angle ab a fised poind (b 4) ixg
ar® ot v ohed  Bak)ar - 2aky 4 a (h*4 17) =0,

17. Prove that the locus of the middle points of all tangents

drawn ftom pointe ou the dicetnx to the purabola is
e @) a(deta)f.
18. Prove that the erthocenties of the triangles foimed hy thiee

taugents and the coriesponding three norwals to a parabolu are
equidistant rom the axis, :

19. T is the pole of the chord P¢; prove that the perpendiculars
from P, T, and ¢ upon any tangent to the parabola are in georaBtr {0l
progression,

20, If ry and o, be the lengths of tadii veetores of the parabola
\;'lliuh are drawn at 1ught ungley, to one another from the vertex, prove
that

r,jr.ﬁ-.-_-l(‘m’-‘ (rl?-i r._.g). ¢

21, A purabola touches the sides of a triangle 4BC in the points
D, E, and F vespectivcly ; if DE and DF ent the diameter through the
*point A in b and ¢ rospectively, prove that 226 aud Ce are parallel.,
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99, Prove that all circles deseribed on focal chords as diameters
touch the directrix of the curve, and that all circles on fucal rudii as
diameters tough the tangent at the vertex.

28. A circle is described on a foeal chord as dinmeter; if m he the
tangent of the inclination of the chord to the axis, prove that the
equation to the circle'i's.

2 4ay
o 02,0 o “N - ~-3a?.:0,
24y a.ﬁ(l i m.,) m T dat-=0

24. LOIL' aud 30OM are two chords of a parabola paseing through
a point O on its axis. Prove that the radical axis of the circles
deseribed on LT/ and MM’ as®diameters passes through the vertex of
thie parabola.

25. A circle and a paraboly interseet in four points; shew that the
algebraic sum of the ordinatcs of the four points is zero.
shew also that the line joining o1 pair of these four points and
the line joining the other pair are equally inclined to the axis,

26. Circles are drawn through the veitex of the parabola to cut
tife purabola’ orthogonally at the other point of interseetion.  Prove
thaf the locus of the centres of the cireled is the eurve

. 2% (297 4 22— 12a0) —ax (e 4da) '
27. Prove that the equution to the circle passing thhough the
pointa (at;?, Zat;) and (at;?, 2aty) and the iutersection of the tan-
gents to the parabola at these points is

Byt r ) EE) ane(ty 0 (L= tt) bty (2 -1, <0,

28. TP and T'Q are tanzents to the parabola ane.the normals at P
and @ meet at a point R on the curve; prove that the centre of the
eircle civeumseribing the triangle 72°¢) lies on the parabola

Q- a(r al

29. Through the vertex .t of the parabola y? - 4ar two chords 4P
and 4Q are drawn, and the cigeles ou AP and AQ as diameters
intersect in . Prove that, if 4, 4,, and ¢ be the angles made with
the axis by the tangents at I’ and ¢ and by AR, then

— - cot 0, +cot 0, +2 tan ¢ =0.

80. A parabola is drawn such that cach vertex of a given triangle

is the pole of the opposite side # shew that the focus of the parabola

. lies on the nihe-point circle of the trins.gle, and that the orthocentre of

the triangle formed by joining the middle points of the sides lies on
the directrix.



CHAPTER XIL
THI YARABOI A (continned)

[On a first reading of this Chapter, the student may, with
advantage, omit fiom Art 239 to the end |

Some examples of Locl connected with the
Parabola. .

235. Bx 1. *umd the locus of the 1mtersection of tanqgents te the
paravolty Lt tn angl letwcenthom beang aluays a gix n angle a.

The strarvht in o ey :‘ 19 alw 1ys a tangent tq the parabola.

If 1t pass throu h the pomnt T (i k) wec
have
mh mkra 0 . ()]
If i, and m, be the 100ts of tlus cquation
we have (by Art 2)

k
mykmy, (2),

and (3),
and the cquations to 1P and ¢ are then
a
¥y omyr- and y=m 4

Hence, by A1t 66, we have
" M. »,/(;n,+m,):__ dnym,

tana —
° 1 +mym, 1+mm,

\/ k- ta hd

Bh k- tah

-———“a =N ath by (2)and @)
h
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k3~ 4ah=(a+ h)*tanda
Henco the coordinates of the point T’ always satisfy the equation
y? - 4az=(a+)*tana

We shall find 1n,a later chapter that this curve 15 a hyperbola

As a pariscular case l¢t the tangents mtersect at right angles, g0
that mym,= -1

From (3) we then have h= — a <o thit 1n this case the pomt T' Lies
on the straight line x ~ - @, which 14 the dneetnx

L]
Hence the locus of the point of intersection of tang nts, wineh cut
at 11ght angles, 19 the dnectiix

Bx. 3. Piove that the locus of the poles of chords which are novmal
to the parabola y —tar s the cund o

y2(t +2a) +4at 0

®  Let I’Q be a chord wluch 15 normal at 22 Its equation 15 then

[

. y m: 2am amt . (1)

Let the tangents at I and @ mtersoct i 1, whose coordinwgs are
h and L, rodhat we 1equne the locus of £
Since PQ 1 the polu of the pomt (h, 7) s cquation 1s
wh—2a(rih) (2)
[ ]

Now the equations (1) and (2) 1epresent the gie straight ine, so
that they must he ecquvalent  Hence

24 , 2ah
m wmd  2am am

} h

Ehmmmg m, 1 ¢ <ub titnting the value of m fiom the firet of
these cquations m the sccond, gve Litve
fa 8 2l
h 157 &
t.e. h=(h+ 2a) | 4a3 -0,
The locus of the point I 14 thaefore

¥ (zH 2«1).+4a,"=0
L]
Bx. 8. Find the locus of the muddle points of «hmds of a parabola
which subtend a 119ht angle at the vertez, and proi e that these chords all
pass thiough a fired point on the axis of the curve
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First Method. Lect P’Q be any such chord, and let its equation be
YME+Cous o eerinnn (1).
The lines joining the vertex with the
points of intersection of this siraight line
with the parabola
Yi=dar. ... ....(2),
are given by the equation
y*e=4ar(y - mr). (Art. 122)
These straight lines me at 1ight angles if
¢ +dam 0, (Art. 111)
Substituting this value of ¢ in (1), the
cquation to I’Q) iy

Yom(r ) L (3).
This straight line cuts the axis ¢f z at a constant distance 4a from
the vertex, i.c. 4.1" - {a. -

If the middle pomt of PQ be (&, k) we have, by Art. 220,

20

Ix'-m I R (4).
Also the puint (A, k) lics on (3), so that we have ‘
° ¢
E m(h=4a). . . ... ... FOSTPT (5).

It between () nud (7 we eliminate m, we have
La
k 1: (h - 4a),

i.e. Mo 2 (h ; da),
so that (7, k) always lics on the parabola
Y= 2 (r  4a).

This is a parabola one half the size of the original, and whose
vertex is at the point .4’ through wiuch all the chords pass.
; ?o;otml Method. Let P be the point («t,2 2at,) and ¢ bo the point

at,?, 2at.). ‘
"]‘ho tlzngents of the inclinations of AP and 4Q to the axis are

2 ﬂnd g . ¥ v vt
1 t
Since 4 and 4Q are at right angles, therefore
22y,
ty
ie. Ht,=-4.......... .(8).

Ag in Art, 229 the equation to P’Q is
(t,+t) y=2x +2atyt,. A7)
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This meets the axis of = at a distance ~atyly, ¢.¢., by (6), 4a, from
¢ the origin.
» Also, (b, k) being the middle point of PQ, we have
Sh=a(t2+8.%,
and “ J . 2k =2a (¢, +2). %
Henee o o k¥-2ah=@?(t,+1y)?—a®(t,2+145%)
=2a%,t,= - 8a%,
80 that the loous of (A, "K) ie, as before, the parabola
Y32 2a (r - 4a).
Third Method. The equation to the chord which is bisected at
the point (h, %) is, by Art. 221,
k(y k) =Ta(zx-b),
i.e. hy - 2ax=k3~ 2dh . (8).

As in Art. 122 the equation to the straight lines joining its points
of intersection with the parabola to the vertex is

. (49— 2ak) y'=daz (ky - 2az).
These Ifnes are at right angles if
o (k2 - 2ah) + 8a2=0.
Hence the locus as before.
Also the equation (8) becomes
ky - 2ad= - 8al, .
This straight line always goes through the pont (4a, 0).

EXAMPLES. XXIX,

From an external point P tang¥nts are drawn to the parabola; find
the etq:aﬁon to the locus of P when these tangents make angles ; and
0‘ with the axis, such that

1. tano, ttan g, is constant (=).

2. tand, tan 6, is constant ( =c).

8. cot 6, } cot g, is constant (=d).>
‘4, 0y+0,is constant (=2a),

5. tentd,+tan’s, is constant (=),

8. 0088, 008 b, is ponstant {=u),

¢ L 14
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N . s
7.~ Two tengeénts to a parabola meet at an angle of 45°; prove that
the {60us of theis point of intersestion is the curve -
¢ a"'f"‘- PR A yi—daz=(z+a)s

&t

B "mpumum andeot%".pronthﬁtholoogxs“g\% r
x‘; <

et q&%‘; < yi-8s2-10az-Bat=0., ¥F.
Q«‘;*ﬂé; A, tangents are drawn which are eq: ined to a
straight line v;?au inclination to the axis is a ; prové that the losus
of their point of intersection 1s the straight hug + st ' oo
A y=(r-a)tan2a. e
@, “Prove that the locus of the point of intersection of two tangents
which intercept a given distance 4c on the tangent at the vertex 1s an
equal parabola.
,.JO. Shew that the locus of the point of intersection of two tangents,
which

with the tangent at the virtex form a trinngle of constant area
%, is the curve * (y? — 4az) =4ct.

41, If the normals at P and Q meet on the parabola, prove that
the point of intersection of the tangents at P and @ lies either ot a
eertain straight Iine, which 1s parallel to the tangent at the vertex, or
on the cmave whose equation 18 y? (z + 2a) +4a2=0,

12. Two tangents to a parabola intercept on a fixed tangent

ents whose product is constant; prove that the locus of their
point of interscction 18 a straight line.

13. Shew that the locus of the poles of chords which subtend a
constant angle a at the vertex 18 the curve

» +  (e+da)y=4cot?a (y? - dav)

4. In the preceding question if the constant angle be a right angle
."fhel locus is a slt)ralght Iine perpendicular to the axis. right ang

»

~ 15, A goint P is such that the straight Line drawn through it
cular to 1ts polar with respect to the parabola y*=4az touches
parabola 2?=4by. Prove that 1ts locus is the straight line

2az+ by + 4a*=0.
¥
18.* Two equal parabolas, 4 and B, bave the same al i
ms ve their concavities turned in 3ppomte direction® ; pmm
the locus of poles with respect to B of tangents to 4 is the parabols 4.

i
. Prove that the locus of the poles of tangents to the parabola
y'i" With respoct to the cirile ﬂﬁ’:m 18 the cirole 2%+ y*=aa.

the locus of the poles of tangents wm"b@

ylla&m with xespect to the parabola y®=4bz is the
' "g’-%:w.
o & w ..



mt of the straight line x=my+h
amggla. y?=4azr which xs bisected at .the’

thcz 5eho:d ‘of. m p
thyt it y; touches the parabold

""" 86, *Two patabolas have the same axis and tangents a’l‘% dmm
‘the second from points on the first ; prove that the locus of the middle,-
Emts of the qrds of contact with the second parabola all lie on a-

Prm:haﬁ the locus of the feet of the perpendioulaxa 'ﬂuwu
the parabola upon chords, which subtend an ungls

of 45° at the wbrtex, is the curve
r‘-?-iarooso-i-wa‘cos% =0.

ks 236.'#0 prove that, iy general, three 1wrma{:zg

d:mﬁommy point to the parabole and that the
.of the, a’zdwmtes of the feet of these thres

Y Art:
%bola Mthe pomts whose coordl- ) ;
{ €and — 2am.... )

-W\"Q..n«
Bio

mn—« LAt ead v-(a)’
v #1l4—2
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This equation, being of the third degree, has three
roots, real or jnaginary. Corresponding to each of these
roots, we have, on substitution in (1), the equation to a
notmal which passes through the point O. .

Hence three normals, real or imaginary, pass through
any point O, . oo

1£ m,, m,, and m, be the roots of the equation (3), we
have, by Art. 2, Ex. 2,

m, +m,+ m,=0. ! :

1f the ordinates of the feet of these normals be y,, y,,
and y;, we then have, by (2),

Y+ Yot Ys=—2a ey + mg + my) = 0.

Hence the second pact of the proposition. *

'We shall find, in a subsequent chapter, that, for certain
positions of the pomnt O, all three normals are real; far
other positions of O, one normal only will be real, and the

other, two imaginary. .

287. Bx. Find the locus of a point which is suckh ghat (a) two of

the normals drawn fiom it to the parabola are at right angles,
) the three normals through it cut the axis in points whose distances
om the vertex are in arithmetical progression.

pormal is y=mz —2am—ar-S, and this passes through the
Pﬁnﬂlo kit
am*+ (2a—h)m+ k=0 RO vrens (1)e
* If then m,, my, and my bo the roots, we have, by Art. 2,
M+ Mg+ My=0,000 o vivre viinens ceine enne{ @)y
2a-h
Mgy + Mgy + MM =" "+ (eees bt ten (8),
k
and MMgy= = e e e (4).

{«) If two of the normals, say m, and m,, be at right anglme
have mymy= -1, and hence, from (4), m,zg .

"

The quantity s is therefore a Toot of (1) and henoe, by sabstitution,
we have ” . *

{.e. «F=a(h -;a).
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..\? ’
locus of th h, k) i therelore tho parabola yi= 8a
whose vertéx ntho pomt ( 0)) md, reotnmE on:-gwm)-

tbl.toﬂhem Son

mmimmmtheﬁmotmwmm ,:‘
* The'noringl i mz's 2an *am® mests the axis of t

ho‘fz ‘distancd’ &the vemx‘u Ba+am?,’ -The m&é@hﬁo’im

uestion a0 e U

gzai-am’)ﬂﬂawm’)sﬁ(?ﬂ%').‘ P

S ’_ m,’-i-m,’-ﬂm,’. Ceeveresreri e ees s tren .(5) .

: elim) , and mg from the equatwm (2), (3), (4), .

md (5) we ghall ho.ve a relanon tween h and k.

From (2) Bnd (B), we have
SR ..mlm,+m,(»!1+m,) m,m, Mme? Ll () .
' Alio, mand @ give o
: © Bma¥== (my +115)? ~ 2imymy = my3 ~ 2mymy,

e : Mgl + 2mymg=0........cccucernrnnnnnn. voree(T)e
Eolving (6) and (7), we have S

2a—h
8a

. m,m,.. h, and ml=-2x

Snt;sﬁtnting these values in (4), we have

%-h\/"m2a—h k
5a NV %8 =~ o

ie 27ak3=2 (h - 2a)’, N
sothatthereqnuedlocusm ' oo
 2Tay?=2 (z— 2a)’ AN

the normals ¢t three points P, Q, and Rm«t {n a
pm:t’om.?bcg;cfom, prov that SB. SQ. sh?.a. 809, ‘
As in the primous qnestlon we know that fle'normals at tho
ubem ( m,), am,, 2am;) and (amy?, — 2amy) meet in the-
poin&:(h, k, if )
o IR m‘+m,+m,==0 serniene TR NePRe ¢ ) §
Mgtig -+ Mgy + Mg = R ¢

- m,u,m.= -'E ..lu..'............,..........(8),

o

ByArtn m we have ¢
i, BPSE (L), SQe +m:'» M"&Il ~aimd.
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4

Homce “# gp 59 sr
a'

) ulﬂm‘+mﬁ+m’)+(m.‘m’+m.’M;’+m1’m’)+m¢'mfm'-
. * Also, fiom (1) and (2). we have

=(1+m®) (1+m.?) (1+m)

' T T34 T3 = (10 -y + )2 B (Mg - gy o+ Ty ma)
A 4 ¥ h-2 . '
£ i =2 —, ‘¢
a A
and ’w
TRy RS 4 TS (10 ) - Dt i, 4 g+ )
.—_("‘ag“)', by (1) and (2) .
SP SQ SR Tr~221 h-2a\? &2
“ m ————r ='1+a—~a— +< ‘a ‘) +;‘
» (R-a)l+& _ 50t
=~ —_— ——
’ a- a’’ .
* 4,6, SP SQ SR-_S0%. a "
Ty R € ¢
EXAMPLES XXX. .

3
Find the locus of a point O when the three normals drawn lroga
it are such that .
1." two of thene make complementary angles with the axis

. 2. twoof them make angles with the axis the profjuct of whoss
fangents 18 2

8, one biseots the angle between the other two ¢

4, two of them mako equal angles with the given line y=ms +-¢

5, the sum of the three angles' made by them with the axis 18
constant

8. the area of the trangle formed by their feet 15 constant twemwr

Y. the lme joiming the feet of tno of them 1s slways i ajiven
directioh. .

The mormals at three ponts P, Q, nndRofthpmboth =daw
mmmapomtOwhmgommamhmdk.ptowmgvy’ Y

8. the centroid of the trisngle PQR hies on $he axis, 4

9. the point O and the orthogentre of the i foxrmed by the
tangents ntp,lg. @, and R are sqmdistant from tha : . by
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10, if OP snd OQ make comglemanury angles with the axis, then
thaotingentnnitpqulnehos .
1. the sum af the intercepts which the normals cut off from the
wabia), > Wit
12, the sum of the squares of the nidés of the triangle PYR {s
equal to 2(% - 2a) (k¥ 10a). ,
the Yirfle circumscribing the triangle PQR goes through the
v.%%: end jia equation is 3273y - e (h+2a) - ky =0
14, if P b fixed, then QR is fixed 1n direction and the lotus of
the centre of the circle ciroumseribing PQR is a siraight hne.
15. normals are drawn to the parabola y?= 44z cos a from
any point lying on the straight hine y=bsma. Prove that the locus
of the orthocenire of the triangles formed by the corresponding tan.

2
gents is the onrvez-:-r!bi, =1, the‘e?gle a bemng variable,
e

16. Prove that the sum of the angles which the thres normals,
drawn from any point O, make with the axis exceeds the angle which
the focal distance of O makes with the axis by a multiple of .,

14, Two of the normals drawn from a point O o the curve make
complemegtary anglés with the axis; prove that the locus of O and
the curve which is touched by its polar are bolas such that their
latera reota gnd that of the original parabola form a geometrical
progregsion. Sketch the three cuives.

18. Prove that the normals at the pownts, where the straight lide
lgwr.‘:mmeoh the parabola, meet on the normal at the point

('—ir? —7_) of the parabola. * - .

19, If the normals at the three points P, @, and R meet in & point .
and if PP, Q¢’, and RR' be chords parallel to QR, RP, and PQ
remﬁvely, prove that the normals at P, Q', and R’ also meet in &
po!

20. If the normals drawn fgom any point to the parabola cut the
line 2=2a 1 {omu whose ordinates are 1n arthmetical progres-
sion, prove thet the tangents of the angles which the no: make
wiiiihethe axis are in geometrical progression. 4

21, PG, the normal at P to a parabols, cuts the axis in G and s
p t0 Q@ 8o that GQ=§PG; prove that the other normals
which pass through Q intersect’at nght angles.

22, Prove thai the equation to the cirele, which passes through the
focus pyit touches the parabola y* =4az at the point (a3, 2at), 1§h
w T al4yd-az (863 +1) ~ay (8¢ - t%) + Ba%2=0,

Prove also that the locns of its aentre is the curve
~i av by onne wa"g(“" a”"l‘?}."



o’ Bhpwihn.nhreemmlescanbedrswntotolwhspmbohsn&
ﬂsqtdtouohltthefmmamven ht line passing through the
fagu-,andprow that the tangents at point of oontsot with the

Zq;nﬂ{t# qguih.tenl triangle. ‘_;, ri. ’,
e ;

int P are drawi. tangents P ﬁd /ior

gghwpom drawn through the fotusto tdhch tha pora,-

iﬁ Q nnﬂzn res%echvely, prove that the commomwchord of
passes through the centroid of the‘triangle FQ :

25 Prove ‘that the loous of the centre of the cn'cl ¢, ‘whic!
mthmugh ¢ Vertex of a parabola and through jts inteupaﬁons with a
-mormal ehord, is the parabola 2y*=az -*al, Cewd .

A
28. A vcircle is described whose centre is the veriex and whose
“dismetet is three- 011 uarters of the latus rectum of a parabola: prove
$he.common chord of the circle and parabola bueoh tlu distance
gen the vertex and the foocus. .

27 Ptove that the sum of the angles which ths tour common
ttngents to a parabola and a circle make with the axis is equal
w4+ 2a, where o is the angle which the radius from the focus to
eeutre of the cirole makes with the axis and » is an mtoget. -

28 PR and QR are chords of a parabola which are normals at P
md Q. Prove that two of the common chords of parabola and’
the cu'ole circuinseribing the triangle PRQ meet on e directrix.

29 The two parabolas y?=4a(x-1) and x3=4da(y-l) always
touch one another, the quantities  antl ’ being both va.my ble ; :r:’«}.
that the locus of theu' point of coxtact is the curve .-py=4¢f

30. A parubola of latus rectum I, touches a fixed eqna.l ﬁboh.
" the axes of the two curves bemg pura.llel, prove that the locun of the
vertex of the moving curve is a parabola of latus rectum 24

81. Thesides of a triangle touch a parabola, and twa o! its ungulu
ints lie on another parabola with its axis in the same 'direction ;
prove that the locus of the third augllar point is another parabola.

BE +239. . In' Art. 197 we obtained the sxmplest W
iorm of the equation to a parabola.

. We:shall now transform the origin and .Ixes m the
moaﬁ general manner.’ } . .
"Let the new origin have as coordinates (I;, I:),&d let

the new axis of « be inclined at 6 to the origina.l axis, and
let the new.angle, het\yeen bhe a.xes be P A e
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By Art. 133 we have for = and y to substitute

20088 +y 008 (o +0) 4k,
and A ein 6+ ysin (o +0)+ &
respectively.. |

The equation of Art. 197 then becomes
{xsin O +ysin (o +0) + kP = 4a {iw cos 6 + y cos (o’ +6) + A},
.0
{x sin 8 + y sin (v’ + O} £ 22 {k sin 0 — 2a cbs 6}
+ 2y {k sin (o + 0) —2a cos (v’ + 0)} +K*~ 4ah O
. e (1)

This equation is therefore the most general form of the ,

equation to a parabola.

o« We notice that in it the terms of the second degree
alyays form & perfect square.

o .
240. 7o find the eguation to a parabola, any two
tangents to %t being the aves of coordinates and the points of
tact being distant a and b from the origin.
By the last article the most general form of the equa-
tion to any parabola is * .
(Az+ ByY + 290+ %Yy re=0.ernnnnn (1)

This meets the axis of 2 in points whose abscissae are
given by

A2+ 29c+¢- 0. .. oevieinn (B

If the parabola touch the axis of = at a distance a from
the origin, this equation must be equivalent to
i &

A (x-a)l=0............ vevereees (3).
Oompo:ring equations (2) and (3), we have
g=—d%, and e=d%" ........ ...... 4).

Sidtilarly, since the parahola is to touch the axis of y
at a distance b from the origin, we have

«  f==B%, and o= B .......coonnrne(B). .
! Loav ) s y %
oW B rn Y v e
A A
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F¥rom (4) and (5), equating the valuaes of ¢, we have

. B = A%,
80 thut Bo 2 AF . iopr i (6).
Taking the negative sign, we have Al
1;.=_.4-5, g~=—A%a, f.-—Af‘;;, and ¢ =A%

Substituting ‘these values in (1‘) we have, as the required
equation,

(.z,—— y) —-Z(u.'--). by+a, =0,

. w« y\' _ 2r 2y R ,
ie (a A e R %
This cquation can be written 1n the form -
A 4xy
G210 .
. v, Y <y
t.e ' 1 &2 P

(i)
\/a \/”_1.. ......... e - (B

[The radieal signs in (8) can claarly have both the positive and
negative signs prehxed. The differ«nt equations thus obtained corre-
spond to different portions of the curve. In the fignre of Ar
the abscissa of any point on the portion P4Q is <a, and the ordinate
<, so that for this portion of the curve we must take both signs
positive. For the part beyond,P the abecissa is >a, aad - >£
that the signs must be -+ and —. For the part beyoud Q the
ordinate is >b, and %sa, go that the signs must be ~ and +.

There is clearly no part of the curve coiresponding to two negative
signs. ] &
« L 2 o

rta

w Y.
LY Al
DR YA P
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241. Tf in the previous article we took the positive
sign in (6), the equation would reduce %o

(rf)-2-Formo

i.c. . (E-'-:z-—l)tao.
a b

This gives us (Fig., Art. 243) the pair of coincident
straight lines P@. T%xis'pa.ir of coincident straight lines is
also a conic meeting the axes in two coincident points at 7

 and @, but is not the parabola required.

2423. 7o find the equation®to &he tangent at any point
(=', ¥') of the parabolu

v, [y
\/a \/b L.

*
Let (=, ") be any point on the curve close to (%', ¥').
The equation to the line juining these two points is

ey ,
y-y-= J,,_-:/,(,-_.T). v ree eee o (1)
L

But, since these points lie on the curve,*we have

&’ 'y v v’
\/;,L \/3 1 \/;4 -2-.......(2),
\/_y’"—-./!}, JF
50 that i e eerriiees ceeena- 3).
i J.E” _ J‘L‘l Ja ( )

“* ™The equation (1) is therefore ’

= /y""_ '\/i/-_' \/?*:'\/37
b @)q Y= Ja—dx Ja:T’-_+-/.?(w—x’)'
or, by y
- '_...‘V.b‘*/:‘;—"""Jf o
Y-y = J; :]w—m‘;;(@—- ) ......... (4)-
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The equation to the tangent at (x, ) is then obtained
by putting 2" =« and y” =y, and is
__ Ny ,
vV Ve O

- @ y 17’ . y’ L]
Co + - = T=L sieen seee g
e Jaz * Jby \/;*«/b 1o (8)

This is the required equation.

[In the foregoing we have assumed that (¢, y') les on tl;e portion
PAQ (Fig., Art. 243). If 1t lie on either of the other portions the
proper signs must be affixed to the radicals, as 1n Art. 240,]

Bx. To find the conditign tléat the straiyht line ;-l- %= 1lmaybea
tangent.

This Iine will he the same as (3), if °
J=afaZ and g=Jby, e
80 tbs;t \/"Ef =L and 1/_7_ g )
a a’ [N .
Hence £ + 9 -1,
e b

s . . f? g7

This js the 1equired condition; also, since x’=-'i- and y'= b

. . . s - [r? g?
the point of contact of the given line is (a. N b)'
Similarly, the straight line lr+my=mn will touch the parabola if
-’—'-+ "1
al " m

243. 7o find the focus of'the parabola

[z \/y
.I ;+ -b~=1.

TLet S be the focus, O the origin, and # and @ the
points of contact of the parabola with the axes. °

Since, by Art. 230, the triangles OSP and Q§O are
similar, the angle SOP angle SQO.

Hence if we describe a circle through 0, @, and 8, then,
by geometry, OP is the tangent to it at 0.



PARABOLA. TWO TANGENTS AS AXFS. 221

Hence § lies on the circle passing through the origin
0, the point @, (0, b), and touching the axis of x at the
origin.

The equation to this circlé is
W24 92y cos 0+ =bY ureeaernnn ).

Similarly, since 2 SOQ =2 SPO, N will lie on the circle
through O and P and touching the axis of y at the origin,
f.e.son the circle

4 P2y coso+y ar ... (2).

The intgrsections of (1) and (2) give the pvint required.
On solving (1) and (2), we have as the focus the point

( ab? a?h _ )
a* + 2ab cos w + 6** a?+ 2ab cos 3:+b‘~' ’

244. 7o find the equation to the axis.

If ¥ be the middle point of PQ, we know, by Art, 223,
that OV is parallel to the axis.

Now V is the point by b).

9 o
a« ndlence the equation to OF is y- %a:.
The equation to the axis (« line through § parallel to

- OY) is therefore .
@ --.b(m . -,-)
Y@ 28 cosw+0" a\" " @ T 2bconwt b/
ay —bax- ab (a” — b))

a*+ 2ab cos @ + &°
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245. 70 find the equation to the directrix.

If we find the point of intersection of OP and a
tangent perpendicular to OP, this point will (Art. 211, y)
be on the directrix. .

Similarly we can obtain the point on 0@ which is gn
the directrix.

A straight line through the point (#, 0) perpendicular
to OX is £

y~=m(c—f), where (Art 93) 1 +mcosw=0.

The equation to tlns perpendicular straight line is
then

ctyeoso=/ L (DD

This straight hine touches the parabola if (Art. 242)

J S abcos @

4t 1 re if f  ——=.
o becosw J @+ bcosw 4

€

The point ( ab s o , 0) therefore hies on the directrix.
a+blosw

abcos o

)is on it.
b +ucos v,

Sinalarly the pont (O,
The equaticu to the directrix is therefore
w(a rbeosw) ty(hracwsw) ~abeosw . (2).

The latus 1ectum bemng twice the perpendicular distance
of the focus from the durectnx - twice the distance of the

point ab? a?h
(a’+ Qabeos w + U2’ a* + 2ab cos w—+b’)
from the straight line (2)
_ AP e’ e
{@® + Jab cos o + b))V
by Art. 96, after some reduction. R
246. 70 Yfind the coordinates of the vertex and the

equations to the tamgent at the vertex.
W
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The vertex is the intersection of the axis and the curve,

f.e. its coordinates are given by .
gt a8 1
AR il i roriy? ETRSRN LV}
.
x g\ 2w 2
andby o s (;..f) ~2-Hr=0. (Art. 240),
. . 1 4
t.e. by (Z",yb' +1) == - (2)
From (1) and (2), we have
w12 a?--1? i al(b+acosw)?
4 @+ 2abcos w+6°| * (a'+ 2ab cos w - )

_ a%(a+beosw)
y= (a® + 2ab cos 0 + 53
* These are the coordinates of the vertex.
[ ]
The tangent at the vertex being parallel {o the directrix,
its equation is

(6t d ::ns o) [:r _ ab (b +acosm) ]

a + 2ab cos w + 0°)?

Similarly

a*h (u + b cos w)?
(a* + 20b cas'w + b2
® y ab
bracose  a+bcosw af F2ahcos ot B
[The equation of the tangent at the vertex may also be
written down by means of the example of Art. 242.]

EXAMPLES. XXXI.
«: &y If a parabols, whose latus rectum is 4r, slide between two
rectangular axes, prove that the locus of its focus is x%?=¢? (z?+y?),
and that the curve traced out hy its vertex iy
. .riyl (:r‘ + yd) =ct,

. rabolas are diawn to touch two given rectangular axes and
their fool are all at a constant distance ¢ from the origin. Prove that
the locus of the vertices of these parabolas is the curve

z‘+y’=c’.

+(b+acos m)[!./ - =0,

z.e
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8. The axes being rectan;’;ular, prove that the locus of the focus
of the parabola 5+}’5 -1 =7i’, a and b being'variables such
that ab=c?, is the curve (z*+y?)*=c%y.

4, Parabolas are drawn to touch two given straight lines which
are inclined at an anglo w; if the chords of contact ail pass through
& fixed point, prove that ©

(1) their directrices all pass through another fixed point, and
(2) their foci all lie on a circle which goes through the intersection of
the two given straight lines.

5. A parabola touches two given straight lines at given points;
prove that the locus of the middle point of the portion of any tangent
which is intercepted between the given straight lines is a straight

e,

.

6. TP and TQ are apy t¥o tangents to a parabola and the
tangent at a third puint R cuts them in P’ and Q’; prove that
TP TY_ | QU _TP_QR
ipt Fo=Y 20 gp= pp= ppre

7.. If a parabola touch three given straight lines, provg, that each
of the lines joining tho points of contact passes through a fixed point.

[

8. A parabols touches two given straight lines; i. its axis pass
through the poiut (h, &), the given lines being the axes of coordinates,
prove that the locus of the focus is the curve

22— y?— hr+ky =0,

9. A parabola®ouches two given straight lines, which meet a$ O,
in given points and a variable tangent meets the given lines in P and
Q respectively ; prove that the locus of the centre of the circumeirele
of the triangle OPQ is a fixed straight line.

10. The sides 4B and AC of a triangle ABC are given in position
and the harmonie mean between the lengths A8 and AC is algo given;
prove that the locus of the focus of the parabola touching the sides at
B and C is a circle whose centre lies on the line biseoting the angle
B4C. ——

11. Paraholas are drawn to touch the axes, which are inclined at
an angle o, and their directrices all pass through a fixed point (i, k).

Prove that all the parabolas tough the straight line ol
_r_ LY :
h+kseow+k+hsecw‘l' 4
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24%7. Tur «dhp ¢ v v ocome section o which the
eccentnnaaty « 15 less chan umty
® Lo frnd the rquation to an «llps
]
[ot ZA be the duectiy S the focus, aind fet 52 b
perpendicwdar to the diectin

K | K’
—m
27X
L]
Thereswill be a pomnt 4 on 87, such that
. S4 « AZ (1)
Since ¢ « 1, there will be another powt A, on ZY produced,
such ch.?t
oo S4 e A7 (2)

rl ]3
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Let the length 44 be cilled 2a, and lct € be the middle
pomt of .41 Adding (1) and (2), we have

% AN (AZ+AZ) 2 e (7

@ .

70 (/£ 3)

-

Subtracting (1) from (2), we hne
(1Z 1) SU S (S0 Ly (Od=08),
Te e 11 2N
and hena (S u €))

Let O bhe the onyin € 1 the vasof « wnd i through
C papendiculn to L1 the tas oty ¢

fet b oy pomt on the wve whos coordmates are
«udy wd e 221 he the papondhicalae apon the dinectong
and 22V tho } rpendiculu upon 1

The tocos sas the pont (¢ )
The 1t m N2 rv 7V then gives

[ ; ( !"I (A1l 20)

(X I R A A
4 "
te 1 %
al a (L e 0)
It i this equation we put 0 we hae
v taN ll ¢

shewin, that the anve mocds the aas ot 4 e two pomts,
B and 5 lving on opposite side o1 € uch that

h¢ [ Il\l 1 () (' (B
Let the length €A Ve cdled ¥, <o that

Ll

! a~l -
The aqu vtisn (5) then become

-;5,+,-b-;=1 . (6)
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248, 'The equation (b) of the previous vtk may bo
written o ‘ '
v o (ot (e Q)

b a It a

¢ VA TRV I T O |

1¢e
. o /) 17

te 1) (v Vi ¢ 1¢

Def I1he pomts {md 1 e cdled the vartwes of
the cnve L s adled the magyn va wd 47 the min
axs  Also € s allad the centre

249. \mu Soas the ﬁnmt C o ) the (quat n o
the dlip  rdonad to S wonZmes (At 128)

( rYy oy

. i 7

J

e lhe cpmaten a tened t £ s onam ad 1L od
popendicubu e as i s s

{ Y
1
/
te $ "0
’ ; 4 .
Smumlath the ¢ ption etarnc L4 /Y u 1 Zh v s e,

a
since (£ "

« /

"Mhe juttion to the cdhip e wl « frcus anmd dir etna v any
gven poiut and lme anl \\h o centicity 19 hn wn o1 o craly
wnitten drwn

Yor exfinple if th ficus lx. the pomt ( 2 3) the In tox be
the line 2r43y r =0 wnd the  «entneity be § the 1o punad equa
tion 13 = ,

(2r 374 4)
(z+2) +(y-3p~(1) 24
1e 201224181y~ 1921y 10442 2334y 1 349=0

15—2
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Generally, the equation to the ellipse, whowe focus is the point
(f, 9), whose, directiix is .l + Iy 1 ('=0, and whose eccentricity
s e, iy

(Ae+By s )
~ ) 2 !
(=Sl -7 L

250. 7here exizt a second focus and o second directrix
Jor the curre.

On the positive side of the origin take a point S, which
is such that SC ('S" o, and another point 7, such that
zo ooz "

o

Draw Z'K’ perpendicular o ZZ ) and PJL perpen
dicular to Z'A". .- *

The equation (2) of At 247 may be written in the
form

T R o S N E VR T T S TLN
7} N e L
2.0, @) ey ( l‘) . '
.
i.e. A AR L ) A0

Henve any pomnt 2 of the carve s such that its distance
from 8" is / times s distanee from Z A, so that we should
hav e obtained the same curve, 1if we had started with 8 as
focus, Z'A as direetrin, and the camne eecentriety.

251,  The sum of the jocal distances of ang point on the
curee is equal to the major aris
For (Fig. Art. 217) we have

NP e P aud NI P
Henoe

SPSP (W Py e
e L X X 2 (Art, 247
the major axis
Ao 8P . UM . NXZ . CZ.-..('N=a+ex.
and 8P . PN . NZ . (7 -r.(¥=a—ex,

where o' is the abseissa of 22 veferred to tho ecentre,
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252. Mechanical construction for an ellipse.

D the precadime vtide we can get v somple wech il
method of constructing m dlipse

Tihe v preer ot thre wl whose Jongthos the mogor s
of the gequured elhipye, wd b ten ats cuds at the pomts ¥
and S which wc o e the foa

Let the pomt ot v ponal move ou the papa the pomt
homyg alw ns mocontwt with the stung wd kagy ng the
two portions of the e between W md the paed onds
alw vve tizht M othe ond of the ponal he wmovad dioat on
the papery ~o sty satishy these condition it wall 0w ont
the carve on the papa Porgthe end ot the p nal wali 14
alw 1y~ m such o« posion thit tht cum of its dist mee tom
Sand v will be const it

. In prwctic, 1t s casar to fisten two dwing pins o N
md S md to e andles preae ot strmg whose totald
lenathers equid to the sum ot Sy wmd 11 This <ting
must be posed round the two s it S ind s i then e
hept stcthad by the panad as betore By thias sccond
wrangement 1t wall he found thd the portions ot the curve
neu fand f owmbon o cuiv desonbod thinn he fost

me thad .
[ ]

253. Jutesy hae fth Uy

Let 757 Yo the dounbte ondimate ot th cm « which
pesG thiouuthe fwus s by o dotinnieon of the cunve,
the s tus rcctum Sy .

¢ tunes the distinee of 7 trom the diectanx
¢ NZ (A4 () CZ ¢ (N

¢ ac (v cquations ) and (B) of At 247,
L ]

!
‘o (A 217 .

234. 1o tiace the cunt
IR 1)
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The equation may be written in either of the forms

o
) S s e (2

y +! \/1 o (2),

or ALV, 1 Z; B ceenn(3)e

From (2), it follows that if & -, i if @~ or<=-a,
then gy is impossible, There is therefore no part of the
curve to the right of 4" or to the left of 4.

From (3). it follows, sinularly, that, it y>b or < =b,
2 is impossible, and henee that there is no part of the curve
ahove B or below 1

If & lie between —a and o, the equation (3) gives two
equgl and oppoate values for g, <o that the curve is sym-
metrieal with respect 1o the axis of »

If ylic botween  Tand b the equation (3) gives two
equal and opposiie values for 2, <o that the curve s syme
wetrical with 1o peet to the asis of 4,

If a nuwubor of values i suceesson be given o o, and
the cortesponding values of y be determined, we shall
obtamn a series ot pamts whieh «ill all be tound to lie on &
curve of the shape given m the figwe of At 217

u?
b
positie:, m-um./in_q as the point (o, y') Tius withing upon, or
withont the ollipse

255. 7The quuntity

(IS )ut]tlll'l't', ero, or

Let ¢ be the point (¢, #), and let the ordinate .V
through ¢ meet the curve in P, so that, by equation (670f
Art. 247,

ry: ) ‘a
0~ ‘ o '

If @ b within the curve, then y. ie. QN is « P4, s0
that

2 »y\T2 ol
4 <1‘_,‘ y e <1- !

b* b* «’
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Hence m ths case

. L
4 l/
. 1,
« b
oy
e * 119 nezatave
« b

L I .
Suntluly, it @ he without the carve 4 P2V ind then

' P
4 I 1S positive
« 0 .

256. /lo hnl th Lauph 1 il s t 1 nth
centie Ly an a que w directt n

The equation () of At 217 suhen tran tonre | 1 lu
ceordimtes bocomes

) oS 6 sin 6
a {
¢ al

. b o ff

1

siving

We thus hove the valae ot the rudius veeter deawn at any
mcination € to the
al

I (e 7)) m @
vailuc ot 2 1o wh 0 @ 0, wd then 1t as cquid toa

Since we st that the e uest

Suwmluly 8 0 nive the lot vidae of 1, vi2 b

Also for cwhivdue o @ we e two cquil and oppostte
salnes of 4, so thait any hine toulh the centie mects the
curve 1 two puints cquidist wt tremat

257. Auxihary circle Def. [hc cude which s
desciibed on the major axpx 14, of an (lhpse w diameter,
18 called the auxalimy cuele (f*the elhips

Lat VP be anv ordimatc of the ellipse, wnd let 3t be
produced to mer ¢ the auxilury cucle in ¢

Smce the angle {Q.l 18 o 1ight gl Tang the angle
m a semrcuele, we hive, by geometry, QN AN . NA'
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Hence Art 248 gives
PN @V b( 1¢

it PN_BC b
80 Gha QN~"AG~a

x
1

The ot v b th thinwe V4 medds the
ausiliuy u dolth cmespendingp ot to /f

The cxcdhindes 4+ oy puut oo the «llu ¢ wd the
contespeuding ot on the sy cncle e therdfore to
an woth 1t o the tty % ¢ ¢ the 1w ot the
sent mn o the sy e oas of the olhy s

Ihe Mhpse nusht tharet 1o v beon detinad s tolfows

Ld candde md v v opamt at anw papen
driculn pon vdiumeter the 1ou ot the pomts divieing
the ¢} orpendicalaes v Sonvenr tocis o dlipse ot wineh
the onar ndde v the wavihiay o e -

258. Eccentric Angle. Def Ihc cccontine gl
of any pont £’ on the ddlipse 1 the wgle VCQ made wath
the major s Iy the stru it hue €4 jommys the centre C
to the pomnt 4 on the auxthry ende which correspouds to
the pomt /°

Thiy angl 1s gonerally Luied ¢
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We hwe (N (Q cosd acosd,

and MY (Qeng asm
Henee, by the last artadde
b

10 YQ bhuand
. !

The cootdimates of v point 22 on the clipse e thore
forc acosgp wmd bam o

Smce 2718 known whrn o 1s aven 1t s oft nocallad
¢ the pomt ¢

289. o bt th  quatign of the sbbagl tlae gy
teo potats on the (lhps whos cog ntve angles a qee s
[

Pt the ccoontiwe wcles of the two points 72 and 22
¢ ind ¢, so that the poimnts hve s coordimtes
L]

teceose T amd) and (o b
>
The cqution 1 the st ulht hne jommg thom
hamgp =7 <

.
v “bsmd o Cos o d»( Aiabd
I co Yigh o lll'u/; h)
e oS
a 2smlip ¢ Mg b
.
I Yy
b r¢ b

Ill‘(l.,’) «'))('

/ ¢
] b P " h b b b ‘tf) Jngan b+

0 PR A N . N

[ b P

c()s!q&— h

This 15 the equued cquation

o
Cor. The points on the wahind endle corn spon hin, () 7 and
P, have a8 comrdinbes (1 05 g, tang) and (ccosgp 1 p

The cquation to the linc jJoinim  thom 13 therofore (v 174)

Teond P # P st ?

l -

K/
/ sin
«
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This straight line and (1) clearly make the same intercept on the
major axis. . '

1fence the straight line joining anytwo points on an ellipse, and
the straight line joining the forresponding ponts on the auxiliary
arcle, meet the major axi~ in the rame point,

‘ EXAMPLES. XXXII. '

1. Find the ¢quation to the ¢llip-es, whose centres are the
oigin, whore axes ate the awves of coordates, and which pass
through («) the pointy (2, 2), and (3, 1),
and (%) the pomts (1, 1) and ( 6, 1).

Find the equation of the ¢lhipse 1efenied Lo its ecutre
2. whore latus rectum 13 5 anl whose ecoentriety is §,

3. whore minor axis 1< equel to the distanee between the fooi and
whone latus recti s 10,

4, whow focl are the pomts (f, 0 and ( 4, 0) and whose
eccentraty 1+ ! .

5. Find the hetus reetunm, the ocentricity, and the coordénates
of the tory, of the ellipses .

(D w248y adc () St by® 1, and (3) 9% 4 5y%- 30y =0,

6. Find the ceropuicity of an elhpse, 1f its latas rectum be equal
to one half 1ts win v g,

7. Fiad the equation to the elhpse whose foeuy is the point
( 1, 1), whore dpectits s the sigught Ime 2 - y4 3 -0, and whose
weentneity 1s 4,

8. Iuthe vowmt (4, 3) within or without the ellipse

hedy Tyi=112

9, Il the lengths of, and the equations to, the focal radii diawn

to the poant (4 3. 0) of the dhipse
25074 L6y§ 1600,
10. Prove that the <um of the squues of the reeciprocals of two

perpendicular diuneters ot an ellipse 15 constant, e .

11. Umd the inelination to the major axis of the diamneter of the
cllipse the wynate of whose length is (1) the arithmetical ivean,
(2) the geome tiical mean, and (3) the harmouical mean, between the
squares on the major and minor axes, ¢

13, Find the locus of the middle points*of chords of an ellipse
whicl.are drawn through the positive eud of the minor axis, ¢

iy C. Prove thit the locus of the intersection of 4P with the
« straight line thron h 1" perpendiculur to 4’2 is a straight line which
is perpendicular tu the major axi-.
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14. @ 1s tho pownt on the wuxiliary encle eorresponding to P on
the ellipsa, PI Y13 diawn purallel to ( ¢ to meet theanesinf aud i,
prove that PI b and ’M=u

4

15. Prove that the area of the trimglo formed v thwe p ity un
an elhpee, whow eccengric anges me 0, ¢ id y 15
o ¢ ¥ B F-p

p o cmT, Tmnt

Prne alwo th it 1its arca 15 to the arc vot the tnangde fonnel iy tha

corre sponding pornts on the wndiuy arede a8d a and hena that
1S area 19 o movamam whon ll.u Intter tuangde s e qmhabard « when

2r

o ¢ 2absm

Ho.
»
16. Any pomnt 2 ot i ddlips ax 0 Tt e xomties of il
1 yoraxis, yrscthatth pat v %F v e oo omta ept 11t m
¢ otendsan bt nede th e pobangt

17 Shaw that th papenh v nth ¢ nticup mallt a1l
wauch gom the (uls «ty ) 1o o dandtas 1 of ¢ 0t
L alath

18® Ut q, 3,y anl » he th e ntuc m Jes of the fow pont ot
mtcrsectio® of the cllipse and ay cade, pronve that

a p oy 1o v oyl

B ®

[Sec v gonem trw T ut 10 Axt 51 ]

19. The tangent at any pomt P of 1cucl moais the tn ent ot 4
fivad pomt £ i I oad [ em d t [ th othiy a1 of 1l
diametar thaough 1y v tha e Tew 11 gt et noot (2

wdblas i dhpse whe ¢ ¢ 1ty
N

20. Trom wny pomt Pcntl odlipec N1 @avo g oap ndi war
to the axis nd pradu 1ty 0 that Yo e s 1S whao S5
focus, prove that the ixusct Qs th tywe tru htunes y 2o pa -0

L]

21, Given the bas of v tian 1 sl th sum of ats sades p ov?
that the locus of the ottt vaned 15 mcdhpse

22. With a given p it nd Ime as tus and diveettin a s s
of ¢llipses are desentb d, pune that the locus of the exticuntics of
theu nunor axes 19 a4 pubolr o

23. A Ime of tixed lenath a+b mMoves 0 that 1ts ends uc alv 1ye
on two fined perpendicfilar stiu ht lincs  prove that the 1 ons ol a
plclnnt, which divides thus he to portions of lenrth ¢+ d b, 15 an
ellipse

24. Diove that the extremities of the Intivra rects of all ellipses,
having & g1ven major avis Ya, lie on the paaboly & = —~a (y ~a), or
on the parabola 23=a (y t+a).
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260. 7o find the intersections of any straight line with
the ellipse ‘ ’
R
o 5
.
Let the equation of the straight, line be
L]
yomer ke L v een(2)
The coordinates of the points of interseetion of (1) and
(2) satisfy both cquations and gre therefore obtained by
solving them as simultaneons equations,
Substituting for 4 in 1) from (2), the abscissae of the
points of intersection are given hy the equation
e (P eV |
h !
4.0 cowton by R mew cal (e By 0L aB)s
This s a q-x.uh.lln' wllnhnn and henee hae 1wu ™ots,
real, coincident, or hinaginary. !
Alo corresponthing to each vahie of & we bayve fron (2)
one value of 3.
The straight line therefore mects the curve in two points
real. coineident, or tmaginary .»
., . . . -
The voots of the eqaation (3) are real, coincident, or
iaginary according as
(2a"wer A (W raend) as(em 0 DS positin e, zere, or negative,
it aceomdingas b (b v n®) b s positive, sero, or negative,

’
ie. aceondmg as is < or a'mt e

261. [ fined the length of" the chord interce pted by the
ellipse on he .~huu//ll live y v e,
As in M\t 204, we have %
2ud"me and (et )
. nd er .
a1 02 T et g2

Dab et 4 =
su that R _— e
: @*m? + b*



EQUATION TO THE TANGENT 237

The length of the 1equired chord therefore
M, e (o oy (e M) JEowe
.«
Yab V1t m Joat b et
. « md - b
.
262. .'l'o_ﬁnrl the eqiation to the tangent 1/ «uy point
(=, ¥') of the ellapw

Let 22 and @ be two pomnts on the elhpse whose coordh
nates are (£, ¥') and (r , v )

The equation to the straght Iine £ 15

yooou i "/°(n.~) (1)

?

, Since both 72 and @ he on the clhpse we have

- ? i _I )
L4 « h ()
. i 04
d 3
wnd w bl I (3)
Hene, by subtiaction
Y "
O
l
. (v =w)(u +u) ( :)(: r)
Te. s
1 «
ve y oy e hoa 1
’ : oy 4y

“On substituting 1n (1) the equition to any secant /%)
becomes
B
. y oy ) }
Yy v a*y'q/(' 2 (1)
To *obtain the equation to the tangent we tahe @
indetinitely close to £, and hcncee, 1 Jthe lnmt, we pus
J, - wl ﬂnd .'/f "/l
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The equation (4) then becomes
L4 , b
-y "'_“z \(z— ), :
J.l, “ ."!/I _ . .’/”
at b u’ b2
The required equation is theretore

xx'  yy
——2-+F=1.

d.e. i, by equation (2).
v .

Cor. The equation to the tangent is therefore ob-
tained from the equation to the curve by the rule of
Art. 152

.
'REB. 7o jradd thi equution to « tangent in terms of the
tangent of s cnclination to the major aris,

A~ At 260, the straaght hine
y miotce . e z])
meets the ellipee 1n points whose abseissae are given by
A (s ohnt) § 2meats a®(ct B =0,

and, by the same article, the roots of this equation are
coincident 1f

©

. 4 N (et b. t

In this case the straght hine (1) is a tangent, and
it becomes
y=mx 4+ JaimI+ B2 ... (2).

This is the required equation.

Since the radical sign on the right-hand of (2) may
have either + or - prPﬁxcll Lo i, we see that there are iwo
tangents to the ellipse having the same m, i.e. there are
two tangents parallel to any given direction.

The above forin of the equation to the tangent may be dednoed

from the equation of Art. 262, as mm the cise of
(Art. 206). It will be found that "the pom; of contact is the pclnt

- a%m ’
( J atmd 4 b ,,/ a®m -rl?)
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" 264. By a proof similar to that of the last artiole, it
may be shewn that the straight line .
zeosa+ysina -p
touches the ellipse, 1f
.. pz;anc?-:a+bmnﬁa.
Similarly, 1t may be shewn that the straight hne
. le+my-—n
touches the elhipse, if «®?% b m* =
368. ZFgnation to the tangent at the  pont whose
eccentric angle s ¢ .
The coordinates of the point are e cos ¢, &< @)

Substituting 2 @ cos g and ¢y hsin @ 1 the equation
of°Art 262, we have, as the wquired equation,

- x
' . —008¢+ysin¢=1 (b
a b
This equetion may uso be deduced trom At 259
For the equation of the tangent it the pont ¢’ 15
obtnined by making ¢ ¢ 1n the 1esult of that aiticle
L]
Bx. Iindthenterscetion of th tanwnts at the P unts ¢ and ¢
The equations to the tangeuts ae

r y
“(‘o«.p-llsnd- 10

and ¢ Zco~¢ —Z-smq) 1 0

The required point 13 found by solvins th se ulun,hon,
We obtain
z v

mém&m=;1;;'(£;-tm; s ¢ _ﬁlﬂ(; %)’
.8 " . Y 1
ﬁamf—;fun ——E~ ’ %'sin——;?- un—t—;——’=99m£2~’mg—:§- p
3
. .,“ P %
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°°'i(¢+¢) sin } (¢ + ¢')
cosa(p=¢) V=i a)

266. FEguation to the normal at the point (7, y).

The required normal is the straight line which passes
through the point (2, ¥’) and is perpendwular to the
tangent, i.e. to the ts(:ru.lg,ht line”

’ b b
Yo gty

Tts equation iz therefore

* Hence z=a

Y-y —m(x—x'),

7’ b'é'w’ “2!/'
where (« @y -1, e (Art. 69).
The equation to the normal is thereforey — ¢ = T,—--, (.c z'),
i.e. !-,x 4 _,y .
x Yy «

a? b
267. Equation to the normal at the point whose eccentric
angle s ¢. .
The coordinates of the point are a cos ¢ and bsin ¢.- ’
ence, in the result of the last article putting

o =acosdp and ¥y ~bsing, »

- it-becom .= :;’:’5 ¢ v -;]I; S:;n b
a il 4
o _ga by _
cos ¢ T sing

The requircd normal is therefore
ax sec ¢p —



r;\‘ t'e
¢
&= "
ns AR St A 2 gt - iR
4 gﬁ } ﬁ{’m‘ ‘3? l",‘ "
. AWy —1 . 2l
' normel is therefore 0t
(“’ ¥ym i T
=MT —~
k " V ,Ja’-i Py
This in *as the cor: dmg equas
tion in ﬂtd’ ﬁl the pmbols. (Att 208 )
.Whéaiﬁbwedto!uwethe quation to the 1 expressed
in terms of ane indep ter 1t 15 g lly befter to yse
the dlnstion of the previous article, M

-

\9‘
e~

269. ¢ find the length of the subtangent and swb-

.\" ¥

T

o normd a.t .P, the
ib o 5! mﬂgbe the

Al "
13
-

18
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The equation to the tangent at P is (Art. 262)
» . 9‘."’ yy
: . gr T T e (1).

To find where the straight line meets the axis we put
=0 and h&ve

w . o? ¢
AN cr oN’
e COT.CN-a*- CA%uennneeiininna o (2)
r
Hence the subtanygent ¥N7'

ta L4

r -

2 2 . g

cro ooy 0w TTEL
" o

The equation to the normal is (Art. 266)

,
oS-

vy
= m—
a o
o b*
To find where 1v meets the axis, we put y = 0, aml have
ro— - ¥ g
—_ L .
] Y
a’ =
. , b A
2.0, p{ANEN RV i

, roe . =e.CV.
@t at

(3).

Hence the subnormal V¢

SN G (=) Uy,
%.e N/ - Vo, 1- 20 1 .
LU at
Cor.

(Art. 247.)

Tf the tangent meet the minor axis in £ and Pa
be perpendicular to it, we may, similarly, prove that

Ct . Ca b
270. Some properties of the ellipse.
(a) SG .

SP, and the tangent and normal at I' buect the
external and wutcinal angles betwesn the focal distances of .
Ry Art. 269, we have CC

=e%’. .
* % 4 R
" < \:} - .
Lo L
i ¥
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Henoe SG-SC"+ CG=ae+c*c'=e.5P, by Art, 251, .

; s'G.:c's' CG=e¢(a~ex)= e EP.. -
sa.s'(;psz’ sP.. . )

] ggomgtry, PG bmects the angle SPS’. O .
It’ follo jhat.« the tangent basects the? exterior angle between

8’

(B) - If .'ﬂhmd S'Y' be the perpendiculars | frum the foci upon thc
tungent at any point P of the cllipse, then Y and Y’ lie on the aum)iary
circle, and.§Y ﬁ45)"2* F‘bﬂ, Aleo €Y and S'P ure parallel. -

7
The equatfon %6 any’ tangent is )
Z cosSa- ovy sina=p .. 1, .

- D op=Ja& Govta FUE¥InTa (Art. 264).

'.l‘he perpendlculnr SY to (1) passes through the poing ( ae. Q)

and its equation, by Art. 70, is therefore '
L . (+ae)sina-yeosa=0....coo.oouen. vt (2)e

b %Y be ‘the pomt (h, k) then, since Y hies on both (1) uud (2), we
ve

* . hcosa+ksma—- Jategta 4 12 sint, '

B

and hsmna—keos a= -acsine= - \'a*— 1% sin a.

Squaring and’ nddmg theve equations, we have A%+ k== a?, so thn.t
Y lies on theé auxiliary circle x*-: ﬁ— a

Similarly it may be proved that ¥’ lies on this girele.
Again S is the point (—ae, 0) and & is (ae, 0). . *
Heuce, from (1),

SY.S8Y = u-c’ cos®a
22 cos"' @t 12 bln'*' - (u' ) cos? a,

=&r
Snmﬁlar}y CY’ and SP are

16—2
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(v) If the normal at any pont P meet the major and minor axes
in G and g, and if CF be tlu: perpendicular upon tiug normal, then
PF.PG=b3 and PF.Pg= o’

The tangent at any pumt r (the point “ ") is

.

coscpt mr..p 1.

Hence I’F...perlu‘ndlcular fzom ¢ upon this taugcut

::———-1'——:: =z (_l!)?_ T, T eas seees (1).

cost ¢ mnig Afbicoigpralsinie
o
The normal at P is
ax by o
cosgp Bl e

at bt
Mweput ¥ 0, we have U4 < con
put y a

e o (2)0

4
L06G- - (w co~ ¢

b .
l_(0~‘¢ § b%.intg,

b3

2
cos ¢) +&"sint g

i.c. It i: Ve eoste o’ aind g,

From thig and (1), we have PF. PG =02
[f wo put & Oin (2), we ~ee that g is the poing

o Ir"l.
. ( N b alng¢

a2 _bﬁ . 4
Hence Pyt zateosi g | (l; ang - p Bim ¢) ,

50 that Py= Z Jheost ¢ b atand g,

From thig 1esnlt und (1) we therefore have

PE., Pg.=ua’.

271. 7o find the locus of the point of intcrsection of
taungents which meet at right angles.

Any tangent to the ellipse 13 .

Yy mx+Nant s b

and a perpendicular tangent is

Y ;;;w-r,,/ ( )+b‘
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Hence, if (4, k) be their point of intersection, we have
. k—mh JaEnt+bS.. ... (1,
and nde b N £ (D)
Tf between (1) and (2) we eliminate m, we shall have a
relation Wpigveen % and A Nquaring and addmyg theso
equations, we have  *
E A+ (Lemt)y (a®+68) (1, ),
e, R B =0+ 0%
Hence the locns of the point (4, £) i~ the cirele
P T Tl
i e. a circle, whose centre is the centre of the ellipse, and
whose radius is the length of the line joining the ends
of the major and minor axis. This circle is ealled the

Rirector Circle.

L]
[ ]

EXA.MPLE.S. XXXIII.
L]

Tind the equation to the tangent and normal

1. at the point (1, 3) of the ellipso -Le® + 9y2= 20,

2. nt the point of the cllipse 532 +3y? 137 whose ordinate 1s 2,

3. at the (nds of the Intera reeta of the ellip~e 9% 4 1642 =144,

4. Prove that the stiaight line y  r /7, touchey the ellipse

312 4y L

5, TFiund the cquations to the {angents to the ellipse 4234 3y2=35
which are parallel to the straught ine v =32+ 7.

Find also the coordinates of Yhe points of contact of the tangents
which are inclined at 60° to the avis of x.

8. Find the equsétion: to the tangents at the ends of the laters
recta of the ellipse ':-', i ZJ=1’ and shew that they pass through the
intersectiong of the axis and thediregtrices.

7. Yind the points on the ellipse such that the tangent at cach

of 1hemdnakes. equal angles with the axes. Provealco that the lcngth
of the perpendicular from tl.e centre on either of these taugents 18

a4}
'}
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8. In an ellipse, referred to its centre, the length of the sub-
tangent corresponding to the pownt (3, %t) 15 3f; prove that the
eccentrieity iy 4. ?

9. Prove that the sum of the squares of the perpendiculais on
any tangent fiom two points on the minor axis, each distant /= b?
from the centre, is 242

10. Fmd ths equations to the normals at the enas of the latera
t?ot:,‘ sxid prove that each passes thiough an end of the minor axis i1f
et et =1,

11. If any ordinate 3/P meet the tangent at L in Q, prove that
MQ and S a1 equat,

12. Two tangents to the cllipsa intcrsect at right angles; prove
that the sum of the squarcs ot the chords which the auxiliary cirele
intercepts on them 18 constant, und equal to the square on the hine
Joanng the fucl.

13. If P be a pomt on the (lipse, whose ordinate is ¥’, prove
that the angle botwaen the tigout at I and the foeal distance of P

2
is tan-? v
aey

_14, R Shew that the angle betw «n the tingents to the e‘\llipso
Z;-f-g;:.] and tne civcke t = 4«7 at then pomnts of inteisection is

tan—s
an ~/db‘

15. A cnele, of tulius 7, 15 coucentire with the elbipse; prove
that the common tangnt 13 wmchncd to the major axis at an angle

-1 ) 2 e
tan i and find 1ts length

16. Piove that the common tangont of the ellipses

ooyt 2 oyt 2
at F i :,“"db;*"' =0

o~ 3
& gubtcnd- & nght angle at the ongin

Y17, Prove that PG . Py=SP.5 P, and ('G . ( I'=C8%

18. The tangent at P meets the aves m 7 and ¢, and CY is the
perpendicunir on 1t from the centie: prove that (1) Tt. PY=a--b?,
an?w) tho teass value of 7't 12 a + .

19. Ticve that the perpendictilar fiom the focus upon any tangent
and the lin¢e jmming the centre to the point of contact mcvt on the
conespondin,, dneetria. [

20, Prove that the stinight hinus, joining each focus to the foot of
the perpendicular fiom the other iocus upon the tangent at any
point P, mect on the normal PG and bisect it.

R ’
g
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21 Prove thut the circle on any foral distance as dinmetar tonches
the suathary cirgle .

22. Find the tangent of the angle bgh\ een ¢ P and the noimal at
P, and prove that its greatest valne 1s 3-2-;-;' -
.
23. Piovg shat the v-ttm‘ght hine o4 my=n 18 a nomal to the
b 2 — b~

al a® -
ellipsc, 1t 5 +n—;,==( "

24. Tind the locus of the point of mtersection of the two strught

tr ¥y T ty®
lines i b+i=0anda~i b 1-0
Prove also that they mect it the ponr t whose eccentiic an,le 14
2tan 1t. .

25 Prove that the luocus of the fud e ponts of the pntione of
twngents incladced butween the aves 1s the cunve
v !
. 1 s y
26# Any ordmate NI of an (lhipse mects the auxahary eanrele 1n
Q prove that the locus of tl« mursectidzn of the noimals at 2 and
Q18 the encle x4y (140

97 The n.orma‘ at P mects the e 1in & and g, shew that the
loes of the muddle points of I’G- and 7 ue sespactively the dlhipser
{xe 1y :
« (l+¢“)-+b 1 'ngun: by ~}q12 b)
28. Piove that the locus «f the fect of the p:rp(u Licular drawn
nom the centrc upon any tm,nt to the cllipsc 1

T —a~cos 8+ sm 6 [Useat 2641}

29. If a number of c¢lhpscs te d saibed having the same major
mis but a varable nunor avis, prov  thit the tungents at the ends of
thar latcra reeta pass thiough ofie 01 other of two fined points

30. The normal GP s produced to ¢, so that GQ=n P
2

¢ Y
Piove that the locus of Q 1% the cllipse @ ute—ne) Wb

31 If the straipht hine y—wrr, ¢ meet the ellipse prove that the
equation t0*the oncle, described off the hine jciming the pynte of
mtersection as diameter, 13

(am® %) (oY )4 2mat co =22 yti=(a=+b) uh (L|m)—0

32. PY and PN arc papendiculars upon the axe~ fi m iny point
P on the (lipse, Prove that JMN 12 always normal 10 a hned
concentne cthpse ‘

*

oy
& e

»
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83. Piove that the smin of the eccentric angles of the extremities
of a chowd, which 13 drawn 1n a given duection, 18 constant, and
equal to twico the eccentric an.lc ot the point at which the tangent 13
parallel to the given dircetion

34. A tangent to the (,llxpse ps + —1 mects the ellipse

“ 3

* ﬂ-‘-‘arb

u'-b

m the pouxts I’ and @, prove that th-. tingents o P and @ ure at
right anyles

272. 7o proe that thiovh any gquen pount (2,, v,)
there puse, 1n qen aal, tu s tapgints to an ellipse

The cquatim to wv twngent 1 (by Art 263)

y m o+ REP T (1)
1f thas pass tluonh the fixe Tpomt (24, ), we have
Y, Ja mé+h, . )
1¢ ' Qmry Wt and Pl
(N 1Ay ay Tmagy (b)) 0 (2)

Por any given vilues of 2y ad 9 this equition 16 1
zeneral v guaditie cquation ad g1ves two values of m
(1ed o mnogintuy

Cotresponding to cuh valuo of m we have, by «ub
sttuting m (1), v diftezent twgent

Ine riots of (2) v el and difterent, 1t

2r ) = t(e a)lyt—0) he positive,

vet by tay ab be positive,
2
A
€ 1t - 1 be posttry
¢ e ' 1 «

t et the pont (2, 4,) be dutside the curve
The 1ots are equal, 1t ‘
1P+ ay, —ab?
he seto, ¢ ¢ 1t the pomt (v, %) lie on the curve,
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The roots are imaginary, if <
.
) oL
T

be negative, i.e. if the point (z, %,).lie within the curve
(Art. 255y, .. - .
e " ’ . N

273. FEguation (o the chord of contuct of tangenis
drawn from & point (x5, 1)

The equation to thy tangent at any point @, whose
coordinates are ' and ¥/, is

.o gy
S -f-.bi 1.

Also the tangent at the point &, whose coordinates ava
" and 9", is
. wr oy

- ? + b

If these tangents meet at the point 7', whose coordi-
nates are & and y;, we h&ve

xx' gy

I

«* »
and . ':%::— : y»}f} SE0 DUV O, (2).

The equation to QX is then

%14-%:1 ......... Cherenienen. (3).

For, since (1) is true, the point (2, ¥') lies on (3).

Also, since (2) is true, the point (2", y”) lies on (3).

Hence (3) must be the equation to the straight line
joining («/, y') and (", y”), i.e. it must be the equation to
@R the required chord of ®antact of tangents from (. y,).
274. 7o find the equation of the polur of the point

.

(@1, %) with respect to the ellipse

A [Art. 162.]
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LU o
A'I.et Q and R be the pomts in whxch uny chord drawn
i nﬂh the. point (2, y,) meets the ellipse [Kig, Arb. :214).

-7kt the ‘tangents at Q and .'R mcetfm the
oodrfdma.tes a,ré (h, k). -

o S e . ) -l'}b ‘. :'Zk L
. N @ E o
Smce tlns straight line passes through tht; pomt (x, N g/,),
we ha.we, .

,‘\ 4 ‘Smoe the relation (1) is true, it follows hn.t the pomt
,.%) Hes ou the straight line

?—714-%:1...“... ( )

Hence (2) is the equation to the pola.r 0£ the pomb

(‘”n ") B -

S Gpl‘- . Tlm po]m of the focus (we, o)
e Cx.ae

| e. ..a . ‘.
..;V‘.- . s ‘ _L_E’ﬂ.‘ N

z.e the norl'espondmg directrix.

. [ 275. ‘When the point (&, g,) lies’ out (Ie the ellipse,
~thé equation to its polar is the sume as the equatlon of the
chord of contact of tangents from it,

‘When («,, g) is on the ellipse, its polar is the same as
t]ne tangent at it.

As in Art. 215 the polar of (2, »,) might ‘have been
defined as the chord of conmct of the tangents, real or
imdginary, drawn from it: - .

276, DBy a proof similar to that of Art 217 lt.*'cm\ be
shewn that I/ the
of T’ passes t/lroug]& I’
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277. To ﬁud the coordinates oi’ t)‘w J)ola of any given

lme e e
R Aw By €50 |

!rLet (u-,, y,}ibe its pole.x ’l‘heu (I) must be the same as
the pu!ar of(a' % ,), te: o

. b‘
Compa,nng (1) and (3), as in Art. 218, the required pole
is easily aeyan tobe , ¢ .

da® By L
A,

¢

- 278, Mﬁnti the equahm‘t toghe pair of mm]eulu tlmt'
can-be. drawn to the ellips: from the point (®1s 2

- o Let (&, %) be any point on either of the tangents t,ha,t
can be rawn ‘to the ellipse,

The ecquation of the straight line Jjoining (4, l-) to
() .?/l) is. '-,, . N
" /1 ’
Rt/ (&),

k- v/,-'+ln/, ku, \} ,,‘ R

s : "/' Y pu, h—ux * .
If this strmght line touch the ellipse, it muqt be,.of tlm.
forin "

. Y=me -+ Vg T b0 (Al't.,263.). L .

e 1:.-’ P e Lo
TS %.:‘i-:, “and (“/‘ ----- 1—) —a”m’-;-f_’;i .
L hy,-,-/m Nt AT
. Hence ' h—-x‘ ) B ?) (i‘—:—-) + 0

But -this is the condltfo‘lhthat the pomt (A, k) may lie
on the locus A .

ety (ay, —!c,/)” = q? (J _/l)’ + b’ (e—m)®...... (1).

’I‘l'ns equatlou is therefore the equatmn to the required
tangqq D R S
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Tt would'be found that (1) is equivalent to

e E0 G )G

} 2'19. T find the locus of the muldle' 1)omta qf pamllel
: clumla of the. allzpae. R ‘_"j e

" Let the chords mitke with the axis an angle ‘whose
tangent is m, so that the equation to any ore of them,
QE is . .
o Y L4 Covrrrerneiniiieennnnn o (1),

whete ¢ is different for the different chords,

This straight line meets the ellipse in points whose
abscissse are given by the equation S P
na +c)?
2+( . ) ,
a i

e 2 (@Pm? + U%) + 2aPmex + &* (-7 =0 ....(2).

Let the roots of this equation, i.e. the abscissae of Q
and £, be » and a,, and let l the middle point of Qn, be
the pomt (/4, k).

Then, by Arts, 22 and 1, we have o '.
SGtE o dme
h= 5T a2 -(3).
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Also ¥ lies on the straight line (1), so that
: ’ + k=wmhte..... e eraenerenan. (4).
If between (3) and (4) we eliminate ¢, we have

, S e am (k— w)
R
ie. T Wh=atmk o ®).
Hence the point (h, k) always lies on the straight line
L]
: I8 ‘
:‘:“ . k Y= - 2(:_;;’-—-" A oivaiaiiiiiiiaiiiaas ((I).

The required locus is therpfore the straight line
' ~ e - z -h . .- 2
. y=mx, where m, - - @’
- N L
De. PORLZ = oy e (D).
-
280. .eqmtion to the chord whose middie point is (h, k).
The requiged equation is (1) of the foregoing article, where m and,
¢ are given by equations (4) and (5), so that ’
. bh @224 b2
) =g and ¢-= T
The required equation is therefore .
N _ ]l‘lh a’-’k‘.’ -+ b'.']‘:’
L TR

. T k h
i.¢. e p e R (e - )0,

m=

It is therefors patallel to thopolar of (4, ).

281. Diameter. Def. The locus of the middle
points of parallel chords of an ellipse is called a diameter,
and the chords are ealled its double ordinates. -

By equation (6) of Art.279 we see that any dinmeter
passes thrbugh the centre C.

Algo, by equation (7), we sce that the diameter y = mx
bisects all chordy parallel to the diameter y — ma, if

. "

! iﬁ':“ 1mu,,-'-~_~‘—’:, ..................... (1).

»



, But the’symmetry of the result (1) shows tha.t in this
oage, the dm.meter o =m bxsects all chords para.]lel f.o t.he

. ,,v.;;.gkg*

A
¢ said to be eonjugate when each lnsects all: chards parallel
“1o the other.
5‘\ .Two diameters y:=max and y = mlac are therefore con-
Jugate if .

e

7 he tangent at the extremity of cmy dmmeter 13
}im'allel to the chords which it bisects. s, ».

.4 "In the Figure of Art. 279 let «s ¥) be the pomtd’ on
thf) ellipse, the tangent at which is p.:.rallel to the chord
QR whose cquation is .

Y TRE -~ Coiiiiiiieia,

The tangent at the pumt (e ') is

8

-
((«J «'f

Since (1) and (2) are parallel, we have ’

o

r,

me=--

: e @y
. [ 2 ;
3.¢ the point (¥, ') lies on the straight line
: o ’
‘.w . b= 'c'-‘u;m'

But Ly Art. 279, this is the diameter w hich bisects Q&
‘dnd all ehords which are parallel to it.

4

Cor. It follows that two conjugate dinmeters £ and
CD are such that each is parallel to the tangent at the
extremity of the other. Tence, given eithediof these, we
have a geometrical construcglon for the 9th¢y gt -

R a%‘ NP SNN™ DOy




. ... CONJUGATE DIAMETERS. ‘ 255

283. “7The tangents at the ends of am/ chord meet on the .
diameter which bisects the chord.

Let the' e«;uu.‘bwn to the chord Qh’ (Art. 279) b(
“ e ymmma!-c ..-.“..",...« RITT LTI § § N

Let?' T)%‘ﬁ\e t of intersection of the ﬁg,ngenbs at l,):

and R, aml LR 1t£2‘£rdzmtas be 4 and &, )

Smee Q.l&‘\ag the.chord of ¢ontact of mn«rents from 7', ‘1ts :
equation is, by Art. 273,

- wk

+-b3 =1 . (2).
‘The equations (1) a.nd (2) therefore represent the same;
quu.,ht hne, 80 thn.t ’
0h

m —'*:A,

i (h, k) Ileii on t!w utmmht line

B

- e S0
o AY e i : L
¢ ' v Ky i

whxdl, by Art. 279, is the equa.tmn to the dimmeter hlweu&-w
ing the chord Ql». Hence 7’ lies on the straight line ¢/ 2.

284. . ff the ecoontric ayyles of the ends, P and D, qf a.
pair of conjugate dianeters be ¢ and & thew & amd cﬁ%‘dz‘f 2
bJ a right angle. .
Since 2P i iy the point (= cos ¢, b sin ¢). the equntmn. to» .
CPis '

. Y= :r btan </>
So the equunou to CDis : Y A
A N ¢ . .
D y=uw.- ;, tan [ R .',3%.‘..(2).

Tllese dmmeters are (Am-"‘l) conJugate if L S

.%,_

2
~:§$’ e tunt[»tn.n(}; .-'“—35,

hm ¢»-—mt ¢ = tan (¢’ *90 )
'-‘,6 r‘-:‘zv ¢ ¢~ tsot s

YT
RN R
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Cor. 1. The points on the auxiliary circle correspond-
ing to £ and D subtend a right angle at the centre.

- " For if p and d be these points then, by Art. "58 we
ba.ve '

LpC'A ¢ and LdCA = .
Hence

T LpOd= LdCA — LpCA”= - ¢=90°

Cor. 2. In the figure of Art. 286 if P be the point ¢,
then D is the point ¢ + 90° and D! is the point ‘¢ ~ 90°.

285. From the previous article it follows, .th;v.b if I be
the point (« cos ¢, b sin ¢), then D is the point
{a cos (90° + @), b sin (905 + )} i.e. (—asin g, bcos ).
 Hence, if PV and DI be the ordinates of 7 and D,
we have
ye o cy JH)

BT e P and o T Tb

286. [y I’CP' and DCH be o puir of conjugate dia-

" meters, then (1) C P4 CD* is coustant, and (2) the area of

‘the paralleloyram formed by the tangents at the ends of these
diameters is constant,

\YD

e
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Let P be the point ¢, 5o that its coordinates are a cos ¢
and bsin ¢. Then 2 is the point 90 + ¢, so that its co-
ordinates a.re‘ ,

v acos (90°+ ¢) and bsin (90"'-!- @),

et rasing and beos¢. - o

(M We therefore hpve o
) ”,'ﬁ, CP? = a® cos? ¢ + B2 sin? ¢,
and T ODY s @ sin? o4 UP cosP o,

1Tence . CI® + CD?- «®*+ b

== the sum of the squares of the semi-axes of the ellipse.

(2) Tet KLV be the pamllo.,lugram formed by the

tangents at 2, D, P’y and D’. .

We have -

. area KLIUN == 4 arvea CPRD
° ' 4. CU.PK 4CU.CD,
“h;m Cl is the p(,rpenduul.u from (° upon the tangent
at L2 .
Now the equation to, the tmw(-nb at L is

e,

-(; COS ¢ i sm ¢é-—-1.0,
so that (Art. 75) we have ° .
1 ab ab
Cllr z o pe— El TR TR AR S LRaledm R N~
costd  sintgp Julsin?h+bicosip CDT
oE + T 3
Hence | Cl. CD-=ab.

Thus the area of the par: Allelogram A LN .. 4«1),

which is equal to the rectangle formed by the’ tungents
at the ends of the wajor and minor axes.

287. Zhe product of thmdycal distances of a paint P s
em}t:l to thd square on the semidiameter parallvl to the tangent,
at P. -,

-

If P be the point ¢, then, by Art. 251, we have

SPxa+accosg, and 8'P=«~ascos d.

L A 17

e
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Hence SP.8'P=a’—da'ecos’ ¢
: . =a’—(a®—b*)cos? ¢
=a’sin? ¢+ b* cos* ¢
=CD? e

" asa. ﬂx. “If P and D be the ends of comugaca dmmeterx, find
tha locus of
' (1) the middie point of PD, L
(2) the intersection of the tangents at P and D,
and (8) the foot of the perpendicular from the centre upon PD.
P is tho point (a cos ¢, bsin¢) and D is (~asin ¢, beos¢).
(1) I (x, y) be the middle point of PD, we have
. = aons¢2asm¢ t;nl y= bsm¢+bcos¢
1f we elnnumte ¢ we shall get the required locus. We obtain

"t“ 3=} [(cos @ - sin ¢)2+- (sin ¢+ cor ¢)¥] = é

IL‘

The locus is thnrefon. a concentric and similar ellipse.,

[N.B. Two cliipses are similay if the ratios of their axes are the
same, so that tucy have the same eccentricity.] ~

(2) The tangents are

r Y .
oSO8 }-‘{sm¢.—_1,

and —'rsinq’: r'"cos:pml.
o

Both of these equations hold at the interscetion of the tangents.
If we eliminate ¢ wo shall have the equution of the locus of their
intersections,
By squaring and adding, we have
2t ¥,
wet =S
80 that the loeus is another similar and concentric ellipse.
(3) By Art. 259, on puttmg ¢ 90° +¢, the equation o PD is

- cos (45°+¢) + kin (45° +@)=cos13° °

Laet the ]ength of the perpendlr'ulnr from the centre be » a.nd lev it
make an angle w with the axis. 'Then this line must be equivalent to
zCosw+ysinw=p.

> .
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Comparing tl:e equations, we have .
cos (45° 4+ @) = 0o w cos 437 , and sin (456°+ @)=
Hence, by squaring and adding, 2p?=a?cos® w+ B einw, i.e. the
locus required is the curve .
2r%=0%cos? -+ B2 5in 4, f.e. (x4 yP=att b Byt w
289. FEouiconjugate diameters. Let P and D be ex-
tremities of equiconjugate diameters, so that C£%.: O.D2
If the eccentric angle.of P he ¢, we then have
a’cos® P+ D*sin® .- afsin? ¢ + b cos® @
giving tan® pe: 1, -
.. ¢ =45", or 135"
The equation to C'P is then

b sin w cos 45°

o B b—r
. A a:.u an ¢,
. b
i.e Yot Tovevrrineiiiiieiiinrnss (1),
. o

. 1y
and that to CD is 7o - 'rr: cot ¢,

Tf a rectangle be formed whose sides ave the tangents
at 4, 4’, B, and B’ the lines (1) and (2) are easily seen to
be its diagonals.

The directiuns of the equiconjugates are therefore along
the diagonals of the circumseribing rectangle.

The length of each equiconjugate is, by Art. 286,

a+ b
a0
- .

29Q. Supplemental chords. Def. The chords
Joining Bny point £ on an ellipse to the extremities, & and
£’, of any diameter of the ellipse are called supplemental
chords.

Supplemental chords are parallel to conjugate diameters.

P v, Lo “i
T 17—2

o 1
AL LS noE TR
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. Let 2 be the peint whose eccentric angle is ¢, and B
and R’ the points whose eccentric zngles are ¢, and
:‘].80° + ¢l' .o ) .
The equations to P& and PR’ are then (Art. 259)

DR B dih Y ih_ o e0d )

*%

and [

a o .‘.’ o -
Z cos $+180°+ 4, + % sin b4 18 83_——-" b .. cos 4—"—_—-!2? —

a 2 ¥

s, . pid Yy b+d . b .
€., —;sm y +7; cos ——é——=sx1;~—2——...(2).
. .

The “m” of tho straight line (1) -: _% cot ¢——:~;—¢3 .

The “m?” of the line (2) = -‘Ii tan -4—’—.!2.—»(2‘- .

t
The product of these “9n’s =z — -bi, so that, by Art. 281,
a
the lines /&2 and PR’ are parallel to conjugate diameters,

This proposition may also be easily proved geometrically.

For let ¥ and V"' be the middle points of PR and PR’

Binge ¥ and C are respectivﬁ' the middle points of P and RR',
the line' C¥ is parallel to PR’. Similarly CV* is parallel to PR.

Since CV bisects PR it bisects all chords parallel to PE, i.e. all
chords parallel to.C¥’. So CV' bisects all chords parallel to CV.

Hence CVand CV” are in the direction of conjugate diameters and
therefore PR’ and PR, .being parallel to C¥ and CV respectively, are
parallel to conjugate d’iamters, G m i

i . AP

et e
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291 Zo f ml the equation to an elhpw referred to a
pair of conyugata diameters.

Let the conjugate semi-diameters. be CP and CD (Fig.
Art. 286), whose lengths are o’ and &' yespectively.

If we transforip the equation to the ellipse, referred to
its principal, axes, to CP and CD as axes of coordinates,
then, since t 10 omgm is mnaltered, it becomes, by Art, 134 .
of the form

R ':f , Ax’+2l[mJ+BJ =10, (1)
Now the point P, (a,°0), lies on (1), so that ’
Ad® — 1 i (2).
So smceD the point (0, &), lies on (1), we have °
B,
Hence . A ---T,, and ]i-—.‘!,i.
‘o . a &

Also, since CP bisects all chords parallel to CD, there-
fore Yor gach value of « we have two equal and opposite
values of . This cannot be gnless 7/ =0.

The equation then becomes
w’ y?
, =l

Cor. If the axes he the equiconjugate diameters, the
equation is #° + y* =a’. The equation is thus the same in
form as the equation‘to a circle. Tn the case of the ellipse
however the axes are oblique. ¥ : B

~

292. Tt will be noted fhat the equation to the ellipse,’
when referred to a pair of conjugate diameters, is of the
same form as it is when referred to its principal axes.
The latter are merely a particular case of a pair of conjugate
diameters.

Just ag in Art. 262, it ey, be shewn that the equation.
to the tangent at the point (m f J) is

.. ' yy'
- PR =1

Similarly for the equation to the polar.
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Bx. If QVQ’ be a doudle ordinate of the diameter CP, and if the
tangent at Q meet CP irz 1, then CV.CT=CP2

If Q be the point (z', y'), the tangent at it is, o
: T
=1

a”

Putting y=0, we have zT=—p, ‘.
.
. . a? D2
i.e. . c.’l'=;,—=-c—',.,
i.e. CV.CT=CP,

EXAMPLES. XXXIV.

N ] 2 .
1. In the cllipse % + 1(”' ==1, find the equation to the chord which
passes through the point (2, 1) and is bisected at that point.

2. Find, with vespeet to the ellipse 422 Ty?=8,

(1) the polar of the point (— 4, 1), and e
(2) the pule of the straight line 122+ 7y +16=0. "
«

3. Tangents are drawn from the point (3, 2) to the ellipse
Z244y?=9. Find the equation to their chord of contact and the
equatiou of the straight line joining (3, 2) to the middle point of this
chord of contact.

4. Write downythe cquation of "the pair of tangents drawn to the
ellipse 3%+ 2y2=5 from the point (1, 2), and prove that the angle

-

between them is tan™! - Ti\ﬂ .

-2 2
5. In the ellipse 2—2 + %FI' write down the equations to the,

diameters which are conjugate to thédiameters whose equations are
' a b
z-y=0, z+y=0, y=3% and y=_2
6. Shew that the dinmeters whose equations are y +3z~=0 and
4y — z=0, are conjugate diameters of the ellipse 32>+ 4y3=35.

7. If the product of the perpendiculars from the fooi upon the
polar of P be constant ani equal to %, prove that the locus of F is the
ellipse b422 (¢ + a%e?) + c®aty® = a*bt.

8. Shew that the four lines which join the foci to two points P
aud Q on an ellipse all touch a gjrcle whose centre is the pols of PQ.
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9. If the pole of ‘the normal at 2P lie on the normal at Q, then
shew that the pple of the normal at @ lies on*the normal at P.

Y o
10. CK is the perpendicular from the centre on the polar of any
point P, and P} is the perpendicular from P on the same polar and
is produced to meet the major axis in L. Shew that (1) CK.PL=1?,
and (2) the product of the perpendiculars from the foei on the polar
=CK.LMs *

‘What do these theorems.become when P is on the ellipse ?

11. In the previous question, if PN be the ordinate of I’ and the
polar meet the axis in T, shqw that CL=¢?.CN ahd CT.CN=a%

12, If tangents 7P and TQ be drawn from a point T, whose
coordinates are i and %, prove that the arca of the triangle 2'1°Q is

N A
@ (G i) - (G ).

and that the area of the quadrilateral C2T'Q is

nr 2
. ab o + =i 1
13, Tangents are drawn to the ellipse from the point
'Y a? — c
(Jammn vev);

.
prove that thoy intercept on the ordinate through the nearer focus a
distance equal to the major axis.

14, Prove that the angle between the tangents that can be drawn
from any point (z,, ¥;) to the ellipse is

R
e
15. If T be the point (z,, ¥1), shew that the equation to the
straight lines joining it to the fog, S and &, is
(Y -- xyy)? - % (y — y,)?=0.
Prove that the bisector of the angle between these lines also

bisects the angle between the tangents TP and 7'Q that can be drawn
from T, and hence that
LSTP=¢8'TQ.

16. If two tangents to an elﬁf)‘so' and gne of its foei be given, prove
that the locus of its centre is a straight line.

17. ..Px'ove that the straight lines joining the centre to ihe inter-
o
sections of the straight line y =mz + ,\/ - m;+ s
conjugate diameters,

tan—1

with the ellipse are
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18. Any tangent to an elh%se meets the director circle in p and d;
prove that Cp and Cd afe in the directions of oon)ugatg&dmmeters of
the ellipse. '

v 19, If CP be conjugate to the normal at Q, prove that CQ is
. conjugate to the normal at P.

20, If a fixed straight line parallel to exther axis mept a pair of

njugate diameters in the points X and L, shew that the eircle
descnbed on KL as diameter passes through two fixed points on the
.other axis. '’

21. Prove that a chord which joins the ends of a pair of conjugate
diameters of an ellipse always touches a similar ellipse.

22. The eccentric angles of two points P and Q on the ellipse are
¢; and ¢,; prove that the area of the parallelogram totmed by the
tangents at the ends of the diametérs through P and Q is* -

4ak cosec (¢, — p.),
and hence that it is least when P and Q are at the end of conjugate
diameters.

23. A pair of conjugate diameters is ptoduced to, meet the
directrix ; shew that the orthocentre of the triangle so formedgis at
the focus. .

24, If the tangent at any point £ meet in the pomts I, and L’

(1) two parallel tangents, or (2) two con]ugate dlameters,
prove that in each case the rectanglo I.P. P1’ is equal to the square
on the semidiameter which is parallel to the tangent at P.

25. A point is such that the pergendicular from the centre on its
polar with respect t& the ellipsc is constant and equal to c; shew that
its locus is the ellipse

a gt 1 , .
P a
”?
26. Tangcnts are drawn from any point on the olhpse = =1

,$o the circle 22+ 42=12; prove that tht chords of contact are tangenbs
{10 the elhpse a%rl byt=ri

If A= ;%i + bl" prove that the lines joining the centre to the points

of contact \vxth the circle are conjugate diameters of the second
ellipse.

27. CP and CD are conjugate (“eters of the ellipse " prove that
the locus of the orthocentre of the triangle CPD is the curve

2 (b%* + a%2%)3 = (a? — b¥)? (6% — alz)s.

28, If exroles be @eseribed on two semi-conjugate dmmeters of the
ellipse as diameters, prove that the losg’s of their second points of
intersection is the curve 2(::’+y’)’~ +b’y -
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293. Yo prove that, in general, four normals can be
drown from any point to an ellipse, and that the sum of the
eccentric angles of their feet is equal to an odd multiple of -
two right angles. ‘ -

The ni)qlml at’any point, whose eccentric angle is ¢, is
~ . » - . ' .

w "y

If this normal pass throfigh the point (&, ), we have -

ah e,
P S TR (1).

For a given point (4, I;) this equation gives the
eccentric angles of the feet of the mnormals which pass

through (%, k).

Bet o | tan ¢=t, 80 that

3
1 P tan? 2 N * 2 tan f )
cos = 2178 and sin ¢ 2 2
== T e 8 == = r———,
1+tun’$‘ 1+ 1 + tan® 7 1+¢
2 » 2
Substituting these values in (1), we hdve
o dee g
S A TR

e bktt + 20 (ah + ae*) + 2t (wh — a’e®) ~ bk =0 ... (2).

Let ¢, t,, t;, and ¢, be the roots of this equation, so that,
by Art. 3, .
ah + a*e?
t1+tg+t;+t47-—2“—"b—k—- serersaeaes (3),

Uty + bty + Bty + bty + Gaty + 842, = 0 ... (4),

-,

A':g' E " aly— ude® . s
Ttk Bl bt bt == 2 L (B),
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Hence (Z'rigonometry, Art. 125), we have
tan b P B ‘734),_ =8 8§ Lgy

4o IE g = - = =00,
32 3 2 1—-35,+8 0

. ittt Pty 7
STy =nm+ 3, -

and hence b+ Pyt g+ py=(2n+ 1) .
' : =an odd multiple of two right angles.

294. We shall conclude the chapter with some ex-
amples of loci connected with the ellipse.

.
Bx. 1. Find the locus of the intersection of tangents at the ends
of chords of an ellipse, whick' are of constant length 2e.

Let @R be any such chord, and let the tangents at Q and I meet
in a point P, whose coordinates are (%, k). .

Since QR is the polar of P, its equation is
ah  yk . . ¢
ok ¥ =1 (1)

The abscisse of the points in which this straight lihe meets the
ellipse are given by
1 Th\? _k? 1 a?
Ta2) T b:'f - (l,"!) '

82 fh? )2 2rh k2
If #; and 2, be the roots of thig cquatiod, i.e. the abacisse of Q
and R, we have )

‘;'TJ

2a%%h d erim at(V?- 12
gnr g Bt MG, TS e
) 4as (b2 + a2R? - %] k2
Sy = r) e (g b a2 - g = — b R 2).
If y, and y, be the ordinates of Q and R, we have from (1)
ik

k
5 +gif.=1, .

ah Yk
ety -

&y iy =

and
so that, by subtraction, . :
LR
yz"y1=",,‘2'ﬁ(‘”kxl)’ T e
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The condition of the question thercfore gives
At (o -2+ - 3= (L+ ) a2
_4 (a‘l.2 +U43) (b’h2 +a?lk3 - a??)
R (G » by (3).
Hence the-point (%, k) always lies on the curve
0 st g2 a%y? | b2\ (a? y’
(G R0 ) (GE).
which is therefore the locus of .
Ex. 2. Find thelocus (1) of the middle points, and (2) of the poles,
of normal chords of the ellipse.

The chord, whose middle point is (&, k), is parallel to the polar of
(h, k), and is theretore

h k
(.'B—h) Zl:"+ (yv- k)‘i)-2=0.......“...............(1).
If this be a normal, it must be the same as
azsecd—bycosec §=a®- " .............. (@),

We therefore have
asecl -—~bcosecd a0

[ i = —
., h k he k2’

g al @ @t

’ 3 2 g2
a h® K

so that €080 = R@TF) (2,.,‘. + l;i) ,

» h2 k2
wod win 0= v (+ 57)

Hence, by the elimination of 9,
at 18 D A
(or i) (o o) =0
L] .
The equation to the required locus is therefore

(G2 (s

Again, if (x,, y;) be the pole of the normal chord (2), the latter
equation must be equwa.lent to the equation

= '+ LA IO— veeeea(3)
Compaﬂng (2) and (8), we ha,ve
a®secd __ Blcosecd ar— e
» that ~ 1.4:01;"0+sm2 0= ) @
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i

and hence ihe required locus is
@t B e
- Atgp=@@-up.

' .o 2 o e
Bx, 8. Chords of the ellipse '3, + ’—;] =1 always touch the concentric
and coazal e'zzip:; = ;
a? ' gt .
Any tangent to the second ellipse is
y=ma+ JER LB s (D

' Let the tangents at the points where it meets the first ellipse meet
in (k, k). Then (1) must be the same as the polar of (k, k) with
respect to the first ellipse, i.c. it is the same as ]

=1; find the locus of their poléa,” .

S xh yk' _
;8—"'”{. I;,;-—l—o .................... ivenen(2)

- . Since (1) and (2) coincide, we have

m_ -1 Jdniypt ¢
=N

T v
a? b ¢ .
2 € " 2

Hence 11:.:—(% Ilg' and ,\/a2111'1+ﬁ'-‘=%. ¢

Eliminating n, we have
g 12 I
“at IT"-*‘R2 s
i.e. the point (&, k) fies on the ellipse
N
bl
’ . . . a? b?
i.e. on a concentric and coaxal ellipse whose semi-axes are o and B

respeotively, ¢

EXAMPLES. XXXV,

,5.
The tangents drawn from a gmhy_” to the ellipse make angles 6,
and 4, with the major axis; find tHe lncus of P when ©
1. 6,+0, is constant (=2a). [Compare Ex, 1, Art. 235.] . 2
2. tan 6,-+tan @, iz constant (=c). Co v
3. tan 6, ~tan 6, is constant (=d). .
4, tan?0,+tan?d,is constant (=N\)= 5 . . o0 -
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Find the locus of tho intersection of tangents

5. which nfeet a$ a given angle a.

6. if the sum of the eccentric angles of their points of contact
be equal to a constant angle 2a.

7. if the difference of these eccentric angles be 120, .

8. if the lines joiningsthe points of contact to the centre be
perpendicular. .

9. if thesum of the ordinates of the points of contact be equal to b.

- Find the locus of the middle points of chords of an ellipse

10. whose distance from the centre is the constant length c.

11. which subtend a right angle at the centre.

12. which pass through the given point (%, Z). o

13. whose length is constant (=2c¢). «

14. whose poles are on the auxiliary cirele,

o 15. the tangents at the ends of which intersect at right angles.

16. Prove that the locus of the intersection of normals at the
endssof conjugate diameters is the curve

A 2 (a'z 2 4 1,2_,/2)32 (a2~ bs)n (u-‘ r3 — b”y'-’)’.

17. Prove that the locus of the intersection of normals at the ends
of chords. parallel to the tangent at the point whose eccentric angle is
a, is the conie

2 (ax sin a -+ by cos a) («x cos a -+ by sin a) = (a® - b%)% sin 2a cos? 2a.

If the chords be parallel to ¥n equiconjugate diameter, the locus
is a diameter perpendicular to the other equiconjhgate.

18. A parallelogram circumseribes the ellipse and two of its
opposite angular points lie on the straight lines #*=A4?; prove that
the locus of the other two is the conic .

oyt 1o )=1
ar ' W\ T

19. Circles of constant radius ¢ are drawn to pass through the
ends of a variable diameter of the ellipse, Prove that the locus of
their centres is the carve

(2% +y2) (322 4 b%y2 + a2b?) = ¢? (a%2? + by?).

20. The polar of a puint P with respect to an ellipse touches a
fixed eircle, whose centre is on the major axis and which passes
through the centre of the ellipse. Shew that the locus of P is a

parabpla, whose latus rectum is a third proportional to the diameter
of the circle and the latus rectum of the ellipse.

21." Prove that the locus of the pole, with respeot 1’:0 tlie ellipse, of

eny temgens 4 thoauilery el i the e S

IR N s L
SR oL SR "
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22. Shew that the locus of the pole, with respect to the auxiliary
circle, of a tangent to the ellipse is a similap coumsentric ellipse,
whose major axis is at right angles to that of the original ellipse.

23. Chords of the ellipse touch the parahola ay®= ~ 2%z ; prove
that the locus of their poles is the parabola ay® =203,

. _24. Prove that the sum of the angles that the four normals
drawn from any point to an ellipse make with the axis is equal to
the sum of the angles that the two tangents from the same point
wake with the axis,

[Use the equation of Art. 268.] .

25, Triangles are formed by pairs of tangents drawn from any
point on the ellipse .

' % + 1%y = (a3+ 1%)? to the ellipse Z;: + %‘2= 1,
and their chord of contact. *Prove that the orthocentre of each such
triangle lies on the ellipse.

268. An ellipse is rotated through a right angle in its own plane
about its centre, which is fixed ; prove that the locus of the point of
intersectiou of a tangent to the ellipse in its original positionywith
the tangent at the same point of the curve in its new positien is

(224 97) (224 y? - a2 -ebY) =2 (a2~ 13) 2y.

27, If ¥ and Z be the feet of the perpendiculars from the foci
upon the tangent at any point P of an ellipse, prove that the tangents
at Y and Z to the auxiliary circle meet on the ordinate of # and that
the locus of their point of intersection is another ellipse.

28, Prove that the dircetrices of the two parabolas that ean be
drawn to have their foci at any given point P of the ellipse and to
pass through its foci meet at an angle which is equal to twice the
eccentric augle of I

29. Chords at right angles are drawn through any point P of the
ellipse, and the line joining their extremities meets the normal in the
point Q. Prove that Q is the sane for all such chords, its
a’elcos a a:z a?le? sin a
T MG T T

Prove also that the major axis is the bisector of the angle PCQ,
and that the locus of @ for different positions of P is the ellipse
2 g2 3 ((q;'; 2

@t (ere

coordinates being
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CHAPTER XIIT.

THE HYPERBOLA.

»

2956. TaE hyperbola is 'a..Conic Section in which the
eccentricity e is greater than unity’

. Zo find the equation to a hyperbola.

Igt ZK be the directrix, S the focus, and let SZ be
perpendi¢ular to the directrix.

There will be a point 4 oh AZ, such that
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Smce e>1, there will be another point A on 87 pro-
duced, such that

SA =e. A'Z...... SO SO ¢ %
“Let'the length 44’ be called 2a, and let C be thqrmlddle
point of 44’ . N
Subtractmg (1) from (2), we have L ﬂi—,,
Qa=Ad' =e¢. A'Z—e.AZ S
=e[CA"+CZ]-e[CA—-CZ])=e.20Z,
ie. CZ=%.....' ......... eeerepeaeanss (8).

-Adding (1) and (2), we have
e(AZ + A'Z) = SA"+ 54 =208,
i.e. e. A --2.08,
and hence C8 @€ .cciiiiiiiiiiiiiiiinenn, 4).
Let C Le the origin, CSX the axis of 2, and a straiglit
line ('Y, through C perpendicular to CX, the axis of .
Let £ be any point on the curve, whose coordthates are
z and y, and let 2”4/ be the pm‘bendnu]m‘ upon the directrix,
and /°V the perpendiculur on 44",
The focus 5 is the point («e, 0).
The relation SP" 6. PM?=e?. ZN* then gives

(u- we)® + i’ ——e‘[ -~—:|

t.e @? - 2aex + a’e? + y?=: et — 2aex + a®
ot
Hence (= 1)1 =a®(2=1),
3 o
. a: 9y
v.e. L g = e (O
ot g (et —1) )

Since, in the case of the hyperbola, e>- 1, the quantity
a® (¢® — 1) is positive. Let it be called 47 so tha.t the equa-

tion (5) omes -
P xg yz
?:‘;3: ) —-—-.Fs-l ....... ooy

where b=—u’e’f’—~a2 CS = OA°...

therefore ‘; a=a."+b2 .5,
¥
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296. The equation (6) may be wn:ttem

s Wt (e ) (w k)
':; ’-"]= e - P 1
b-
. rys AV, XA
e o LT .
. b‘: o
L]
so that PN AN NA 7 o,
If we put -0 in equation (6), we have y* - 8,

shewing that the curve meets the axis C'Y in imaginary

polnt\

Def. The points.dand .l are called the vertices of the
hyperbola, (" is the centre, A is the transverse axis of the
curve, whilst the line 4/ is galled the conjugate axis,
where Band B ave two points on the axis of y equidistant
from € as in the fignve of Art. 313, and such that

. B kb

207, Swce N is the point (ve, ), the oqnation seferted to the
foens as oridin is, by b, 128,
A nu’\2 . U
. =1
b
et 10,

Similarly, the equations, reforrdd to the vert~\ d and fool of the
-directrix 2 respectively as origing, will be fonu {10 B
xtoyt A
A}
w b
oo 2 |
and , RS
at U oar
The eynation to the hyperbola, whose focus, direetrix, and eccen-
tricity are any given quantitics, may he wribten down as in the ense
of the ellipse {Art, 249).

298. There exist a second focus wnd @ second divectric
to the curve,
on SC j’fuducwl mke a pmnt 8, such that
- SC - C8" - e,
and another péine 77, such that .

L0z ¥

L. i 18 'Y

B

L
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Draw Z'31’ perpendicular to A4’, and let PM bo pro-
duced to meet it in 4.

.
The cquation (5) of Art. 205 may be written in the
form
" a 3 U
aty Qaer + Pt v yP - 6n* + Daer + al,

o

T.e. (e +ae)* o y*- & (t: + >_,
.. SR S (ZC s CN® e DU

Tlence any point 7* of the curve is such that its distance
from S’ is e times its distance from Z'A”, so that we should
have obtained the same curve if we had started with S as
focus, Z'A" as directrix, and the sawe eccentricity e.

299. Vhe difference of the focal distances of any point
on the hyperoolo s equal 1o the ransverse ars,
For (Fig . Art 295) we have
NPl P and NP el P
Hence N0 8P - o(PM - PUy-e, M
e A4 20 CX 2
ihe transverse axis .0
Also SP—=, PM -0 ZNV ¢, ON ¢.('Z ex —a,
and NP e . PV e ZN o .(CNye A ex 4a,
where ' is the abscissi of the poing Preferred to the contre
as origin,
300. Latusvectum of thesITyporhola,

Let. 287 be the latus-rectum, 7.¢. the double ordinate
of the carve drawn through S

By the definition of the curve, the semi-latus-rectun SL
- e times the distance of L from the diregtrix
SZ e (CS-0'%)
,I‘Z

e .08 eCh::ae?-- « R
by equations (3), (4), and (7) of Art. 205.
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801. 70 trace the curce

. a2ty .
. Sa e e e (1),

The equation may be written in either of the forms

P
g/:--l-(:\/l;__ .. ... v (2)
. /v .

or @ ket N vl s )

Trowm (2), it follows that, if 2 -« 1.e. if o lic botween a

and —a, then g is impossible. | There is therefore no part

of the curve hetween .f and .1y
L]

For all values of .f:-a? the equation (2) shews that
there are two equal and opposite values of g, so that the
cufve is symmetrieal with respect to the axis of @ Also,
as thevalue of o inereases, the corresponding values of y
inerease, uttil, corresponding toan indinite value of ) we
have an in('m.ih- value of 4. ®

For all values of 4 the equation (3) gives twe equal
and opposite values to o that the enrve is sy nunetreical
with respect to the axis of v,

. . . L]

If & number of values in suceession be given to ey and
the corresponding values of 7 bhe determined, we shall
obtain a series of points, which will all be found io lie on a
curve of the shape given in the figure of At 2ud,

The curve vonsists of two pornons, cue of which extends
in an infinite direction towards the positive direetion of
the axis of .y and the other in an intinnte dweetion towards
the negative cud of this axas

- Lot ey . o
302. Wi quantity o Vo4 pusitive, zero, or
Py
nequtive, wecording as the point (&, 4"y les within, wpon,
or withowt, the curce.
Let @ be the point (7, '), and let the ordinate QN
18—2
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through ¢ meet the curve in £, so that, by equation (6) of
At 295,

o PN .
IR | '
2 2 )
Py gt
and henee TSI T
4 «

If ¢ be within the curve thea y, 7., Q. is less than
uyt PN 2

IV, xo0 that, : Ly le<=-, = 1L
[ T
>
. . N - . - o .
Henee, in this ease. - - 4 1), i 3% positive,

b
Similaly, i 12 he withont the curve, then y = 2V, and
PEIE

we have . -1 neaative

303. T il the lenatlo of wny contral yadivs dramn in

a aqiren dore lios. , ¢

» The equition (6) of Artt 295 when transferved to polar
. 5
coordinates, hweomes

feont @ st Ay
. (\ a’ ' 0 /)
i l ] ! uurxi ) _ .\ill':’(:v' (.'UH: [ (/_/f"’ e 9" (L
” o A I o .

This is 1he equation giving the value of any central
rading of the enrve drawn ar aninelination 8 to the trans-

Verse axis,
. .

. /r' . .
Sy long as i 0-- - | the equation (1) gives two equal
o

and opposite values of + corresponding to any value of 6.

. . b .
For values of tan’ 0 --,. the corvesponding values of
o -

-

1 . . . .- .
o are negative, and rhe corresponding values of » imaginary.
bl .

: T b
Any radius dravu al a greater inclination than tan=? -
) a
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does not therefore meet the curve in any real points, x0
that all the efwve is included within two straight lines

; . 7 .
drawn through ¢ and inclined at un angle = tan™ - to (X
«

Writing, ¢l ) in the form
Ld I"'

gy i F AN
coxt @ \ L= tant g
o* ,
L] .

we see that » is least when the denomimnator is greatest, i.e.
when 6 0. The vadius veetor Cu iv theretfore the Jeast.

b . ...
Also, when tan 0 - =~ the vglue of » is infinite,
113 .

N , [ .
For values of ¢ between O and v ' the cortesponding
o "

o . R . ) .
positive values of »give the portion (8 of the curve (Fig,,
Art 295 and the corvesponding negative values give the

I

portion A ®
) ,

3 N 4 ..
For valu® of 4 between 0 and  tan ' 7, the positive
o
valaes of R give the pmnnn AR and the negative valaes
give the ]mrtmn AR N
The ellipse and tlw hyperbolr <mee they both live a

centre O, such that all chords of the conde passiug through
it are hiseeted at it, ae together called Central Conics.

304. In the hyperbola any ordinate of the curve does
not. meet the cirele on LI as dimneter in real poinds,
There is therefore no real eccentiic angle as in the ease of
the cllipse,

When it is desirable to express the coordinates of any
point of the enrve in terms of one variable, the substitutions

* x=asec® anud y=btan ¢
may beeused: for these substitutions clearly satisty the
equation (6) of Art. 205
The angle ¢ can he easily defined geow2trieally.
On AA" deseribe the auxiliary circle, (Fig., Art. 3006)
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-

and from the foot ¥ of any ordinate NP of the curve draw
a tangent VU to this circle, and join C{". Then

CU =CNcosNC'U

t.e. x=CN=ascc NCU.
The angle ¥CU is therefore the angle ¢. -
Also NU = CUtan ¢ --atan ¢,

so that NP N b

The ordinate of the hyperbu]és. is therefore in a constant
ratio to the length of the tangent drawn from its foot to
the auxiliary circle.

This angle ¢ is not so important an angle for the
hyperbola, as the eccentric angle ix for the ellipse.

305. Since the fundamental equation to the hyper-
bola only differs from that to the ellipse in having — 3
instead of 4%, it will he found that many propcsltlons for
the hyperbola are derived from those for lhe ellipse by
changing the sign of %

Thus, as in Art. 260, the straight line y -z ma 1 ¢ meets
the hyperbola in points which are real, eoincident, or
imaginary, according as
o (I A
As in Art. 262, the equation to the tangent ab (&, ) is
ax’ gy
PR

I
Asin Avt. 263, the straight line
y = mx + NaEmd— 6
i3 always a tangent.
The straight line - o
weosad Y sina=p
is a tangent, if  p*r:a’costa—lsinta.
The straight line  le+my =
is a tangent, if A R [Arxt. 264.]
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The normal at the point (a7, y') is, as in Art. 266,

. x—xr Y-y
———  —
@ K4
at A

806. *With some mgdifications the properties of Arts.
269 and 270 are true for the hyperbola also, if the
corresponding figure be drawn.

In the case of the hyperbola the tangent bisects the
interior, and the normal the exterior, angle between the
focal distances S22 and S'P.

[t follows that, if an ellipse and a hyperbola have the
same foci S and §', they cat at right angles at any common
point . Lor the tangents in the two cases are respec-
tively the internal and external biseetors of the angle S/8’,
and are therefore at right angles.

307. Jhe equation to®the straight lines joining the
points (asec ¢, btan¢) and (asecqd, btan¢’) can be
shewn o0 be

b _y. ¢+

coy - - sin - - cOS
b 9

b+¢
g
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Hence, by putting ¢’ == ¢, it follows that the tangent at
the point (e secd, btan ¢) is ,

0
.

f—-%singb-_:cnsqs.
It could easily be shewn that the equation to the
normal is .,

ax sin ¢ + by = (a* + 1?) tan .

308. The proposition of Art. 272 is true also for the
hyperbola. ' '
As in Art. 273, the chord of contact of tangents
from (x,, y,) 1s
@YY,
ot 2 ’
As in Art. 274, the polar of any point (@, ¥,) is
gy
o« b ’ .
As in Arte. 279 and 281, the locus of the middle
points of chords, which are parallel to the diarmetér y =mo,
is the diameter g mea, where
I
mm, - .
L a?
The proposition of Art. 278 is true for the hyperbola
also, if we replace 6 by -- %

309. Director circle. The locus of the intersection
of tangents which are at right angles is, as in Art. 271,
found to be the circle a®*+ yi=a®- 0% ie. a circle whose
centre is the origin and whose radius is Ja? Z12 -

If 0% < a? this circle is real.

If &% -- & the radius of the circle is zero, and it reduces
to a-point circle at the origin, In this cuse the centre is
the only point from which tangeuts at right angles can be
drawn to the curve.

Tf 8% > a? the radius of the cirelo is imaginary, so that
there is no such circle, and so no tangents at right angles
can be drawn to the curve.
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- .
310. Equilateral, or Rectangular;, Hyperbola.
The pargicular kind of hyperbole in which the lengths
of the transverse and conjugate axcs are equal is called an
equilateral, or rectangular, hyperbola. The reason for the
name “rectangular” will be seen in Art. 318.
Since, in this case, b = == @, the equation’to the equilateral
hyperbola, referved to®its centre and axes, is @ — y* — o®
The eccentricity of the rectungular hyperbola is /2.
For, by Art. 205, we have, in this case, .
G Sa? . .
g

so that e= /2

L]
3811, Bx. The perpendiculars fom the cenire upon the tangent
@ 2 2
and normal at any pont of the hyperbola i Y1 meet them in @

®and R. Find the loci of @ and R. ¢
Asin Axt 308, the straight line
xcosa by sina=p
isa tahgeql: if P=a?cBe?a-Vsin?a
But p and a are the polar coordinates of Q, the foot of tho perpen-
dicular on this straight line from C.
The polar equation to the locus of @ is therefore
r*=d?chy? ¢ - b sin g,
i.e., in Cartesian coordinates,
(¢ F YR = atr® - byt
If the hyperbola ‘bo rectangular, we have a=- b, and t.hc polar
equation is

r?_=u® (cos? @ - sin? 0) == a®cus 20,
Again, by Art. 307, any normal is
arsing { by=(a*+0%tang. . [UURRRN § § 8
‘The eqnation to tho perpendicular on it from the ongm is
br-aysin¢=0 ... ... e e (20
If we eliminate ¢, we shall have the locus of I, ‘

.

Froms (2), we have sm P= If‘f/

_ sing bx
andethen tan ¢ = Jl e Ja’./" G
Substituting in (1) the locus is
(2 +7? (@ - ) = (2 + 1P



.
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EXAMPLES. XXXVI.
A N
Find the equation to the hyperbola, referred to its axes as axes of
coordinates,

1. whose transverse and conjugate axes are respectively 8 and 4,

. 1%_ whose conjugate axis is 5 and the distance' between whose foci
:: 3:2)\vhose conjugate axis is 7 and which passes through the point
. ’ %g t’hu distance between whose foci is, 16 and whose eccentricity
18 \/2.

~5. In the h&pexhola 417 - 9y%= 36, find the axes, the coordinates
of the foci, the eccentricity, and the latus rectum.

6. Find the equation to the bhyperbola of given transverse axis
whose vertex biscets the distance between the centre and the focus.

7. Find the cquation to the hyperbola, whose eccentricity is §
whose focus is (u, 0), and whose directrix is 4z - 3y =a.

Find also the coordinates of the cenire and the equation to the
other dircetrix. .

8. Tlind the points common to the hyperbola 2522 - 9y%2=225
and the straight line 250 + 12y - 45=0. »

9. Find the cquation of the t.n.ng-\nt to fire hyperboln 4.5% 9y’:=1
which is parallel o the line 4y =5z 7.

10. Prove that a circle can be drawn through the foci of a
hyperbola and the points in which any tangent meets the tangents at
the vertiges.

11. An ellipse and a hyperbola have the same principal axes.
Shew that the polar of any point on cither curve with respect to the
other touches the first curve.

12. In both an ellipse and a hyperbola, prove that the focal
distance of any point and the perpendicular from the centre upon ihe
tangent at 1t meet on a circle whose centre is the focus and whose
radins is the semi-transverse axis.

. . Xy z y 1

13. DProve that the straight lines " ;{:: m and a + % =_ always

meet on the hyperbola.

14. Find the equatum to, and tho lengl,h of, the common tangent

to the iwoé hyperbolas -~ Z =1 nnd ~ f =1

15. In the hypetbolu 162 - 9y* - -144 find the equation to the
dianteter which is conjugale to the diameter whose equation is z=2y.
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16. TFind the cquation to the chord of the hyperbola
. 2502 - 16y2=400

which is bisected at the point (5, 3).

17. In a rectangular hyperbola, prove that

. SP.S'P=CP:

18. thé distance of apy point {rom the centre varies inversely as
the perpendicular from the centre upon its polar.

19. if thenoimalat P meet the axes in G and g, then P = Pg=PC.

20, the angle subtended by any chord at the centre is the
snpplement of the angle between the’tangents at the ends of the
chord.

21. the angles subtended at its vertices by any chord which is
parallel to its conjugate axis wre supplementary.

2
il—,_, =1 meets the axes in M
and N, and lines M and N/’ are drawn at right angles to the axes
prove that the locus of I? is the hyperbola
u?x? - DRy = (u + V)2

23, Jf one axis of a varying central conic be fixed in magnitude
and position, prove that the locus of the point of contact of a tangent
drawn to ip from a fixed point 6n the other axis is a parabola.

924, If the ordinate M P of a hyperbola bo produced to ¢, go that
M is equal to either of the foeal distances of 7, prove that the locus
of @ is one or other of a pair of parallel straight lines,

. )
22. The normal to the hy}mrbola..g_, -

925. Shew that the locus o the centre of q circle which touches
externally two given cireles is a hyperbola.

26. On a level plaiu the erack of the rifle and the thud of the ball
striking the target afe heard at the same instant; prove that the
locus of the hearer is a hyperbola.

27. Given the base of a triangle and the ratio of the tangeuts of

half the base angles, prove that the vertex moves on a hyperbola
whose foci are the exticmities of the base.

28. Prove that the locus of the poles of normal chords with

2
respect to the hyperbola :;; - ';/., --1 is the curve
x

. y2ab - 2206 = (1 + D)2 2y,
29. Find the locus of the pole of a chord of the hyperbola which
subfends a right angle at (1) the centre, (2) the vertex, and (3) the
focus of the curve.
30, Shew that the locus of poles with respect to the parabola

y2=4axz of tangents to the hyperbola z?-y*=a® is the ellipse
41“+y‘1=4a*.
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31. Trove that the locug of the pole with respect to the hyperbola

2
"J - 'Z =1 of any tangent to the circle, whose dizmeter is the line
a “

I - Looxt y? 1

joining the foci, is the ellipse wtn =g X

32. Irove that the locus of the intersection of tangeats to a
hyperbola, which meet at a constant angle g, is the curve

(e®+ ¥+ 0% — ¥ =4 cot? B (a?y*? - biz® + ab?).
33. From points on the gircle 22+92%=«? tangents are drawn to
the hyperbola 2 — y*=a?; prove that the locus of the middle points of

the chiords of contact is the curve
(@2~ y%)t = a? (22 + y?).

34. Chords of a hyperbola arg, drawn, all passing through the
fixed point (k, k): prove Lhat \ke locus of their middle points is a
hyperbola whose centre is the point ( g R 2) , and which is similar to

«

either the hyperbola or its econjugate.

312. Asymptote. Def. An asymptote is a s‘raight
line, which meets the conic in twin points both of which are
situated at an infinite distance, but which is itself' not alto-
gether at infinity.

313. 7o jind the axymplotes of the hyperbola

o I
ato
Asin Art. 260, the straight line

YR FC e (1)

meets the hyperbola in points, whose abscissae are given by
the equation

@ (02 - ) = Q2tmcx - (P + ) =0 ... (2).
If the straight line (1) be an asymptote, both roots of (2)
must be infinite. '

Hence (C. Smith’s Algebra, Avt. 123), the coefficients of
2 and 2 in it must both be zero.

“'We therefore have.
B~ a®m? =0, awl a’*mc =0,
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b
Hence m=c, and ¢=0.

.

Substifuting these ,values in (1), we have, as the re-
quired equation,
b
3 ne gz - 2,
e y o
There are therefore two asymptotes both pussing
through the centre and equally ineclined to the axis of z,

the inclination being
* »

tan™t- "
o

The equation to the asymptotes, written as one equa-

tion, is .,
e -y
at b 0.

Cor. TFor all values of ¢ one root of equation (2) is

b i . . L

infinite if m -+ Heme any straight line, which is
@’

parallel €0 an asymptote, meetq the curve in one point at

infinity and in one tinite point.

314. Thai the asymptote passes thromgh two coincident pointy
at infinity, i.e. touches the curve at infinity, 1ay be secu by finding
the equations to the tangents to the curve which pass through any

h
point (.r,. Q .rl) on the asymptote y :2 x.
As in Art. 305 the equation to cither tangent through this point is

Yy -mei \,/ Wi < b2
h LN - T
where g B A i~ O3

i.e. on clearing of surds,

. . b
. m? (z,2 - a?) 7 2m r,2+(:r2-t-a~)— =0,

Qne root of this equation isx m= I-) so that one tangent through

the given point is y:?.- z, i.e. the asymptote itself.
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315. Geometrical construction for the asymptotes.

Let 4’4 be the transverse axis, and along the conju-
gate axis measure off B and C'B, each equal to b.
Through B and B draw parallels to the transverse axis
and thmuuh A and A’ parallels to the conjugate axis, and
let these meet respectively in A, K,, K, and K, as in the
figure. .

N

Xe

Clearly the equations of A CK; and KK, ave
1

! 1
y---ayandy  —--wy
K a? y o

and these e therefore the equations of the asymptotes.

316. Lct any double ovdinate 2.V of the hyperbola
be produced both ways (v meet the-asymptotes in @ and @',
and let the abscissa (¥ he

Since P lies on the curve, we have, by Art. 302,

. AP ::9 Ry
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Since @ is on the asymptote whose equation is y = 2 x,
L]
L]

a

we have .NQ = (b;, '

Henga PQo NQ— AP = 2 (of = wat = a,

and rQ f: (2 4 Jat—a?).

Therefore 2Q. P 'y o = (42— a®)} 8%

Hence, if from any point on an asymptote a straight
line be drawn perpendicular to the transverse axis, the
product of the segments of this dine, intercepted beiween
the point and the curve, is always equal to the square on
the semi-conjugate axis.
¢ Again,

e P (3 (-~ Na? -~ a®)

@ °
e ab
RNV

1§ is thevefore always positive, and therefore the
part of the curve, for whiz‘h the coordirates are positive,
is altogether butween the asymptote and the transverse
axis. R

Also as & increases, t.e. as the point £ is taken further
and further from the centre () it is clear that ¢ con-
tinually decreases ; finally, when o’ ix infinitely great, /¢
is infinitely small.

The curve therefore continually approaches the asymp-
tote but never actually reaches it, although, at a very great
distance, the eurve would not be distinguishable from the
asymptote. °

This property is sometimes taken as the definition of an
asymptote.

b @

&9 + Afrd—a*

317. 1If SF be the perpendicular from § upon an
asymptote, the point F lies on the auxiliary circle. This
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follows from the fact that the asymptote is a t:a.ngent
whose point of contact happens to lto at infinity, or it may
be proved directly.

For
CcA @
A g Y 1‘~ —_ ( ‘sf padi Q 9
CF - ('Scos FCS§ = W,M+bwhb
Also Z being the foot of the directrix, we have
C4* = ('S, UZ, (Art. 295)

and hence CF*..(!S.C%4, i.e. US :CF :: CF : CZ.

By geometry, it follows that L CZF -2 CFS=a right
angle, and hence that £ lies on the directrix.

Hence the perpendiculars from the foci on either usymptote
meet it T the same pmnl.s «s the com«’xpondmg directrie,
and the commaon puints of Lntersection lie on the auxiliary
cirele,

318. Equilateral or Rectangular Hyperboia.
In this curve (Art. 310) the qugntities « and b are equal.
The equations to the asymptotes are therefore y . =a, 1.0
they are inclined at angles = 45° to the axis of a, and hence
they are at right angles,  Hence the hyperbola is generally -
called a rectangular hyperbols.

319. Conjugate Hyperbola. The hyperbola which
has B’ as its transverse axis, and A4’ as its conjugate
axis, is said to be the conjugate hyperbola of the hyperbola
whose transverse and conjugate axes are respectively A4’
and BB

Thus the hyperbola

o
f JUES BT (1),
is conjugate o the hyperbola
¢ e
o gE L e (2)
Just as in Art. 313, the equation to the asymptotes of
i . LN | .
(Lyis Y —20,
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which, by the same article, is the equation to the asymp-
totes of (2). . |

Thus a hyperbola and its conjugate have the same
asymptotes.

The copjugaté hyperbola is the dotted curve in the
figure of ATt. 323. .

320. /[wterscetions of a hyperbola with a pair of con-
Jugate diameters. . .
The straight line ¥ - mye intersects the hyperbola
at
oy
v, -1
L

- - . L]
in points whose nhscms.v are gnmn by

ml'] 1,

. d - o [/l [;
1.e. by the equation w5 ——— ..
b 5 e
(] . . .
The points are therefore real or imaginary, according as
&’ is - oor - b2
t.e. according as .

. . [
ny is numerieally -.ov - — L (L),
a )

i.e. according as the‘inclination of the straight line to the
axis of @ is less or greater than the inclination of the
asymptotes.

Now, by Art. 308, the straight lines y - mye and y = m,e
are conjugate diameters if

* nyny - v ()
1Py 7 g 2).

Hence one of the quantities m, smd m, must be less

than z- and the other greater than é

Let 2, be <Z , so that, by (1), the straighv line y =m

meets the hyperbola in real points.
LS 19%



290 COORDINATE GEOMETRY.

Then, by (2), m, must be > (I: , 80 that, by (1), the straight

line y == my2z will meet the hyperhola in imaginary points.
Tt follows therefore that only one of a pair of conjugate
diameters meets a hyperbola in real points.

321. If « puir ¢of diwmelers be conjugate wath [respect
loa hyperbola, they will be conjugate with respect to its con-
Jugate hyperbola.

For the straight lints y = and y ~ mx are conjugate
with respect to the hyperbola

sy
R B
o . b2 (1)1
R LAY [’.’
if mmy - )I;, ........................ (2).
[4

Now the wsquation to the conjugate hyperbola only
differs from (1) in having —a® instead of «® and — §* instead
of 0% so thal the above pair of straight lines will be'con-
jugate with respect to it, if

e -
maty s '%2 ................... 3.

3ut the relation (.l) is the same as ).
Hence the proposition.

322. -If a pair of diamelers be conjugate 1with respect
to a hyperbola, one of them weets the hyerbola <n real points
and the other meets the conjngate hyperbola 1 real points.

“Let the diamneters be y - me and y -m,r, so that

b*

mpm, - -, .
1ty -
[

. aur b b
As in Art. 320 let m, -: . and hence my =~ o s that the
«

straight line y 22,2 meets the byperbola in real points.
Also the qtla.u.rht, live y= ma meots the ~ conjugate

2
KA £2
hyperbola Y b g - 1 in points whosc abseisse are given by
219

. my? 1
the equation o - ;r) -1, e by « _'rT';tu’-b’

bﬂ
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Since m, > 2, these abscisse are real,
. L]
Hence the proposition:

323. If apair of conjugate diameters meet the hyperbola
and its confugate in P qud D, then (1) CP* - CD? = a® -1,
and (2) the tengents at P, D and the other eruds of the
diameters passing through them form a parallelogram whose
vertices lie on the asympiotes and whose area is constant.

¢ a2
Let £ be any point on the hyperbola (:‘ - Z_‘ 1 whose

coordinates are (« sec ¢, b tan ¢).
The equation to the diamet8r (I7 is therefore

Y- btan ¢ ;

> .
X sin ¢.
a sec ¢ Sin ¢

By Avt. 308, 1the equation to the straight line, which
is corgugate to (1P, s
b
1/

/T asin g

. 19—2
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This straight line meets the conjugate liyperbola
C Y2
Vooat

in the points (¢ lan ¢, brec ¢), and (~atan g, —bsec ¢) so
that £) is the point (v tan ¢, b sec ¢). <

We therefore have

CP? _a®sec? ¢ 4D tan? ¢, .

and CD? = o tan® ¢ + 0 sec? ¢,

Hence “

Ol O (=) (sectd tant ) o — B2

Again, the tangents at /> and /) to the hyperbola and

the conjugate hyperbola are asily seen to be

oy, .

— SN eosd, ... ... 1

a b ¢ & ( b "
and 4 gin b2z 008 )

0 « ! ! T )

These meet at the point

4
Jy Cox b

a b T-sing’
This point iies on the asynptote CL

Similar]ly, the interseetion of the tangents at /2 and D’
lies on (°L), that of tangents at 7 and /7 on ('L, and
those at ) and " on ('L,

If tangents be therefore diawn at the points where a
pair of coujugate dinmeters meet a hyperbola and its
conjugate, they form a parallelogram whose angular points
are on the asymptotes.

Again, the perpendienlar from (“ on the straight line (1)

. A O
B cos , h cos ¢

o md by
» 12 &4

» «

A

N ab ad ab

T Wbsec*g+attanty CD T PK
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. s
80 that P&~ perpendicular from C op PA - ab,
2.6 atea of the papallelogram CPKD :- ab.
Also the areas of the parallelograms CPAD, CDK I,
CPr'R'D’y and CLY K P are all equal.
The area KK\ KK therefore = dub.
Cor. PK= (D= 1D'C= AP, sothat the portion of a

tangent to a hyperbola mfmmpte(l bLetween the asymptotes
is hisected at the poiut of contaet.

824, [ltelation between the equation to the /u/prrbulw,
the equuttion to its asymptotes, and the equation (o (he conju-
gate hyperbola.

The equations to the h\pmbolu,, the asymptotes, and the
conjugate hyperbola ave respeetively

x oy

o sl

o (l'_’ (l)v

WY 9

P O, (2),
. e 7/ )
and o ,'_ 1 (%)

We notice that the equation (2) ditiers from equation (1)
by a constaut,.and that the equation (3) diflers from (2) by
oxaotly the sume quantity that (2) ditters from (1).

If now we transform the equalions in any way we
please -by changing the origin and directions of the axes—
by the most general substitutions of Art. 132 and hy
multiplying the equations by any— the same—constant,
we shall alter the left-hand menbers of (1), (2), and (3) in
exactly the same way, and the right-hand constants in the
equations will still be conspants, and differ in the same way
as Lefore.,

Hence, whatever be the form of the equation to a
hypel‘bola, the eduation to the asymptotes only differs from
it by a constant, and the equation to ‘the conjugate
hyperbola differs from that to the asymptotes by the same
constant.
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.4 B
828. As an example of the foregoing article, let it be required
to find the asymptotes of the hyperbola

3% - 5y — 2P+ Ly — 8=20..0cevreene. ().

Since the equation to the asymptotes only differs from it by
constant, it must be of the form

S0 - Bay - 22+ 50+ 1y +e=0.ooeerrr o, @).

Since (2) represents the asymptotes it must represent two straight
lines. The condition for this is (Art. 116) '

B(=2)e+2. 3.3 (- 1) =B (- (- 2) (- ¢ (~41=0,
ie. == ~12, '
The equation to the asymptotes 1s therefore
322- by - 22+ dr+ 11y — 1220,
and the equation to the conjugate hyperbola is
3o bey - 290 b+ 11y - 16: 0. .
826. As another example we seo that the equation to any
hyperbola whose asymptotes are the straight lines
Led By C--0 and A+ By + € =0, ¢
is . (A F By ¢ C) (e e Byy+Ch=Xt 00 0 (1),
where A is any constant, '

For (1) only ditfers by a constant from the equation to the
asymptotes, which s

(Aro By+C) (A2 + Byy F () =0 ... .. - (2).
If in (1) we substitute - N* for A2 we shall have the equation to its
conjugate hyperbola,
It follows that any equation of the forin
(de-l By + C) (A + By -+ ). N\
represents o hyperboln whose asymptotes are
dw-By t C=0, and .1+ Ly =0,
Thus the equation 2 (r +y) =«* represents a hyperbola whose
asymptotes are o -0 and x4-y=0.
Aguin, the equation .+ 2y cot 2a - y2 _a?,
e, (weota -y)(xrtana {-y)=a?, o
represents a hyperbola whose asymptotes are
zeota--y=0, aud 2 tana +y=0.
837. It would follow from the preceding articles that the

equation to any hyperbola whose asymptotes are z=0 and y=0 is
&y =const,
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The constant could be easily determined in terms of the semi-
transverse and semi-conjugate axes. .

In Art. 328°we shall obtain this equation by direct transformation
from the equation referred to the principal axes.

o EXAMPLES. XXXVIIL

1. Through the positive vertex of the hyperbola a tangent is
drawn; where does it meet the conjugate hyperbola?
.

2. Ifeande’ be the eceentricities of a hyperbola and its conjugate,

1
prove that At ¢ =L
3. Prove that chords of a hypeérbola, which touch the conjugato
hypezbola, are bisected at the point of contact.

4. Shew that the chord, which joins the points in which a pair of
&onjugate diameters mcets the hiyperboln and its conjugate, ix parallel
to one asymptole and is bisceted by the other.

»

5. Tidngents are drawn to a hyperbols from any point on one of
the branches of the conjugate t&perbola; shew that their chord of
contact will%ouch the other branch of the conjugate hypetbola.

6. A straight line is drawn parallel to the conjugate axis of a
hyperbola to meet it and the conjugate hyperbola in the points P and
@; shew that the tangents at L imd  mcet on the curve

e/ ) PN e
v\ b u’-’) Tt
and that the normals meet on the uxis of .

7. From a point @ on the transverse axis 7L iz drawn perpen-
dicular to the asviuptote, and ¢/ I' a normial to the curve at I'. Prove
that L2 is parallel to the conjugate axis.

8. TFind the asymptotes of the curve 20?4 5.ey +2y2 14 - iy =0,
and tind the general equation of all hyperbolas having the same
asymptotes.

9. Find the equation to tite hyperbola, whose asymptotes are the
straight lhes z+2y+3=0, and 3r+-4y+45=0, and which passes
through the point (1, -1).

Write down also the equation to the conjugate hyperbola.

10. In a rectangular hyperbola, prove that CP and CD are equal,
and are inclined to the axis at angles which are complementary.
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11. O is the centre of the hyperboln 'f - %;:1 and the tangent at

any point P meets the asymptotes in the points Q and'R. Prove that
the equation to the locus of the centre of the circle circumscribing
the triangle CQR is 4 (a%2® - D*y?) == (a®+ b

12. A series of hyperbolas is drawn having 4 common transverse
axis of length 2¢.  Prove that the locus of a point P or each hyper-
bola, such that its distance from the transverse axis is Lquul to its
distance from an asymiptote, is the curve (& -y?)?=4x2(&* - a?).

328. 7o find the equution to u hyperbola referred to its
asymptotes. « ' ‘

K

Let / be any point on tlw hyperbola, whose equation
referred to ity axes is

.i 2

"/
AT O P (1).
Draw 2’1l parallel to one asymptote C'L to meet the
other CK’ in I, and let CI/ and U1 be / and k respec-
tively. Then £ and £ are the covrdinates of I” referred to
the asymptotes.

Let a be the semi-angle between the asymptotes, so that,
by Art. 313, tan a-. g ,

sina cosa 1 >

and hence 5T Ta T et

Draw /N perpendicular to the transverse axis, and //R

parallel to the transverse axis, to meet the ordinate P.M of
the point P in &.
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Then, since PI and I/ R are parallel respectively to ('L
and CHM, we have L PUR . 1 LCM = 4.

Hence CM --UN + HR . é'l[cos o+ HPcosd
o (ho+ Ky =
. Jar ¥ b
and MP*"RP - I[N = [iPsina--Clsina

kR D

Jai+ 5
Therefore, since CM*and MP satisty the equation (1),
we have
(k) (k=hy . A+ b
@+ a0 "l’ v bk .
Hence, since (4, k) is any pomt on the hyperbola, the
required equation is )
(] al 4+ b2
. . y=s—g—-
This “is often written in the form axy - ¢%, where 4¢*
equals the sum of the squares of the semiaxes of the
hyperhola.

Similarly, the equation to the conjugate hyperbola is,
when referred to the asymptotes,
a® 4+ b
YT

329. o find the equation to the tany.nt at any point
of the hy Jperbola, wy == R

Let («, o) be any point P on the hyperbola, and
(=", ¥") a point ¢ on it, so that we have

a"j L (1),

n "

and . Y et (2).

'Bhe equation to the line I’Q is then

II

Y- ./ - ____,__ (rc ') ............... (3)~
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But, by (1) and (2), we have

1]
c’ 2

¢ ’
:,/// - yl x'/ ml cg Z - x/
TR T e —y S
- X = J}w m —a:

Hence the equation (3) becomes

c?
Yoy == @) s ().

Let now the point @ be taken indefinitely near to P, so
that «”=:a’ ultimately, and thercfore, by Art. 149, PQ
becomes the tangent at 2.

Then (4) becomes

&)~ =¥ (e—w), by (1).

The required equation is therefore

:,/,

ayf +aly = Qaly’ =t )
The equation (H) may also e written in the form
q!

880. The tangent at any point of a hyperbola cuts off a iriangle
of constant area from the asymptotes, and the portion of it intercepted
between the asymptotes is bisected at the point of contact.

Take the asymptotes as axes and let the equation 1o the hyperbola
be zy=:c

The tangent at any point 2> is f, + 4 =2,

This meets the axes in the points (2z’, 0) and (0, 2y').
If these points be I, and 1.°, and the centre bo C, we have
CL=2r, and CI/ =2y,
If 2a be the angle between the asymptotes, the area of the triangle
LCL'=}CL. CL' sin 2a=2z"y’sin 2a_-“-—-;£ . 2sinacoga=ab.
(Art. 828.)

. Also, since L is the point (22’, 0) and L’ is (0, 2y’), the middle
.,pomt of LL is (&', ¥'), i.e. the poml; of contact 1.
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831." Asin Art. 274, the polar of any point (x,, v,)
with respect fo tlze curve can be shewh to be
xy, + iy = 26,
Since, in general, the point (a, 7,) does not lie on the

curve the qquation to the polar cannot be put into the form
»

(6) of Art. 329, .

332. The equation to the normal at the point (&, y')
is y -4 =m(x--a’), where m is chpsen so that this line is
perpendicular to the tangent

! 0.2
:l/ -t

==t @4 i
v @ ‘+ 2’

I o be the angle between the asymptotes we then

obtain, by Ari. 93,
» a’ — 3 cos @
e = ’ 7 Y
N - ¥ - cosm
so that the required equation to the normal is
y{y — o' cos ©)--w(a — y cos w) -yt -
o C g n‘.' _ b2
Also cosm- ¢os 2a:-costa -sinfa - - e gal-
a’ 4 bF

1f the hyperbola be rectangular, then o - 907, aund the

equation to the normal becomes wa’ - yy = o2 -y

333. Equation referred to the asymptotes.
One Variable.

The equation zy: ¢ js clearly satisfied by the substitu-
tion x:=et and y tg
Hence, for all values of ¢, the point whuse coordinates

c\ .. . .
ave (ct, ?.> lies on the curve, and it may be called the point

{3 t-” .

The tangent at the point “¢” is by Art. 329,

x
2 +yl= 2e.
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Also the normal is, by the last article,
y (1= cosw)-z (£~ cds w) = g (‘1 - t‘),
or, when the hyperbola is rectangular,
Y-t - g (1—1¢.

The equations to the tangents at the points “¢,” and « ¢”
are

.~
«

€x 9
o wt, 2, and - + yl, = 2¢,
1

and hence the tangents meet at, tlm point

(‘_‘.C/,/_. 2¢
fort, b+t

The lowe joining " and “¢,,” which is the polar of this
poinut, is thercfore, hy Art. 331,
L5
& ytity e (f 1)) !
This form also follows by“writing down the cquation
to the straight line juining the points

,.
. ( ltl, -- .md (( 125 )
, t

334. Bx. Y. I/ wrectangular hyperbola circumseribe a triungle,
it also passes through the oithoventre vy the trigngle.

Let the equation to the curve referved to its asymptotes be
LY et e e (1.
Tet the angular poiuts of the triangle be P, @, and R, and let their

coordinates he
¢ / ¢
(c!, o) (etss LY, and <(‘13, -
. o LTl b
respectively. »

As in the last article, the equation to QR is
T +ylatyz=e (13 + 1),
The equation to the straight line, through P porpendxculat to QR,
is tHerefore

Y- =iyl - et

Y+ elbaty=1,1 L‘H——-t;:l ................ ee(2).
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o JS;linila.ﬂy, the equation to the straight line through @ perpendicular
RP is

°
o Gytltt sty | —c—] vreeereree o e en(3)s
: Lyt
The common point of (2) and (3) is clearly
. «©
.. (".ilr._.'-;‘ -an_.rs) ....................... ),

and this is therefore the orthocentre,
But the coordinates (4) satisfy (1). Hence the proposition.

. 4 .
Also if ru-t_" be the of¥hocentre of ahe points ¢, “ b, and
4
“13,” we have tt 0= - 1.
Bx. 3. If « circle and the rectangulur hyperbola wy=_c* meet in
the four points 1, “ty," 4, and “1,," prore that
(1) tytutyt =1,
(2) the centre of mean position of the jour points isects the
dstance between the centres of the tiwo curres.
and 43) the centre of the circle throwgh the points ¢, <, ix
8 1 cf1.1 1 1
S(trtartgr =), S == - ety ).
(o) S0 o)

Let the equation to the eircle be
Oyt -2 ~2fy + 1 =0, .
so that its centre is the point (g, ). '
’
Any point on the hyperbola is (rf:) . If this lic on the circle,

B

wo have ottty : =yt - 2/; 1h: 0,
! Lo, 2r .

80 that pe2foa e Tt (D).
. 3 .

If t,, ty, ty, and 2, be the roots of this equation, we have, by Art. 2,
. Bl e ),
2y
foty b = T . (3),
. ' 27
and I._.t_,l‘+/;t,,l,+t4llfg+l1t.,t3-=-("-.. FIPRIIIN ¢ 1 3

Dividing (4) by (2), we have
1.1 1. 1 %
& "i;'l' ;;'l-?;- e . ...,..‘.‘.-...(5).
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The centre of the mean position of the four points,
; int {7 et 1.1 }.)
i.e. the point F (ty+t,+1s+1,), A +c, + ?;+ )

is therefore the point g g) , and this iy the middle point of the line

joining (0, 0) and (g, f). - .
Also, since t‘=~—1—— , we have
Ltyly
¢ 1 e /1 11
=3 ('1 I ”+,3+},1.,t3> , and j::_‘! (}1 [ & + g-r tltgt:,) .

Again, since tt 1,0, 1,°we have product of the abscissae of the
four points==product of their ordinates.=c4.

EXAMPLES. XXXVIIIL

2

2
1. Prove that the foei of the hiyperbola .ry:q-—: b are given by
R b

Ly = A .
v 2a . ¢
2. Shew thai two concentric rectangular hyperbolas, whose axes
meet atl an angle of 457, cut orthogonally. v

3. A stroight line always passes through a fixed point; prove
that tho locus of the middle point of the portion of 1t, which is
intercepted between two given stiaighi lines, is a hyperbola whose
asympiotes are parallel to the given lines.

4, Ifthe ordinate NP at any point I’ of an ellipse be produced to
(), so that NQ is equal to the subtangent at 22, prove that the loens of
¢} is a hyperbola.

5. From apoint P perpendiendars PM and 'V are drawn to two
stenght lines O and ON. If the arca OMVLN be constant, prove
that the loous of 2 1s a hypevbola.

6. A variable line has its ends on two lines ;:ivex; in position and
passes through w given point: prove that the locus of a point which
divides it in any given ratio is a hyperbola.

7. The coordinates of a point are atan (A+a) and btan (04 B),
where 8 is variable; prove that the locus of the point is a yperbola.

. A series of eircles touch a given straight line at a given point.
Prove that the locus of the pole of » given straight line with regard to
these circles is a hyperbola whose asymptotes are respectively a
pnrall&al to the first given straight line and a perpendicular to the

« gecond.
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9. If4d right-angled triangle be inscribed in a rectangular hyper-
bola, prove that the tangent at the right angle is the perpendiculur
upon the hypothenuge. .

10. In a rectangular hyperi)ols, prove that all straight lines, which

subtend a right angle at a point P on the curve, are parallel to the
normal at P. .

11. Chérds of a rectangular hyperbola are at right angles, and
they subtend a right angle at a fixed point O; prove that they inter-
sect on the polar of O.

12. Prove that any chord of a rectangular hyperbola subtends
angles which are equal or supplementary §1) at the ends of a perpen-
dicular chord, and (2) at the ends of any diameter.

13. In a rcctangular hyperbola, shew that the angle between a
chord PQ and the tangent at P> is equal to the angle which P
subtends at the other end of the diamgter through P.

14. Show that the normal to the rectangular hyperbolu ry —=¢” at
the point “¢” meets the curve again at a point *“¢> such that

A4 [ 2 I
15,(i If P,, P,. and P; be three points on the rectangular hyperbola
zy =c®, whose abscissee are x;, r,, and ry. prove that the area of the
triangle P P, D, is
<2 (ay = ) (13- ) () = 1)
2 Ly Ty !
and that the tangents at these points form a triangle whose area is
gep (2= 0a) (g = my) (ry - 7o)
(k) eyl (g 1)’
16. Find the coordinates of the points of contact of common
tangents to the two hyperbolas
a2 y?=3a® and ry =202
17. The transverse axis of a rectangular hyperbola is 2¢ and the
asymptotes are the axes of coordinates: shew that the equation of the
chord which is bisected at the point (2¢, 3¢) is 3z -1 2y =12¢.
18. Prove that the portions of any line which are intercepted
between the asymptotes and the curve are. equal.
19. Shew that the straight lines drawn from a variable point on
the curve to any two fixed points on it intercept a constant distance.pn
either asyraptote.

20., Shew that the equation to the director cirele of the conie
zy=¢?is %+ 2xy c08 w+ y?=4c% cos w.

21. Prove that the asymptotes of the hyperbola zy==hz +ky are
g=kand y=h.
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22. Shew that the straight line y =mz + 2¢./ — malways }:ouchos the
(3 Py .
hyperbola .y =c? and that its point of contact is n( 7:_‘—1-"; , eV = m) .

93. Prove that the locus of the font of the perpendicular let fall
from the centre upon chowds of the rectangylar hyperbola zy=c?
which subtend half a right angle at the origin is thecurve

’ ™ 222 sin 20=4c4. .

24, A tangent to the parabola r2=4ay meets the hyperbola sy =2
in two points P and ¢. Prove that the middle point of I’Q lies on a
parabola, .

L]

25. If a hyperbola bo rectangular, and ils equation be zy=c3,
prove that the locus of the nuddle points of chords of constant length
2d is (@21 y?) {xy - ) =d2ry.

26. Shew that the pole of agy tangent to the rectangular hyper-
bola zy =2, with respect to fhe cirele 42 1 y2=qa?, lies on a concentric
and similarly placed rectangular hyperbola.

97. Prove that the locus of the poles of all’normal chords of the
rectangnlar hyperbola ry = ¢* is the curve

(2%~ y%)* + dcry =0. .
98. Trove that triangles can be inseribed in the hyperbola zy =¢2,

whoss sides touch the parabola y*=$tuz. .

29. A point moves on the given straight line y=m.r : prove that

the locus of the fout of the perpendicular les fall from the pont upon
2] 2

its polar with respect to the elljpse Z-;-?+3£-,=1 is a rectangular

hyperhola, one of whose asymptotes is the diameter of the ellipse
wiuch is conjugute to the given straight line.

30. If from a fixed point on a rectangular hyperbola, perpen-
diculars are let fall on any two conjugate diameters, the straight line
joining the fect of these perpendiculars has a constant direction,

31. A quadrilateral circumseribes & hyperbola; prove that the
struight line joining the middle points of its diagonals passes through
the centre of the curve.

32. 4, B, C, and D are the points of intersection of a circle and a
rectangular hyperbola. 1f Al pass through the centre of the hyper-
bola, prove that CL) passes through th'e centre of the circle.

¥83. I a circle and a rectangular hyperbola meet in four points P,
Q. R, and S, shew that the orthocentres of the triangles QRS, RSP,
SPQ, and PQR also lie on a circle. -

Prove also that the tangents to the hyperbola at R and 8 meet
in a point which lies on the diameter of the hyperbola which is at
right angles to PQ.
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34. A feries of hyperbolas is drawn, having for asymptotes the
principal axes of an ellipse: shew that thes common chords of the
hyperbolas andsthe gllipse are all parallel to one of the conjugate
diameters of the ellipse. .

35, A circle, passing through the centre of a rectangular hyperbola,
cuts the curve in the points _{, B, C, and D ; prove that the circum-
circle of thes triangle formed by the tangents at 4, B, and C goes
through the centre of the hyperbola,-and has its centre at the point
of the hyperbola which is diametrically opposite to 1),

86. Given five points on a circle of radins a: prove that the
centres of the rectangular Myperbolas, eagh passing through four of

these points, ull lic on a circle of radius :— .

37. If a rectangular hyperbola®ciremmseribe a triangle, shew that
it weets the circle circumscribing the trigngle in o fourth point, which
is at the other end of the diameter of the hyperbola which passes
through the orthocu{:ttre of the triangle.

e Hence prove that the lpcus of the cenire of a recetangular hyper-
bola which circumseribes a triangle is the nine-point eircle of the
triangde.

20



CHAPTER XIV.

POLAR EQUATION OF A CONIU SECTION, ITS FOCUS
BEING THE POLE.

335. Lot S be the focus, A the vertex, and ZM the
directrix ; draw N7 perpendicular to Z4F,

Let ZN be chosen as the positive direetion of the
initial line, and produce it to X. -

Take any point £ on the
curve, and let its polar co-
ordinates he ¢ and 6, so thatu
we Dave

NP =p, and 2 ASP -4.

Draw PN perpendicular
to the initial line, and PN
perpendicular to the divectrix.

Tet SL be the semi-latus-
rectum, and let ST -2/,

Since SL=¢.NZ, we have

-

%7\

1 R

N,
>
Z
x

=~

S

N

g

Hence
=SP=e. M 0. ZN
=€ (ZS -+ bﬂ' )

{ A
y(;+b'1’.c9s9)= lie.r.cosd.

(1)

Therefore = m .
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This, “being the relation holding between the po]ar
coordinates of any point on the curve, is, by Art. 42, the
required polar eqliation. -

Cor. If SZbetaken as the positive direction of the initial line and
the vectorial angle measured clockwise, the equation to the curve is

Tlrelose
336. If the conic be a parabola, we have e=:1, and the equation
- _ PR S L0
s T eon T, 0 Oy
< s51n- 2

If the initial line, instcad of bemg the axis, be such that the axis
iy inclined at an angle v to it, then, jn thu previous article, instead of
6 we must substitute 8 - +.

The equation in this case is then
4
» ;_zl—ccos(o ¥).

»
4
837, 1o trace the curee - 1 ~ecusb.
[ ] -

Case I. e=1, so that the equation is f 1- cosé.

When 6 is zero, we have Il' 0, so that r is infinite, As
6 increases from 0° to 907, cos@ decreases from 1 to 0,
and hence i increases from 0 to 1, 1.0 r decreases from
infinity to /.

As 6 increases from 90° to 1807, cos 8 decreases from
0 to — 1, and hence :' increases from 1 to 2, 4., » decreases
from { vo 4.

Similarly, as 6 changes from 180° to 270°, # increases
from [- to 4, and, as 8 changes from 270° to 360°, r increases
from l to w.

The curve is thus the parabola w PPLALP'F w of
Art. 197.

2 20—2
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Case II. e<1. When 0 is zero, we have é;; 1—e,

t.e 7= ] l . This gives the puini; A’ in the figure of Art.
247. ‘

As 0 increases from U’ to 907, cos 6 decrcases irom 1 to

o R/
0, and therefore 1 --¢cos @ increases from 1--¢ to 1, 4.e. —
. r

. . !
increases from 1 —e¢ toel, ie. » décreases from ---— to
e

11—
We thus obtain the portion .I'PBL.

As 0 increases from 90" 1o. 180° cos ¢ decreases from O
to — 1, and therefore 1--¢ cos § increases from 1 to 1-+e,

AN . . l
1.e. —increases irom 1 to | + e, 7.e. r decreases from Jto — —.
r

l+e
We thus obtain the portion Z.0 of the curve, where
] L]
Sd - - o
ler ¢

Similarly, as 6 increases from 180° to 270° and then to
360°, we have the portions AL and L' B'P.1°

Since cosf - cos (= 0) - cos (3607 - 0), th«, curve is sym-
metrical about the line NS4,

Case IIL. e--1. When 0is zero, 1 —gcos 6 is equal
o 1-e¢, ie. -- (¢ - 1), and is therefore a negative guantity,
since ¢ > 1, This zero value of 6 gives » — -—l (e —1).

We thus have the puint .17 in the figure of Art. 295,
Tet 6 increase from 0° to cos™ (}) . Thus | ~ecosf
increasés algebraically from -(e—1) to -0
i.e. é‘increascs algebraically frmn. -(¢=T) to -0,

. R [ B
i.e. r decreases algebraically from - Sl to o,
x,Fm- these values of @ the radius vector is therefore

i

Y l
—&yghrhve and increases in numer igal length from by tow.
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We thus’ have the portion AP 'R’ao of the curve. For
this portion 7 is nemtnc

1 .
If 6 be very shghtly greater than cos“;, then cos 8 is

slightly less than % , %0 that 1 — e cos @ is small and positive,
o 2
and therefore r is very 4roat and is positive. Hence, as 0
inereases through the angle eos™ —, the value of » changes
¢
.

from —mwio + o, .

to m, 1—-e¢cos @ increases

& —

As @ increases from cos™?

' l
from 0 to | +¢ and hence redepreases from « to Lo
. te

: l ) . .
Now s is - i Henee the point 4, which corresponds
T e o -
10 6 -- =, 1s such that S.1 - 8.1°
hd 1
Tor Yvalues of 6 between cos-? : and 7 we thercfore

have the Portion, © 211, o.f the curve. For this portion
r is positive.

As 6 increasecs from = 3] Do cns“l , ¢ cus 6 increases
from - eto 1, so that 1- eccos @ decreases from 1 +e to 0,
and therefore » incgeases from ) ]‘ Lo Corresponding
to these values of § we have the portion AL'R, ® of the
curve, for which » is positive,

Finally, as 0 increases from ‘.’7r~cns"% to 27, ecosd
increases from 1 to ¢, so that 1 ecos 0 decr;:ases al,f,ft':bra.ic-
ally from 0 to 1--¢, %e. % is negative and increases
numericdlly from 0 to ¢~ 1, and thercfore » is negative and
decrtases from w to el1" Corresponding to these values

of § we have the portion, w 2,/A’, of the curve. For this
portion r is negative.
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r is therefore always positive for the right-hand branch
of the curve and negwtive for the left-hund branch.

It will be noted that the curve is desctibed in the order
A'P/R o0 w0 RPAL'R, © o B4’

838. In Case III. of the last article, let any streight line be
drawn through S to meet the nearer branch in p, and the further
branch in ¢.

The vectorial angle of p is XSp, and we have

. [
bp_lf-ccosXSp'

The vectorial angle of g is not XSq but the angle that ¢§ produced
makes with SX, d.e. it is XSq=m. Also for the point ¢ the radius
vector is negatwe so that the u.]a.tu)n (1) of Art. 385 gives, for the
point ¢, .

-5 ! U -
T T eos (XS v ) T 1+ ecos XSy’
l .
iFecos Xug" .

Thixs iy the wolation connecting the distance, Sq, of any point on
the further branch of the byperbola,with the angle XSq tha.t it ma.kcs
with tH® initial line,

i.e. Sq: -

339. [Fquation to the directrices.
Considering the figurc of Art. 295, the numerical values

. . . l l
of the distances SZ and SZ' are - and o 207,

, { . !
o a and o te ;’(t,'"’-; 1)’
i vz ! Art. 300
smee G e - _é(ez—-l)‘ [ re. .]
The equations to the two directrices are therefore
) 7
reos @a=-,
{ 2 {ett 1
and 7cos 6 = -- [(; +e @ ) el .

The same equations would be found to hold in the case
of the ellipse.
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340." Equation to the asymptotes.
L

The perpdndianlar distance from & upon an asymptote
(Fig., Art. 315)

=(CSsin ACK,=ar. T
. Jat + b

b.

. 1 .
Also the asymptote CQ makes an angle cos’ ‘—e— with the

axis. The perpendicular vn it from & therefore makes an
.
T -1 ']
angle 5 +cos™' -.
2 ¢

Hence, by Art. 88, the polar equation to the asymptote
CQ is .

b- ¢'cos[6‘-—7r

L]
! . .
g —tos =] rsin) 6—cos
- € ]

The polar equation to the other asymptote is similarly

L]
b= v Los [0 - ('}:r —-cos ! 1)] o~ sin (0 tcos ! ]—\ .
2 ] e
. L

L LY

341. Ex. 1. Inany conic, prove that

(1) the sum of the reciprocals of the segments of any focal chord
is constant, und 4 °

(2) the sum af the receprocals of two perpendicular foeal chords is
constant.

Let PSP be any focal chord, and let the vectorial angle of P be a,
80 that the vectorial angle of 1" 15 7 +a.

(1) By equation (1) of Art. 335, we hava

l
;S;-le—ecosa,
l
and gp=1-ecos(r+a)=1l+ecosa
Hence o -—l:+ ! =2
SpTsp ™
fo that L 1.2

SPtspTI

The semi-latus-rectumn is thercfore the harmonic mean between
the segments of any focal chord.
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(2) Let QSQ’ be the focal chord perpendxcular to PSP, 'so that the

* vectorial angles of @ and*Q’ are ; 5 T+ta zmd o +a. ‘We then have

—Z~=l —cms<2+a =1+4esina.

N
: 3r ' .
and fs’Q’”l wo‘;(-2 +a)~1+ecoi(§+a =1l-egina.
Hence
1 4 2
P = S NP =_ -~ = e S e e e
PP =SP+ 1 ~ecosa I-1+,ecosa 1-¢3cos?a’
l ! 2l
and Q' +=5Q 1 SQ"= Tiesinag " I-esina 1-cfsinia’
Therefore »
1 1 1_ e2eosta _‘_1‘ e?sin’a  2-¢?
pr oy T T T T E

and is thereforo the same for all sach pairs of chords.

Bx. 2. Prove that the locus of the middle points of focal chords o:f
@ couic section iz « conie section.
Let PSQ be any chord, the angle PSX being 8, so that e
. Y
. SP=y e : ’
! 1
1-ecos (- 1—0) “1+ecoso”
I:leto R be the ‘middle point of £¢J, and let its polar coordinates be
T an

and SQ=

.

Then r=SP-RP=sp-ST TS89 _SP ; 5Q
=1,l[ .1 ..:I.—; ecosd
2 ll-ecos0 1+ecosd 1-e?cus?0’
ie. 12— e%2ens?f=le.rcosd.
Transforming to Cartesian coordinates this equation becomes
wht Y- A= le® Lk i (1).

If the original conic be a parabola, we have ¢=1, and equation (1}
becomes y2=lx, so that the locus is a p&ru.bola. whose vertex is S and
latus-rectum I.

If e be not equal to unity, equation (1) may be written in the form

2 de 2 o lz(’z “
(1-e¢ )[&'-‘1‘ 1- b’] +y —‘4—(11-'3")
andtherefore rcpresents an ellipse or a hyperbola according as the
erigfiral comic is an eilipse or a hyperbo
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342." To find the polur equa,twn of the tangent at any
pmnt P of ths congc section n=l-e cos .

Let P be the point (1, a), and let @ be another point

on the curve, whose coordinates are (rs, 3), so that we have
.

!—-l—ecos.a. ..................... (h),
. 1‘x
l
and e L-eeosfB...ocoooiiiinin, (2).

By Art. 89, the polar equation of the line 720 is
sin ([3—— n) _sin (6~ a) Sil_l_(B -6)
o + ) ’
By meuns of equa.tmns (1) and (2) this equation becomes
;sin (B—a)=sin(f—a){l - ecosB}+sin (B -6) {1 ~ecosa}

={sin (6 2a) + sin (B—0)} —e {sin (6 --a) cos3 +sin (B -6)cosa}
B-o 20-a-B ° .
os = 0
—e{(sinf cosa — cos fsina) ms,@ t (sinfBcos 6--cos Bsinb) cosa}

_~2sin§-:-‘—lvos (0 a+B\~eu)80<m(/3 -a),
a -+ 3

{ -
e ;:secgz—-——ucos -~ 9 ecos@.........(3).

This is the equation to the straight line joining two
points, I” and ¢, on the curve whose vectorial angles, a and

f3, are given.

To obtain the equation of the tangent at P we take Q
indefinitely close to 2’ i.e, we put B=a, and the equation
(3) then becomes

. -’-’ =cos (@ -aj—ecosf ... ........ (4). -

This is the requu'ed equation to the tangent at the
point a.
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848. If we assume a suitable form for the equa.tmn to the
joining chord we can more easily obtain the reqmred equat:on

Let the required equation be

*

-Z-;Lcos (0-7)—ecosf ... oeennnns (1),

[On tr.msformatlon to Cartesian coordmates this .equation is
easily seen to represent a straight line; also since it contains two
arbitrary constants, I. and v, it can be mwde to pass through any two
points. ]

If it pass through the point (r;, a), we have

1]
1- ecosa=— =J,co8(a-v)-ecosa,
1

i.c. Leos(a—-y)=1.. ... ..ol (2)-
Similarly, if it pass thmugh the point (r,, 8) on the curve, we have
I cos B=7)=1 i (3).
Solving therc, we have, [since a and 8 are not equa]]
‘_ ‘
w-y==(B-7), ie 7-«-- g,
L}
Substituting this value in (3), we obtain I.=sce ;ﬁ ¢
The equation (1) is then “ '
-i:.—.seca ;ﬁcos (0 - —i’-o) -ecos 0.

As in the last article, the equatioy to the tangent at the point « is
then

.

£~tcos (@ -a)--ecos0.
*344. 7o find the polar equation of the polar of any
point (ry, 0)) with respect to the conic section o 1-ccos.

Let the tangents at the points whose vectorial angles
are a and 3 meet in the point (r,, 6,).

The coordinates » and 6, must therefore satisfy equation
(4) of Art. 342, so that

?-[- mcos(f,—a)- £cos b ...coonnn...... (1).
- 1 . .
Similarly,
. lf_.—_:coa (6,—B)—ecosb ............ ...(2).
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Subtracting (2) from (1), we have
cos (6, — a) =cos (6, > B),

and therefore  °
6,—a =—(0,--B), [since a and B are not equal],

ie. Ve ’ s B by, 3).

Substituting this value in (1), we have

4 - cos {a—i;l-;——u] -—ecosﬂ,,
. Kt “ }
ie. cos §—~(—l - j +ecosO, ...l (4).
1
Also, by equation (3) of AM. 342, the equation of the
line joining the points a and @ is

* £+eu080— .sct,ﬁ)»——coq (0*_.:‘.&

-

]
i.e. * (f eco<;0> ms— 5 * o cos <6~-(~‘ B

. L]
.0 ('] +ecos 0) ({r +ecos€,) =cos (0 —0,)......(5)
L

This thercfore is the reqlired polar equation to the polar
of the point (r,, 8,).

*345. 7o find the equation to the normal at the point
whuse vmtomal angle is a.

The equation to the tangent at the point a is
f:-.cos (6 —a) - ecos b,

t.e., in Cartesian coordinates,
z(cosas-e)+ysina=7.............. (1)
Let the equation to the normal be

Acosf+ Bsind - '[: .................. 2),
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€
Since (1) and (3) are perpendicular, we have
A(c:)Sa.—-e)+Bsina—:O,....: ......... (4)-
' l \
M s (9 oes v 1 e e -
Since (2) goes through the point ( Tsoova’ a.) we have
Acosa+ Bsina-1l-ecosa...... *ee. (D).

Solving (4) and (5), we have )
(1-ecosa)(e—cosa)
T TV esina :

1 ecosa

A= and B
«

The equation (2) then becomes

. ; . . . lesina

sinacos 0+ (e —=cosa)sinf .- ST L,
e r{l—ecosa)

.

. . . ruinta 14
i.c. sin(@- v)- esing - ..

[ -eccosa 7
.

846. If the axis of the conie be inclined at an angle y jo the

initwal line, so that the equation to the conic is .
2 .
;-1~-4’(‘o'§(0~ ¥ v .

the eghation to the tangent nt the peint @ is obtained by substituting
a -9 and - g for @ and ¢ in the cquation of Art. 343,

The tangent is therefore ¢

;.:cos (0 - ar - ecos (i~ .

The equation of the line joining the two l;oints a and 8 is, by the
same article,
-’_-_ scc/} £ eos ((l "'-;ﬁ) - ecos (i) - x).
The cquation to the polar of the po.nt (ry, 6)) is, by Art. 344,
jt 1 J! 1
~fecos(d -7) ~-ecos (0, — ) ==cos (8~ 6,).
\r 0 -7 [ 15 (PR f ( 1)
Also the equation to the normal at the point a
in (0 - )+ rin(a- o)) = LR @)
r{esin (0 — )+ sin(a - 0)} =1 Zscon(a=q)"
.
847. Ex. 1. If the tangents at any two points P and Q of a
conic meet in a point 1, and if the struight line PQ meet the directriz
corresponding to 8 in a point K, then the angle KST' is a right angle.
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*
If the ¥cctorial angles of P and Q be @ and g respectively, the
equation to PQ is, by equation (3) of Art. 342,

l at *
; ;_secﬁz-— dos (0 - 218-) —eco30. . . (1).
Also the equation fo the directrix is, by Avt. 339,
ot .f_z CECOBO et e e e @.

If we solve {he equations (1) and (2), we shall obtaiu the polar
coordinates of K.

But, by subtracting (2) from (1), we hae
()~§(Cﬂ-—~-goq( a i’) .1‘;7(

e + L KSX- -—’5 'H 'i
so that SK bisects the exterior anglo bvtweun SP and St

e Also, by equation (3) of Art. 344, we have the veetorial angle of 7
“:ff’, i TSN B

& 2

Hence LKST = ¢ WX - £ TSX :’;.

equal fo

*
Bx. 3. S the forus and P and @ tweo points on « conic such that
the angle PSQ is constant and equal to 28 ; prove that

(1) the locus of the intersecPon of tungents at P and ) is a conee
section whose focus 13 N,

and (2) the line I'Q uluwm tourhes a cone whose foeus is S,

(1) Tt the voctorial angles of P and ¢ be 1e<pec tively ¥ + 8 and
~— 6, where v is varinble.

By equation (4) of Ast. 342, the tangents at I* and ¢ are therefore

:_—:1-05(0—7—5)- CeosO e, (n),
!
and r.—.—cos(t)—-,«. 8)--eeus @ ..o (2)0

If, between these two equatlony, we eliminate the variable quantity
~, we shal? have the locns of the point of interscetion of the two
tangents. .

Subtracting (2) from (1), we have
€os (0 -y - 8)=cos (0 — v +3),
Hence, (since § i3 not zero) we have y=4.
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Substituting for v in (1), we have

. }=cosb.—ecoso, -
lsecd
i.e. , =-1~esecdcosd.

Henee the required locus is a conic whose focus is S, whose latus
rectum is 2/ see 5, and whose eccentricity °s e sec 8. .

It is thevefore an cllipse, parabola, or hyperbola, accordmg as
esecd is ~-=>1, ie. according as cosd:-:=<e.

(2) The equation to °Q) is, by equation (8) of Art. 342,
:—_-:s(‘cacos (#—~vy)--ecosd,

ie. “3"’_‘“5’.-_%(0 <) -ecosBeosf ... (B)

Comparing this with equation (4) of Art. .312 we see that it always
touches a conic whosc latus 1ecbunt is 21 vos 8 and whose eccentricity
is econd. .

Also the directnux is in each case the same as that of the original

. lsee o leosd i
conie. Yor both = and are cqual to . .

¢ sec d ¢ Cos d e '

BX. 3. A cireie passes through'the focus S of a conic,and meets it

in four points whose distances from S are ry, ro,1 5, and r,. Prove that

a1
(1) ryrargrg=- e where 21 and ¢ are the lutus rectum and
cc zculritirl/ of the come, and d is the diconeter of the circle,
1 1 1 2
and (2) L T
oy e vy |
Take the focus as pole, and the axis of the conie as initial line, so
that its equation is
li
-7~.~_1 SeCoS 0. e (1).

1€ the diameter of the cirele, which passes through S, be inclined
al an angle 4 to the axis, its equation is, by Art. 172,
re=deos (0—9) oo ceier v, (2).
Tf, between (1) and (2), we climinate 6, we shall have an equation
in r, whose roots wmic ry, r,, r:,, a.nd Tye

From (1) we have cos 0-:"72, and hienee sin == \/1 ( 1)2,
er er

and then (2) gives
r=dcosycost ~dsinysiné,
.88 terd —dceosy(r-1)1? =d?sin?y [e*2 - (r-1)?),
Qe etrt—2edcosy .+ 13 (A 2eld sy ~ e*d3 sin y) — 2d%r + d2l2=0.
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&
Hencey by Art. 2, we have
&2

. M= g O P, (3).
) . 2
and Tty T R TTa T (1),
Dividing (4) by (:2), we have
. 1 4 1 - 1. 1_2
° L ’”t * Ty 1

EXAMPLES. XXXIX.

. Ina parabola, prove that the lendth of a focal chord which is
inclined at 30° to the axis is four times the length of the latus-rectum.
The tangents at two points, P and @, of & conie meet in T, and &
ig the focus; prove that
. L
9. if the conie be a parabola, then®S72 =2 S, SQ.
11 . ,08Q

. . 1 .
3. if the conic be central, then SP.SQ = e Qe sin® -

’

. . . - -
where b is the semi-minor axis.

4 The vectorial angle of 7' is the semi-sum of the vectorial
angles of*P and (.

Henee, by reference to Art.®338, prove that, if P and @ be on
different bfanches of a hyperbola, then 8T bisocts the supplement of
the angle IS, and that in other cases, whatever be the comie, S7'
biscets the angle I°'SQ.

5. A straight line drawn €hrongh the common focus 8 of a
number of conics meets them in the points Iy, I, . ; on it is taken
a point @ such that the 1cciproeal of S¢ is equal to the sum of the
reciproeals of S, 8P, ... Prove that the locus of ¢ is a conic
section whose focus i 8, and shew that the recprocal of its latus-
rectum is equal to the sum of the reciprocals of the latera 1ectu of the
given conics.

6. Prove that perpendicular focal chords of a rectangular hyper-
bola are equal.

7. PSP and @S¢’ are two perpendicular focal chords of a conic ;

prove that is constant.

ps. st QRIS

8. Sl.xew that the length of any focal choxd of a conic is a third
proportional to the transverse axis and the diameter parallel to the
chord. .

L .

9, If a straight line drawn through the focus S of a hyperbola,
parallel to an asymptote, meet the curve in P, prove that SP is one
quarter of the latus rectum.
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.

10. Prove that the equations -;z 1-ecos® and é =-ecosf-1
represent the same conic.

11. Two conics have a common focus; prove that two of their
comrmon chords pass through the intersection of their directrices.

12. P is any point on a conie, whose focus is S, and a straight
line is drawn through S at a given angle with SP to mect vhe tangent
at P in 7'; prove that the Jocus of T’ is a conic whose focus and
dircetrix are the same as those of the original conie. -

13. If a chord of a conic section subtend a constant angle 2a at the
focus, prove that the locus of the point where it meets the internal
bisector of the angle 2a is the conic section

lcosa
—---=1 -ecosacosf.
p

14. Two couic sections huve a cormmon focus about which one of
them is turned: prove that the commmon chord is always a tangent to
another conie. having the same focus, and whose cceentricity is the
ratio of the eceentricities of the given conies,

15. Two ellipses have a connnon foens; two radii vectores, one to
cach ellipse, are drawn froru the focns at 1ight angles to orz another
and tangents wme drawn at their extremitios; prove that these tangents
meet on a fixed conie, and find wher it is a parabola. 2

16. Prove that the sum of ihe distances from the focus of the
poiuts in which a conic ix intersected by any circle. whose centre is at
a fixed point on the transverse axis, is constant,

o

17. Shew that the equation to the circle circumseribing the triangle

formod by the three tangents to the parabola r—.-i-:_%i—s—e diawn at
the points whose vectorial angles are a, 8, and v, is
a . fat+Bry O
r = a cosec écosecgcosecg Bin ——g—— - ) ,
and hence that it always passes through the focus.

18. If tangents be drawn to the same parabola at points whose
vectorial ungles are a, 8, ¥, and §, shew that the centres of the circles
cireumseribing the four triangles formed by these four lines all lie on
the circle whose equation is

= -2 cosec % cosec cosoe Y cosec _¢+ﬁ+%"]
r= 2comzeosee‘oosoc2coseezcos[0 —s 1"

19. The circle circumseribing the triangle formed by throe tangents
to a parabola is drawn; prove that the tangent to it at the focus
makes with the axis an angle equal to the sum of the angles made
with the axis by the three tangents.
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20. Shew that the equation to the circle, which passes through
the focns and touches the curve -i: 1--¢cosd at the poiut @ =«, is

(]
r(1—2cosa)?=1cos (0~ a) -~ el cos (0 - 2a).

21. A given circle, whose centre is on the axis of a parabola,
passes through the fycus S and is cut in four points L, B, ¢, and D by
any conic, of given latus-rectum, having 8§ as focus and a tangent to
the parabola for directrix ; Prove that the sum of the distances of the
points 4, B, C, and D from S is constant.

29. Prove that the locus of the vertices of all parabolas that can be
drawn touching a given circle of 1adius « and having a fixed point on

the circumference as focus is r—2u cos:“ the fixed point being the
pole and the diameter throm,h it the mma.l lmc

23. Two conic wctlons have tlw HAME fot'us and directrix,  Shew
that any tangent fiom the outer etrve to the inner one subtends o
constant angle at the focus.

e 24. Two equal ellipses, of eccentricity e, ave placed with their
nxes at right angles and they have one focus 8 in comwmon s if 779 he

o
a coremon tangent, shew that the angle £SQ is equal to 2sin -1 - .
A

. ol 1,
25. Yrogethat the two conies -1}:: - epeost and ,_‘; 1—r,cos(f -a)

will touch one another, if
121~ b 121 ~e2)=201,(1 - 0\e 08 ).

26. An cllipse and a h\pcﬁbolu have the same focus & and
mu.rscvt in four real points, two on cach branch of the hyperbola ; af

r and 7, be the distances from S of the two pomnts of interseetion on
t ¢ nearer branch, and ry and r, be those of the two pomts on the
further branch, and it I and  be the scwi-latema-reeta of the two
conicy, prove that

1 1
LT - ER U
e )("147'2)I( )(3 ’x)

[Make use of Art. 338.]

27. If the normals al three points of the parabola r=a (-usocﬂ(;

whose vectorial angles are a, g and 4, mect in a point whose yectorial
angle is &, , brove that 26=a+B+y--m.
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CHAPTER XV.

GENERAL EQUATION oF TIE SECOND DEGREE.
TRACING OF (CURVES,
¢

348. Particular cases of Conic Sections. The
general definition of, & Conie Section.in Art. 196 was that
it is the locus of o point 2 which moves so that its distance
from a given point. 5 is In a constant ratio to its perpen-
dicular distanee 720 from a given straight line ZA.

When & does not Ve on the straight line ZK, we have
found that the locus is an ellipse, o pavabola, or a hyperhola
according as the eccentricity e s . or > 1

The Civele i~ a sub-case.of the Ellipse.  Tor the
cquation of Art. 139 15 the same as the equation (6) of
Art, 247 when b - i when e- 0. In this case

L, . .
CS=0, and 87 - ac-w. The Circle is therefore a
.
Conie Section, whoso eceentricity is zero, and whose direc-
trix is at an intinite distance.

Next, let S lic on the straight line ZA, so that § and Z
coincide,

In this case, sinee

SP—e LU,
we have

)
sin PN/ pir 1

As'/) \

If ¢>1, then 2’ lies on one or , b
other of the two straight lines S{7 K y
and SU’ inclined to AKX at an angle




GENERAL EQUATION OF THE SECOND DEGREE. 323
If ¢-=1, then PSN iy a right. angle, and the locus
becomes two coineident straight lines coineciding with S.X.
If e <1, the 2 S is imaginary, and the locus consists
of two imaginary straight lines,
- L3

1, again, both KA and 8§ be at intinity and N he on
KK’, the lines 87 and SU’ ot the previous figure will be
two straight lines meeting at infinity, &eo will be two
parallol straight lines.

Finally, it may happen that the axes of an ellipss may
both be zero, so that it reduces to a point.

Under the head of o conic seetian we must therefore
include: o
L]
(1)  An Ellipse (including a cirele and a point ).
(2) A Parabola.
(3) A Hyperbola.
® (R Two straight Jines, reul or fmagivary, inter-
secting, coincident, or pargllel.

349. 7o shew thet the yeneral cquulmn nf the second
degree
@i+ 20y b -2y -2y e O L (n
dlways represents o conie section.
Let the axes ofecoordinates be turned through an angle
6, so that, as in Art. 129, we substitute for o and y the
quantities . cos 0 —ysin 0 and wsin @ ryceos @ respee-
tively.
The equation (1) then becomes
(@ cos @ —ysin @)+ 20 (2 cos 6y sin 6) (wsin @ +y cos )
b (wsin @+ ycos 0)° + 2 (w cos §-- y sin )
- + 2f (2 sin @ +y cos 0) 1 ¢ =0,
t.e a2 (a6 cos? G + 24 cos 0 sin 0 + b sin? 6)
.
+ 2y th (cos? 6 — sin? 0) — (o - b) cos 6 sin 6}
+ y* (@ sin® @ ~ 24 cos @sin 0 + & cost® 6) + 2 (g cos 6 + fsin )
“+2y(feosb—gsinb)+e=0........... (2).
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Now choose the angle 8 so that the coeflicient -of w«y in
this equation may vanish,
t.e. 5o that A (cos® 0 -- 5in® 6) == (@ — b) sin 6 cos 6,

.0 2h cus 20 == (v -- b) sin 26,
.
2k
2.e. 5o that tan 20- 5.
a-h

Whatever be the values of «, b, and A&, there is always
a value of @ satisfving .this equation and such that it lies
between — 45° and + ¢ 1") The values of sin 6 and cos 6 are
therefore known.

On substituting their values in (2), let it become
Ar? £ By 2w 0y v O (3).
Firsi, let neither A nor 72 be zero,
The equaiion (3) may then be written jn the form
2 (. 3 YL
e o) G
' .

. - . G
Transform the origin 1o the point <- ‘;, -- ”>.

The equation becomes

Aoty By (‘f‘“ v ~I},f o= K (Y ) e (4
ie. '1?*"1/7 Lo e ().
A

K
If ‘- and l, be both positive, the equation represents an

V
r~llipse (Alt "l(.)

Tf i and lw one positive and the other negative, it
mprc%ents a h)}wll)ul.l. (Art. 295). Tf they be lmth
negative, the locus is an imaginary ellipse.

If K be zero, then (4) represents two straight lines,
which are real or imaginary according as 4 and 73 have
opposite or the same signs. .
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Secendly, let either . or B bo zero, and let it be A,
Then' (3) can be written in the fofm

L

) N2 o ¢ e
n (]/ + _I}) 20 [-C -1 a¢/ - :.’.B(r'J

« Transform tht origin to the point whose coordinates

are b .
¢ Vs '
P . - T .
200 " 286 n

This equation, then beedtnes .
By r 200 .0,
. o . 2¢/
i.e Y=
oli
which represents o parabola.  (Art. 197))
If, in addition to A being zero, we also have ¢ zero, the
" &quation (3) becomes
By 2y + e 0,
o 1«
y = =+ -
. Y TN T
and this represents two parallel steaight lines, real or
imaginary.

i.€.
«

. . .
Thus in every ease the general cquation represents one
of the conie sections enumerated in Art. 348,

350. Centre°of a Conic Section. Def. The
centre of a conie seetion is a point sueh that all chords of
the conie which pass through it are bisected there,

When the equation to the conic is iu the form
w4 2y byt v e QL ()
the origin is the centre.
For let (2, ') be any<point on (1), so that we have
S x4 2y by e 20 (2).
Lhis equation may be written in the form
(=22 +2h(—a) (~y)+ b (~y) +c=0,
and hence shews that the point ( -#/, ') also lies on (1).
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But the points («, ') and (-2, --%') lie on the same
straight line through the origin, and are at equal distances
from the origin. .o

The chord of the conic which passes through the origin
and any point (o, 3') of the curve is thevefore bisected at
the origin. . *

The origin is therefore the centre.

351. When the cquation to the conic is given in the
form R !
ant 4 2hey + byt 3 2w w20y e 0L (1),
the origin is the centre only when both /and g ave zero.
For, if the ovigin he, the centre, then corresponding
to each point (27, ') on (1), there must bhe also a point
(-2, -y') lying on the curve.

Henee we must have ¢

ey byt 2 e 20 e 0, (2
and wx’ o 2haly w by gl - 2fy v e-0L (3)-
Subtiacting (3) from (2), we have
g’ v 1y 0.
This relation is to be true for «/f the points (&, y')
which lie on the curve (1), But this can only be the case
when g.-0 and j: 0.

352. 7o obtuin the coordinates of the centre of the
conie givew by the general equation, awd to oblain the
equativn to the curve referred to axes through the centre
parallel to the original aves.

Transform the origin to the point (F, 4), so that for .
and y we have 1o substitute 2:+ & and v+ 7. The equation
then becomes -

a(@r @+ 2h e+ (y - PD+b(y+ra)P+ 2 (w+a)
. +2f(y+7) +e=0,
be.  ax’ + 2hay + by + L (ad + b - g) + By (i + by + f)

+ i + 20 + b + Ly®+ f4c=0 ... 2).

0
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1f the point (&, §) be the centre of the conie section, the
coeflicients of woand y in the equation (2) must vanish, so
that we have

ab+hg+g=0.................. (3,

and o * hit v 0 v f=0oiiiiiiniinn.. (H.
Solving (3) and (4)7 we have, in general,

B f"’:!"l{ and J._ ’/h —nf . . (B).

Cab oY -k
With the;(- values the constant® torm in (2)
—wa? + kg 1—6‘/ + 28+ 2/g+¢
=&k + R+ o) (—_/(/z.f+(:_/ 1) g+ fg4 e
=8E+fF+C ... . (),
by equations (3) and (4),
abe + 2fgh af* by -- ehi?

o = ab T T » by equations (),

L
A
. -
where A is the discriminant of the given general equation
(Art. 118).

. ° . .
The equation (2) ean therefore be written in the formn

al“'+2/u_/4/n/ +- A, -0,
4

This i the required c-qun.tmn rotm-rud to the new axes
through the centre.

Ex. I'md the centre of the conic section

' 202 Say ~ By —x — 4y + G =0,

. and its equation when transformed to the centre.
The centre is givon by the equations 2&~ §5 - =0, and
o —1%-37~2=0, gothat T=~3, and 7= ~ 8.

The equation referred to the centre is then

. 207 - By - By + ¢’ =0,

where =-4.T-2.7+6=}+$4+6=7. (Art. 352))
The required equation is thus
2% - bzy ~ 3y2+T=0.
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353. Sowetimes the cquatfons (3) and (4) of ‘the last
article do not give suitable values for & and 7.’

For, if «b- A be zero, the values of & and 7 iu (5) are
both infinite,  When ab —2* is zero, the, conic section is a
parabola. [Art. 239.]

The centre of a parabola is therefore at infinity.

a h g
hobof .
of the form § and the ¢quations (3) and (4) reduce to the

0
same equation, viz.,

Again, if the result (5) of the last article is

it hy g - 0.,

‘We then have only one equation to determine the
centre, and there is therefore an infinite number of centres
all lying on the ~traight line

ar -hy -y = 0. '
fu this case the conic section consists of a pale of
paallel straigld lines, both parallel to the line of centres.

3854. The stwlent who is acquainted with the Dif-
ferential Caleulus will obscvve, from equations (3) and (4)
of Art. 352, that the coordinates of the centre satisfy the
equations that are obtained by ditferentiating, with regard
to .« and y, the original equation of the conic section.

Tt will also be ohserved that the coefficients of & 4, and
unity in the equations (3), (1), and (6) of Art. 332 are the
quantities (in the order in which they occur) which make
up the determinaut of Art. T18

This determinant being casy to write down, the student
may thence rceolleet, the equations for the centre and the
value of ¢.

The reason why this relation holds will appear from the
next article. .

385. EBx. Iind the condition that the general equation of the
second degree may represent two straight lines.

The centre (Z, 77) of the conic is given by
az+hF+g=0 ...l ),
and 2+ 074f=0.0ueinininannn reeeeenns (2).
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Also, if it be transformed to the centig as orvigin, the equation
becomes .
arf*+ Ny 1 byP+=0 L @),

where C=gT+1ii e
+ Now the equatione(3) represents two straight lines if ¢ be zero,
i.e. if ® gE+fi-re==0....... .. e th.

The cquation thereforo fepresents two straight lines if the relutions
(1), (2), and (1) be simnltaneously true,

Eliminaiing the quantities T and ¥ from these equations, we have,
by Art. ]3. .

a g ®
Iy =0
o gl

This is the condition found in Aet. 118,

356. Tv find the equationy to the asymptotes of the conie
= &ction given by the yeneral equation of the second degree.
Ieet the equation he
S aad® i 2hey byt g A ee 0oL ().
- Rince she equation to the asymptotes has been shewn to
differ from the equation to the curve only in its coustant
term, the requived equation must, be

. ax®+ 2hoy byt e 3y i Ay e+ N O (2)
Also (2) is to be a pair of straight lines.
Hence
abi (e 4 )+ 2fyh —-.frf'"' byt (e v AYAE-00 (At 116.)

Therefore X -- abe s Zpgh -aft byt ok a
o ab - I Tab- Rt

The required equation to the asymptotes is therefore

29 L S Yy .é.. 2
@i A Bhey + byt - Bgn v Afy +e b 0...(2).
Cor. Since the equation to the hyperbola, which is
conjugat® to a given hyperbola, differs as much from the
equation to the common asymptotes as the original equation
does, it follows that the equation to the hyperbola, which is
conjugate to the hyperbola (1), is

¢ ) A
ax’ + 2hxy + by + 2y.7cf2ﬁ/+c~2db_h*=0,
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857. To determing by an examination of the yeneral
equation what kind of conic section it represents.

[On applying the method of Art. 313 to the ellipse and
parabola, it would be found that the asymptotes of the
ellipse arc imaginary, and that a parabola only has one
asymptote, which is at an infinits distance and parallel
to its axis.] .

The straight lines au® + 2hxy + b6y =0............... 1)
are parallel to the lings (2) of the last article, and hence
represent straight lines parallel to the asymptotes.

. Now the cquaiion (1) represenis veal, coincident, or
imaginary straight lines according as A% is >= or <uab,
w.e. the asymptotes ard real, coincident, or imaginary,
according 1s 4% >z or <ub, Le. the conie section is a hyper-
bola, parabola, or ellipse, according as J° > = or < ab. .

Again, the lines (1) are at right angles, ¢.e. the curve is
a rectangular hyperbola, if « + 6 = 0. ¢

Also, by Art. 143, the general equation 1opr&qent~a
circle if a-: 6, and A =0.

Finally, by Art. 116, the cquation represents a pair of
straight lines if A = 0; also these straight lines are parallel
if the terms of the sccond degrec form a perfect square, .¢.-
if A2 == ab.

358. 'The results for the general equation
ar* i ey + byt + gx+ 2fy+e=0

are collected in the following table, the axes of coordinates
being rectangular,

Curve. i Condition.
Ellipse. I < ab.
Parabola. . It = ab.
Hyperbola. 3> ab.
Circle., a=b, and A% 0.
Rectangular hyperbola. a+b6=0.
Two straight lines, real or A==0,
Imaginary.

| ne
| abe+2fyh — af?—by*— ch*=0.
Two parallel straight lines. |+ A= 0, and 2= ab.
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If the axes of coordinates be oblique, the lines (1) of Art. 35¢ are
at right angles if a¢-+b-2%hcos w=0 (Art. 93); so that the couwc
section is a rect@.ngular hyperbola if a +b~ T cos w=0,

Also, by Art. 175, the conic section is a cirele if b =a and
h=acosw.

The conditions fo¥ the other cascs in the previous article are tho
same for bath oblique and rectungular axes.

EX%MPLES. XL.

L]

What conies do the following cqutitions icpresent?  When
possible, find their centres, and also their cquations referied to the
centre. °
1. 1202232y 1 1042 - 25.l'+26y.-—- 14,

2. 132% - 180y + 3Ty% + 20 Ly - 2=0.
3. Y2—24/3ry+4 824 Or-dy + 5:=0,
4, 20* -T2ry+23y% - 4 - 28y — 48 =0,
5.0 G~ Bay - 6%+ e+ 3y 4. 0,

8. 3.5 - Bay -3y 102- By 4-8=0.

Find the asymptotes of the 1‘011::\\'111,; hyperbolis and also the
equations to their conjugate hyperbolas.

7. 824100y 3y%- ity =2 8, yF-au -2ut- Y+ = 6=0.
9. 5527~ 120y + 20521 GLr @48y =),
10, ek 20y 1yt - 220 Gy=0.
11. T£ (%, 7) be the (.-vntrc of the conic ~ection
Seoy) s s 2hay+ byt 298 2y o0,
prove that the equation to the asymptotes is 1., )=/ (T, ¥)-
If 1 be a variable quantity, find the locus of the point (=, ¥) when

12. -T=ft<H :) and y =u (l——:).

13. c=at+ut* and y=0bt+at?,
14. z=1+4t4 2 and y:l'- L4t
1f ¢ bea varinble angle, find the locus of the point (r, ) when
15. z=atan(0a) and y=btan (9 + 8).
16" w~=acos(0+a) and y=bcoa (+8).
What are represented by the equations .
17. (x-y)*+(x-a)?=0, ) 18, azy+a’=a(x+y).
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19, - yi=(y-a) (®~y).

20, B+ -xy(c+y)at(y -x)=0. 21, (@*-a¥?-yi=0.
22, O+ytr(T+y) (ry - ax~ay)=0. 23. “a%+axy+y?=0.
24, (rcos0-a)(r—acos@)-0. 25. rsin?6=-2acos 6.

. 1. .
26. rt Il =3 cos 04 sgin 0. 27. —=11tcosd+/3sine.
28. r(i~3sin%6)=8a cosd.

359. 7o trace the parabola yiven by lkﬂ general equa-
tion of the second deg e,
@i + 2hay + byt v 2g0 0 2y + ('::0 ......... (1),
and to find tts latus rectum. N
First Method. Since the curve is a parabola we
have 2% . ub, so that the terms of the second degree form
a perfeet square,
Put then « af and b B4 so that h=af, and the'
equation (1)} becomes )
(nr + By): + 24 WYy e O Lo ().
Let the direction of the axes be changed su that the

. . . (1]
straight line ar By - 0, L. y ; 2, may be the new

axis of A,

We have therefore to turn the axes through aw angle ¢

such that tan g .- — ; and therefore .
smé=—-- - and cosf_

. B
Vai v NEEY
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For 2 we have to substitute .
g e . A+ a)”
Xceos6 - Ysin @, i.e. BX+a -,
\/uZ " /3.
and for y the quaptity
-aX 4 BY
Naty g '
For ax + [.3!/ we therefore substitute 1 /(o + 5.
The equatjon (2) then Lecomes
»

*f Xsing+ Leosd, e (Art. 129))

]

Y2 (a4 B7) 4 / .‘-—-——,-[!I (BX ral)+ F(PBY -~ az")] Fe -0,
vat - 3

yey 9y B gl By ¢

ie 24 o '
(u.” . ﬁ:)g (u."’ \ /{:)2» o ¢ 3
Y &y 2 _B"’? (X- 1] . 3),
(' + 32)
wher N .a{_/ * 'B'/. (),
(a4 B2)°
o By e
(a? /)"‘)-3 R o + f3°
i Vet [ /3/')"’] >
' 2 Bl gy ] g

The  equation (-’3) represents a parabola whose latus
aj - (7 « . .
. B‘I} < whose axis is parallel to the new axis
(a” F [f‘)'

of X, and whose vertex referred to the new axes is dhe

point (11, K').

rectum is 2

360. [llquation of the aris, and ecoordinates of the

vertea, referred to the omginal wes.
-

Since the axis of the curve is parallel to the new axis of
A, ib makes an angle 6 with the old axis of #, and hence
the perpendicular on it from the orvigin wmakes an angle
90° + 6.

Also the length of this perpendicular is A
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The equation to the axis of the parabola is therefore
2 eos (907 = 6) + ysin (90° + 04 = K,
i.e —.rsin 0+ yeos = K,
. EE > ayf + Bf -
T ar -~ By=NKya*i+ B - u.2+_,[)"' e, s (6).
Again, the vertex is the point in which the axis (6)
meets the curve (2).
We have therefore to solve (6 and (2), 1.e. (6) and
(ag + 3y
W
The solution of (6) and {7y thercfore gives the required
coordinates of the vertex. -

$2gw b y+e Ul (7).
€

861. It wus proved in Art. 224 that if ) beea
dinmeter of the parnbola and @17 the ovdinate to it drawn
through any point @ of the curve, so that QF is parsflel to
the tangent at 7, wnd if 4 be the angle between the diameter

L1 and the taugent at 7%, theh o .
@V = ducosectd. PV ... (1)

If QL be perpendicular to 22V and QL be perpendicular

to the tangent at 7, we have *
QL - QVsin0, and Q1 -- PV sin6,

so that (1) ix QL - lacosec 0. QL

Hencee the squave of the perpendicular distance of any
puint @ on the parabola from any diameter varics as the
perpendicular distance of ¢ from the tangent at the end of
th® diameter.

Hence, if Ae+ By+C =0 be the equation of auny’
dinmeter and A'w+ Hy+C'=0 he the equation of the
tangent at its end, the cquation to the parabola is

(At By ~Cp =X (d'w s By + C')...5..(2),
where X i3 some constant. .

Conversely, if the equation to a parabola can be reduced
to the form (2), then
) Az + By +€=0.......ccecovveveeee (3)
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is a diameter of the parabola and the axis of the purabola is
parallel to (3). R
‘We shall &ppl; this property in the following article.

362. 7 tracg the purabole given by the generol equa-
tion of the gecond degree
ax + 2hay £ by + 2y + 2y e 0o ().
Second Method. Since the curve is a parabola, the

terms of the sccond delyree must form a perfeet square
and 2*: ab.

Put then «~=a? gund b= 8 so that £- aB, and the
equation (1) becomes

(o v By - (2t b2y 4 ) e (2).
@e Asin the last article the straight line ax+ By--0is a

diameter, and the axis of the parabola ix therefore parallel
to it, ;and o its equation is of the form
»

wr - ﬁy FAL O (3)
L] L
The equation (2) may thereforo be written

(we + By + A)* =— Lge+ 2fy + ¢) + N+ 2X (ar + By)

Ba(Ra )+ 3y (BN =S5 N e ().
Choose A so that the straight lines
D ar Byt A O, ()
and GweAa—g)t 2y (Br--f) =X~ 0. ... (6)
are at right angles, <.e. so that .
w(u=g)+ B (BN =f) =0,
i.¢. 80 that A= EfJ' U e e, (7).

. o+ 3
The lines (3) and (6) are now, by the last article, a
diameter and a tangent at its extremity ; also, since they
are at right angles, they must be the axis and the tangent
at the vertex.
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The equation (4) may now, by (7), be written .
©. 2(af - :
{az + By + A" - —‘,;f;ﬁ"’) [Bz — gy +op],
'u.‘2 - BP
L A ¢
T A
. fax+ By A2 2(af - By) Ba:—ag/+/;,
‘e — R e
UNaz g ) @ gyt Varicp
2 (af -
paz; 2PN
(a? + /f")'
where £V is the perpendicular frog any point 2 of the

curve on the axis, and A is the vertex.

Hence the axis and tangent at the vertex are the lines
(5) and (6), where XA has the value (7), and the latus rectum

. a:/- - B{/. O e
(a® + ﬁ"’)"‘ .
363. Ex. [rucethe parabolat
922 - 2dxy 4 16y% - 18— 101y 19=0.
The equation iy

b

o,
kY

(B —4y)* - 182,- 101y + 19=0 ......... ........ 1).

First Method. Take 3r 4y =0 as the new axis of x, i.e. turn
the axes through an angle ¢, where tan #--%, and therefore sin6=§
and cus #=¢. .
For . we therefore substitute Xcos@-- Ysin6, i.e. t)fw"!Y;

5
.L\-;'t)_’ and hence fur 3.z- 4y the

for

y we put Xsin6+Ycos o, i
quantity ~5Y.
The equation (1) therefore becomes
25Y7- 3 [T2X - 54Y ]~ } [303X +404Y]+ 19=0,

i.e. 2512 75X-T0F+19=0... ................. 2).
This is the equation to the curve referred to the axes €.X and OY.
But (2) can be written in the form

po 18Y .

g =aX-3L,

ie. (Y- §P=3X-13+'13=8 (X+4).
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+
Take a point 4 whose coordinates referred to OX and OY are ~}
end §, and draw AL m.:.d AM parallel to OX gnd OY respectively.

. ?

P *

Referred to AL and A¥M the equation to the parabola is ¥?=3X.
It ¢ therefore a parabola, whose vertex is A, whose latus rectum is 3.
and whose axis is 4.

BSeapnd Method. The equation (1) can be written

Wz - dy +2)2= (61 +18)z+y (101 -8N) + X0~ 19 ...... (3).
Choose A @0 that the straight lines
8z -4y +A=0
and (67 +18) z+y (101 - 8N) +\2~19.=0
may be at right angles. .

Hence \ is given by
8 (6A+18)—4(101-8)) =0 (Art. 69),
and therefore A=17. .
The equation (3) then becomes
(82 - 4y +7)*=15 (42 + 3y +2),

8z -4y +7\? 4z +3y+2
(CoMtly a dr et L,
Yiet AL be the straight line
8x—dy+7=0 .. . .ccvvers creernnnnn (8)y
and 4M the straight line 444-3y+2=0.... . ... ........ . «(6).

These age at right angles.

If P be any point on the parabola and PN be dicular to
AL, the equation (4) gives PN3=3, AN. perpen

Hence, a8 in the first method, we have the parabola.
The vertex is found by '°1ﬁg§~(5) end (6) and is therefore the
point (-3, 48 Nt S X N

L, . 22
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If in*{4) we substitute either valuo of tand derived
from (3) we obtpn the length of the coiresponding
semi-axis .

* The directions and magnitudes of the axes are theiefore
both found. .

Secon'd Method, . The directions of the axes of the:
conic‘are; as in the gmtmethod, given by

24 -
AL v tap e ‘
When referred to the sxes of the conio section s the
axes of coordinates, lef the equation become "
i
) ,;;+.%',-=1 .o . .(5).

Since the equation (1¥has become equation (5) by a
"change of axes without & change of origin, we have, by
Art, 135,

. Liloars e (6
v Tt ey O

ajlﬂ)=ab-h’. . (D)

These two equations eafily determune the semu-axes .g

and 8. [For if from the square of (6) we subtract fous
2
times equation (7) ave have (%-,—9]-‘, s a.nd;:noé é‘.l.%,;
Lo

hence by (6) we get :,and /}—, . f',‘rr ¥

The difficulty of this method hes mn the fact that we
cannot always easily determine to which direction for an
axis the value a belongs and to which the value 8. ot

If the origmal axes be inclined at anr angle w, the equa-
tions (Bjypnd (7) are, by At 137, nee

and

b 1 1 a+b=2hoos
;} 1 ;i.{_ - __..n.;.iii::,-.—-—g’
3lld vy ";[ xil - d*v % i},‘

,. 8 a.'M;‘,ﬁ"m« WM 5 .
4 2929
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4

Cor. 1. The reciprocals of the squares of the semi-
axes are, by (6) a11d°(7), the roots of the equation

! T P(a+b)Z+ab-=0.

*» Cor. 2, It is shewn in most treatises on Geometrical
+ Conics that the area of an ellipse is 7af, Which by equation

“”7‘“‘? :
865, M 1. [Trace the curve - . ' 2’ ¥ .
1429 dzy $ 118 - ddz - B8y + 71 =o0.. SO 4 ) 8
Sméo (~2)2~14.11 is negative, the curvs isan el.hpse. [Art 858.]
By Axt. 852 the centre (7, §) of the curve is given by the equations

-

. 145 - 95 - 22 =0, 'and 2% +11y -29=0,

*

L]

Henge Z-=32, and j=3.
The equation referred to parallel axes through the centre is

therefore . 142 - oy + 112+ ¢’ =0, e "
where v o' - 222~ 207+ T1= ~ 60, o .
80 that the equation is

1422~ day + 112260 voee eee s crevreres (2.
The directions of the axes are given by

o0
tan2om Moot =1,

2tan g
sothat v 1-tantg="H
and hence 21ian?d -8 tan #~3=0,

+  Therefore tan §, =2, and tan 6,= ~}.
Belarred to polar coordinates the equation (2) is
% (14 008* 6 - 4 cos 6 8in @+ 11 sin? §) =60 (cos® 6 +sin? 0),

1+tan®6 -
fe. , "=y Tt e

1+4
‘When Mﬁkﬂ. 7 -a(i()x14 8+44=6'

Whes tan ~im‘=~M=~.—‘f-§§-: 4
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The lengths of the semi-axes aro thereforg ,/6 and 2.

Hence, to w_the eurve,
take the point %?whm coordi-
uates are (3, 8).

Through it draw 4'CA in-
clined at an angle taxf-! 2 to the
axis of # and mark off

A'C=04=,/6,

Draw DRCH ‘at right angles
to 4G4’ and take B‘Gga-l:O'B =2

The requiredsellipse has .4’
and BB’ as 1ts axes,

341

It would be found, as a veri- ° M

fication] that the curve docs not meet the original axis of z, and
that it mqets the axis of y at disfances from the origin equal to

about 2 and 34 respectively.
Bx. 2. Trace the curve -

-e 23~ 3zy +y?+ 105~ 10y +21=0.....,0sccienee ().
Sigce (;2? )’ -1.1 is positive, the curve is a hyperbola.

+The cenire (2, 7) is given by *

5—§y+5=o,
and FE+-5=0,
go that IT= -2, and 7=2. i

[Art. 858.]

Q(

The equation to thé curve, referred to parallel axes through the

centre, is ;
2 -Bay+yP+5(-2)~5x2+21=0, , ',
ie. 23— B2Y+ Y= — Lot cvrereceesnneitennens(B)e
The direction of the axes is given by - Ty
tango= 2 o 2o, .
so that " 20290° or 270°%
and hence T 6, =45° and @,=185°

‘I'ne equation {2) in polar coordinates is
1% (cos® § — 8 008 0 8in 6+ 8in? ) = - {sin? #-+008"0),

o,
i e 7=~
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¥

,n,l‘ o

2
2y 'Whex& 0,=46°, rt= '1*84-1:2' so that 71=.\/2 .

» »m
W%ﬁlw. v §_1+8+1 5 ’ qothlto,a,\/-—-..

1 % construct the curve take the point C whoge coordinates are —2
ﬁ Through C diaw a straight line 404' mclmed et 46° to the
oinmdmapkoﬂd O=Cd=\

Also through 4 draw a straight line XAK’ dum!u- t C4
snd taked 4K ==K'A=.J§ By Art, 815, CK and CK’ are then the
asymptotes '

The ourve is thetefotgw hyperbold whose centre 18 C, whose
tru{l:wm itx18 18 4’4, and whose asymptotes are CK and CK’.

+

e

e '

'.On putting z=0 it will be found that the curve meets the axis of
y wherd =3 or 7, and, on putting y=0, that it meets the aws of
where x= -8 02— 7.

‘Hence ,0Q@=3, OQ@'=Y, OR=3, and WOR'=1. |
366. T find the ecoontrcrty of the comtial conic section

x.,?‘;db% 2y +Dy? = 1............ eeyee{D)
First, let At-rab bp. ‘that Ahe curve is
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Tee
an ellipss, and let the equation to the ellipse, referied to
it axes, ba , |
e ! aﬂ. y’a L’
s

By the theory of Invariants (Art. 135) we have

" “ inkb& & 1.+F’=a+b . e . -9»-(2)’

and y - ;;B,gab—v......,‘... eivenees (8)r
[ 4
Also, if ¢ be the eccentricity, we have, if a be> g,
N Pl ° s,bu "‘ﬁz
l%
- - “'“ﬁ*
T2 -e’ o'+ g !
But, from (2) and (3), we have :
b 1
. .w+ﬁ~§+pNMuB=arﬁ“
. Hence.

S oy A%)
Pt (@ T B L=+ ‘/(“abb),::w
& ’:J(a-b) + 4 )
= ) cgere venn - (4):
This equation at ?nce gives ¢, &
Secondly, let h— ab be positive, so that the curve is
a hyperbola, and let the equation referred to its &uno:pnl
axes be a AW
2 .
a1 R
so that in this case g ,
1 1
a',:ﬁ"“?b ancP*--F,~ab A= — (h? — ab).

(O

5 ¥ 1
Hence ﬂ‘—-ﬁa“‘ha";‘-;g md a'ﬂ‘:::m,
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In this case, if e be the eccentricity, we have :

A= '.‘_.’ﬁ A .
& _d+f_ Ja—brt '.. . .(3).

e STeTE T avb
This equation gives ¢ t ¥
Tn each case we see that ¢ is a root of the equation
a— DY + 44°
' (=) = (—(ﬁ: o
t.¢, of the equation 0
oA (@b — %) 4 {(a—b)*+ 447} (¢ — 1) = 0.

867. o obtain the foci of the central conic
ar® + Shay + by — 1 ‘*
Let the direction of the axes of the conic be obtaied as
in Art. 364, and let 6, be the inclination of the najor axis
in the case of the elhpse, and the transverse axis an the case
of the hyperbola, to the axis of a.
Let 72 bo the square of the radius correspondmg to 6,
and let 7, bo the square of thq radius corresponding to the
perpendicular divection [In the case of the hyperbola 7?
will be a negative quantity ] R

The distance of the focus from the centre is a/rm?— ;-,’
(Arts. 247 and 295). One focus will therefore be the point

(Jr,’?—?} cos by, Nrt—rlsind), -
.and the other will be

N Jrd =72 cos 0, — NI Zrisin 6)),
|x. ~®Find the foci of the ellipse traccd w Art. 86.:
Hmmﬂlaﬁ,mthntsma‘a‘/s ma““x—vg .

Also ry?=6, and r=4, so tgnt NrE=rE=\/2.
The ooordmsul of the focl referred to axes through € axe thezefore

: (% ) w2 (3 - 3)-
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Their ‘coordinates referred to the original axes 0X and QY arc
. o) L4 D
. (zu."ég, ﬂ*{?’{),i.c.(ﬂ*ﬁlg. s*?;‘}’? ) X
368. The methbd of obtaining the coordinates of the
focus of a parabela given by the general equation may be
exemphifild by taking the example of Art. 363,
Here it was shewn that the latus rectum is equal to 3,
so that, if S be the focus, 48 is 3.
It was also shewn that the coordihates of 4 refeired to
OX and OY are — { and ]. 4
The coordinates of § referred to the same axes are
"'% +? and z’ i.e 3_.10- and %--
1fs coordmates referred to the original axes are therefore
" Jpcosf— Tsing and JGsinb+ L cosé,
ré.e. fo-t—T.}band . 2+%. 8,
i, — 1% and 1.
In Art. 393 equations will be found to give the foci of
ajy conig, section directly, 80 that the conio need not first
be traced,

s
869. Bx. 1. Tiace the curve

3(3z ~ 2y +4)29-2 (22 4+ 8y — 5)2=389 Y ¢ §
The equation may be written
3z ~2y +4\? 2z 48y ~5\?_
e LY (o ol N B )

Now the straight hnes 82—2y+4=0 and 2z4 3y -5=0 are at
1ight angles. Let them be CM and
CN, intersecting in O which 1s the
Pon‘t (‘\&'» H)'

If P be any point on the curve
and PM and PN the lperpendioulm
upon those lines, the lengths of PAM
and PN are

82— 2y-+4 20 4+ 8y -
ang 22+%y =8

Henos equation (2) states that
+  BPAM+3PN%=8,
Pr2 PNB .
, Ttk
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y 3 4 h P LI 2
The locus of 2 is therefore an ellipse whose semi-axes X
lang, G and G are /§ and 1 respectrvely. ensured
‘#l& . What 3 tégresented by theequation
(@~ @+ (P a) =t
The equation may be wntten in the form "~
a:‘+y‘-2a’(1:’+y‘)+¢‘==0 vos
hee S g A IR 000 @) ettty
Le. (2*% 42 - a3 - (/20y)2 =0,
Lo Y (@ha/2ay gt df) (@B rgp-a=D. .
The loéns therefore consists of the two ellipses
L3y +y2~ =0, and 2?-n/dry+yt - a?=0,
These ellipses are equal and their sem-axes would be fouud to be
an/BJ2 and aNf3-J3.

A The major axis of the first is inclined at an ang‘le of 185° to thé
l.th of x, aud that of the second at an angle of 45°

F

BEXAMPLES. XLI

* %

i.m,ﬂémn 7‘ LY N 3 . vy
. L foedgp=bly. 2 -yi=ziyl
k.s, ‘“ﬂi)ﬂ)‘a%'i‘”ﬂgi'ﬁ’
4, (4z+8y+15)=5(3z- 4y). x e .
5. 1622+ 24xy+49y?- 52 -10y +1=0. .
6. 9% 24ay + 1647 dy - 2+7=0,
7, 144a®- 1202y +25y®+ 819z ~ 272y + 663==0, and find its foous.

¢ =
m

1629 - 42y + 942+ 822 4+ 86y — 89 =0, -

& 1 Ag? - dxy +y? ~ 12246y +9=0.

«the position and magnitude of the axes of the conics

10, 122%- 122y + Ty?=48, « M. 8%+ 2zy+8yt=8.
12- ""'W *W’=6‘ had . " ¢

Traoe thé following central conids. . ’ .
13. s‘—mm%;r'qaa'- 14, &%~ 2zycoses2a -+ =al,
. 15, zy=a(#+ik 18, ay-y'=a’ \
17, v~ m+w+u%w~mmmm 4y =1
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* 19, 22%+3ry -2 -To4y—-2=0
20, 4027+ 36y -135y" - 196 ~ 122y +205=0.
21, '9&*—332;”4- + 60zt 10y = 644,
22, *2% - 2y + 2* ~ 20z - Bay +7a* =0,
28, 1047 482y - 109 +-88x 4 43 ~ 83 =0.
24. 48 AMay = 35y? - iz~ Sly - 6=0,
20, (82 44y +a)(dnrt-Bg 4+ o) =2
26. 8(2ap By +4)3+2(3e+2y -5P=T8. %
27, 2(822 4y 5)8~ 3 (42 + 3y - 10)2=: 150,
Find thg prqducts of the semm axes of the eonios
a8, P-dzy+522=2. 29, 4(3v+'4y-T)2+3 {dr-3y+0)?=8,
30. 1122 +-16xy ~y° ~ 70z — 40y +-82=0
Find the foer and the®ceentricity of the cones
81, 2*-8zy+4axr=2a° v 32. 4vy~822-2ay=0
88, Bat+ 6¥y+ byt + 120+ 4y +6=0
ve 34 @+ lry+y?-2542y-6=0
85, Shew that the latus rectum of the parabola
. (ad+ B (22 + y+) =(bx + ay — ad)®
18 * 2ab— o/ T
*38. Prdve that the lengths of the semn axos of the panio
- a2+ 2hzy + byt=d

i

awe f] ——zgand — ' N
a+k a-h

1¢spectively, and that thewr equation 18 42— y?=0 .

37. Prove that the squares of the semi-axes of the como  *

ax®4 Bhzy +Dby3+ 297 + Ay +¢=0 N

aie ~ 24 — [(ad ~ 1) (a- D/ (@ ~ b)-F 40%)},
where A 18 the disersiminant. ¢ )

38. If A be & varable pi prove that the fafus of the
sertices of the hyperbolas given by equation n"—"?ma.—.v is
the ourve (2%+ y%)i=ad (22~ y?) ¥ &0 st

89. If the point (at,3, 2af,) on the parabols y=4ax be called the
poms t;, prove that ghe' uwcl»)f the seoond p&rab”:ls through the four
points §, &%, ¥, angd 7, makes with the axis of the first an angle

. "ot ('.Lt‘l%‘f!ﬂ‘ .
Pr&vaﬂwthﬂﬂtwombommd;uwmm distgnosm

ot thecoirydof th oue s fss g e o opparion 1 e
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40, If the product of the semi-axes of the eonie 24 2zy +17y2=8"

aunixty, ghew that the &xes of courdinates are inelined ab a.n angle

Sketch the curve 62— 7oy —5yi-4z+1 2, the axes bein,
,inclmed at an angle of 80°. i =% ¢

42. Prove that the eccentricity of the conie ngen by ;ha general
equation satisfics the relation

et 4= (a—b— 2h cos w)?
1-a+*= (ab-h)snfw '
where w is the angle between the axes.

¢

43. The axes being changed in any way, without any change of
arigin, prove that in the general equation of the second degree the
quantities ¢, LF8'-%ocosw aff+biugh L, A

sintw 4 sm‘w smm?ow
invariants, in addition to the quantmes in Art. 137.

[On makmg the most general substitutiona of Art. 132 it is clear
that ¢ is unalvered; proceed as in Art. 137, but intioduce the conditiop
that the resulting expressions are equal to the product of two linear
quantities (Art. 116); the results will then follow.]

.
L]



CHAPTER XVIL
THE GENERAL CONIC.

870. 1In the present chapter we shall consider proper
ties of conic sections which are given by the general equation
S the second degree, viz.
aa? + 2hxy +by* + 2y + 2fy 4 ¢ -0........ ~(1).%
Hor lwevity, the left-hand side of this equation is often
called ¢ (a:‘ ), so that the ganeral equation to & conic is

@ (2, ¥)=0.
Sinmilarly, ¢ («/, ') denotes the value of the left-hand
side of (1) when o’ and y’ ame substituted for » and y.
The equation (1) is often also written in the form §=0.

371. On dividing by ¢, the equation (1) (ontains five
. a h b g S
independent constants e’ 3 3 3 and e

To determine these five constanty, we shall thereforo
require five conditions. Conversely, if five independent
conditions be given, the constants can be determined.
Only one conic, or, at any rate, only a finite number of
conics, can be drawn to satisfy five independent conditions.

372 7o Jird the equation to the tanyent at any point
(', &) of the conic section
(2, y) = ax® + hay + byt + 29w + Afy +e=0...(1).
Let (£, ") be any other point on the conic.
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”" The equation to the sbraight line jojnjng this ‘point to
, ‘3") B .

Wit o Y=g ' legm
1?‘ yv-x/s.c”__w,(w"v’)u . -\,&sf: -(2)
% fince both (x, /) and (x”, y”) he on (1), we have

: ax® + 2ha'y’ + by® + 299 + 2fy + 6=0 “,. (3),
and  aa’t+ 2ka’y’ + by"P+ 297" + 2fY +e=0.... . (4)
Hence, by subtraction, we have
a (e~ + 2 @y ~o'y' ) + b Y~ o)
B L Sy Y —-y)—0. .. . B).
But .
2y ~ Y )=+ )~y )+ (F ~2") Y + Y
so that (5) can be wiitten m the form
(=) [a(a 4 2") +h (Y +y")+ 24]

. + (@ —y )@ +2")+b() +y ) 2f]=6,.
Y=y  a(+ ")+ h(y 4 y)+ 2 ¢
Z.e. . < \ - Ty ¢
w'—u A+ )by +9")+ 2

The cquation to any secant is therefore ¢

, a(a'+2") 1 h(y +y')+2¢
y-y TR A )+ by Y )+ Y (e=a) (6).
To obtain the equation to the tangent at (¥, ¥'), we put
#’=2' and y" =y 1 this equation, and 1t becomes
, _ar +hy +g
YV it vy e f U
i.e. (ard +hy +g)e+ (' +by +f)y
: =aa?+ 2ha'y + by +g¥ + fy'
= - gr' —fy' — ¢, by equation (3).
The required equation is thetefore
axx’+h (xy’' +x'y) +byy' + 8 (x+x) + f(y +¥’)
+c=0.2 (7).
Cor. 1. The equation (7) may be written down, £rom
the general equation of the second degree, by substitutin
xx' for &2, yy' for Y% ay +ay for ay, @ +a’ for 2z, an
y+y for2y. (CE Art. 152.)
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Cors 2, If the conic puss through the origin we have
¢=0, and then the tangent at the orgin (where 2’ =0 and
¥=0)is  *+ o gz +fy =0,
4.¢. the equation to the tangent at the origin is obtained by
equating to zero_the terms'of the lowest degree in the
equatiou go the conic.

373. The equation of the previous article may also be obtained
as follows; If (', y') and {z", ") be two points on the conie section,
the equation to the line joining them is
a(@-2) (@~ b2 - 2) Y - y") +(@=2") (v - YN+ by ~ ¥ )y ~ ")

=ax?+Bhxy + Uy? + 292 | Y +0...nn. .. (1).

For the terms of thesecond degree on the two sides of (1) cancel,
and the equation reduces to one of the first degree, thus representing
a straight line. .

Alsq, since (27, y’) lies on the curve, the equation is satisfied by
putting £ = and y=y’.

¢  Hence (2/, y’) 15 & point lying on (1).

So (2", ¥”') hes on (1).

1P thegefore is the straight line joining them. “*

Putting 2" =2’ and y" =y’ wg have, as the equation to the tangent
o (v, y’)v .

a(v-=P+2h(r~2) (y-y)+b (y-y'P
=ax®+ 2hry + by + 292+ 2y +cqy
e, 2aar’+2h (Py+xy’)+ 205y + 29 + Ay +¢
=ax?+ 2hx'y’ + by , ¢
= —2g7" - 2fy’ - ¢, since (2, ¥') lies on the conie,
Hence the equation (7) of the last article.

- -

874. To find the condition that any straight line .
letmy+n=0...  ervernnas e o (1),
may touch the conic
az?+ 3hxy + by? + 292 + Afy +¢=0 ....... e (2
Substituting for y in (2) fiom (1), we have for the equation giving
the abscissm® of the points of intersection of (1) and (2),
22 (dm? — 2rlm 3- bi2) - 2z (hinn — bl — gm® + flm)
- +bi? - 2fmn+ em?=0........ ..(8).
1% (1) be a tangent, the values of  given by (3) must be equal.
The condition for this is, (Art. 1,)
{(hmn - b.’?;;?m’ +ﬂm)’==(am~: «~ 2hlm 4+ bis) (bn? ~ Yfmn + omd).
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-

On simplifying, we have, after division by m3, e
12 (be ~ f3) + m? (ca — g%) +n? (ab ~ h2) + 2mn (gh - af)+2n (hf - bg)
+2Im (fg ~ ch)=0. . .
Bx. Find the equations to the tangents to the conic
22 pdey +3Y2-br—-6y+3=0Q ....... ... .(1),

which are parallel to the straight line z+4y=0.

The equation to any such tangent is -

r+4y +e=0... ... e o o (2)s

where ¢ is to be determined.

This straight line meets (1) in points given by .

822 - 2r (5¢ 1-28) + 3¢? +24c + 18=0.

The roots of this eqnation are equal, i.e. the line (2) is a tangent,

if {2(Bc+28)}2=4.38.(3c3+24c +48), 1.e.1{ ¢=—~5o0r —-8.

The required tangents are therefore
¢ zt4y-5=0, and z+ 4y -8=0.

375. Asin Arts, 214 and 274 it may be proved that.
the polar of (&, ') with respect to ¢ (x, )= 0 is
¢ (o' +hy t gy v (b + 0y + )y vy’ + 1y +¢ -0
The form of the equationeto a polar is therefore the
same as that of a tangeut. ) ‘
Just ag in Art. 217 it may now be shewn that, if the
}l)?lar of P passesthrough 7', the polar of 7' passes through
» The chord of the coni¢ which is bisected at (v, y),
being parallel to the polar of (&, ') [Arts. 221 and 280],
has as equation
(a2 + hy' +g) (& — &) + (ha’ + By + ) (y — ') = 0.
376. To fird the equation to the diameter bisecting all
chords pnrallel to the straight line y=mzx. (See fig. Art. 279.)
. Any such chordis ¥ mr+ K ..ol (1)
This meets the conic section
ar’ + 2hey + byt + 292 % 2fy +c=0
in points whose abscisem ave given by #
it + 2hx (e + K)+b (ma + K 1 By + 2f (me+ K)+ 0=0,
i.e. by 2 (a+ 2hm + bw®) + 26 (AK + bmK + g + fm) *
+ 0K+ 2fK ¢ 0.
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Tt r,*and ¢ be the 10ots of this equition we thaer o

b .
. M (h vbum)yh g~ rm

)
ok T a2 bm
Tat (L }) besthe muddle ‘pomt ot th acquuead hod
sothat @
' * (hrbmyh o
Al smee (V) es on (1) we v
L]
} mY: A 1)
It between (2) uu! (3) we  hmmate A v hoe
1clthion between Y and )
fhis rchvhion oS
(¢ 2hme by XY (h+ () sy oy '
T* N(e Tm) Yh Tmyvgrern O
Tdie locus of the requued inddle pomt 1 theretere the
stru ht Anc whose cqution 15
o (it k) 1-7/(/:?1 tnty v 7 fue O
It this e pudled to the sthuzht hne 4+ ¢+ w
Ly

()

o 2hin bm

® v hmn
)
" h tm th,

I a+h(m4+m)+bmm =0 »)

This 15 tharet e the Ondition that the two stvuont
hnes ¢y e wd g mr my bhe 3 undld to conjust
drunctars of the come ginven by the Jonanl cquidion

877. I find th conliton that the p o strarfdt ine 1 o«
« quation s
Ix’4 2y Ty O 1)
vy be pmrall Lt conquypate dpametars fthe jnad  n
» a4 2h y+by 24 20y 0 (2)
T et the egnations of the stiuagbt hincs wepresente L y (1) 5 e
wnd yo-m'e, so thit (1) 15 ¢ puavalent 1c

. L (y mi)(y ma1y 0,
>
and hene T ~l” , md wmn f
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By the condition of the Jast article it therefore follows that the
lines (1) are puudlcd to egnjugate diametors af

2 A
a+h( I +bB 0,
e af {1 2Hh DBa 0
398 /) o thit fun ooncentrt comie sectwns alv ays harve a

patr anl only one puti  of common conjugite diameter  and to and
ther cquidt n

It the two con entiie conic sectims be

ty 2hey by 1 (1),

wl e 2hay 1y 1 (2).
The nmght hnes

le 2y iy 0 (3),

we conjug e anvmdctor of both (.l) ud (2) u
o2k I 0

and 1 2Hk P O ¢
Solving, 1he wwo cquitions we higve
1 an ]

Jo e oab &0 b TR
Subst tutin, tacse valu s 0 (3) we see that the strai ht imes
(e ko ayid )Y ¥yl by 0O (%)

e alw s conju e aia neters o both (1) and (2)

Honce thore s alw v a e of conju, e diunetors 1ed eoina
dent or e mary which e ¢ mmon to any two concentie come
< ctions

EXAMPLES. XLII.

1. How many other conditions ¢ wn a come <cction satisfy when
we are g1 (n (1) 1ts centro, (2) 148 foc s, () 1ts cccentucty, (1) the
positions of 1t s, (3) a tangent, {(6) a tin nnt and its pomnt of
contiet, (1) the pocit m of one of 1ts a ymplotes?

9. Find the conLtwon that the <trught ine 7r pmy —1 may
tonch the parvboly (1x by) 2(a +1)(asybu)4 (a +0%« 0, and
shew that if this stiaght hne mect the axes m P and @, then 2@
will when 16 15 a tangent, subtend a 21ght angle at the point (¢,.b)

3 Two patabolas have & common foeus, pove thut the perper.-
dicular towm 1t upon the common tangent passcs through tha
intersection of the duectiices.
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* o iy "
4. Shew thit the come wosal sm v s necutad

o ab L]
the 1ecgangle, dhe cruations to whose sules arte > v wdy b nd
that the quadnlitar il formed by joining the pomts ot contact 1 of

constint poumctar £ a2+ (- whitever be the valnc ot a

5 Avunble tw nt toa conmic meets two fise Lianpents in e
points, Pahd @ prov that the Iy u ot the muldl pamnt o1 PO n
conte which Decomes v stragght e whon the given ¢ mne s 1] mboly

6. Prov thattthe chnd of oomtut of twr (nts dvawn fimn an
exteinmal pomnt 1 the come ar - 2k 7y 1, subtenl 111 ht n &
at the cenbre |!‘tlm point lie on the conr

(U i)+ 200 D)y yeah by 1
7 (aven the focus and dnectiiv or o conte prove thd the pohir
of a t1ven pomnt with 2c~poct 10 18 passes tmoun w tha 6 ¢ Lpant

8. Prove that the locuv of thcoenties of conesy b hote wd the
axes b dstwncer ¢anl b from th ooy the trught ime 1 o1

9. Pirove thit the Jocn ot the polcs of fangent  to the coun
A~y 2har by L with y spoct to the come c0 20 0y by 1S
the conx

(e by) 200 ¢ hd(ho Ty be hyl ar ]

10 Thd the cmitions 1 the straht Tines whch ane conpug e
to the comgdm ue axcs with resp &t toth o 40y 2Hay v by 1

Lind the cmdition that they may ¢ nuale wd ntapet the
1¢sull

11. 1 ndthe eyuation tH the o nnmon ¢ mpm it diameters of the
conics (ly v begiby 1 wd 20 Guy My

and 12) 2 Ty 3yt 124y o |
12. Prove thd the yowsts of nteascetion of the con
ac  2hry by land ar 20y 1y 1
awe ab the ends of conju te druncters ot the o, il
ab ab 2hk 2(h 1)
13 Prove that the equation t) the equi congu,ste diamete rs of
ar 2haey by 2(1 y)

the comc ar 1 2hey Iy 18
W h a b

379. Two conis, g gon vl wntersecd an fon  pornis,
rial o) wnaguua y

For the general equition to two conws ¢ wn be wiitten
m the form
art+ 2x(hy+q)+ by* 2fy « 0O
and avis 2r(Fyrg)s Wy 2y 0

23—2
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Eliminating » from these equations, we find ‘that tho
result is an cquation. of the- fourth degree in g, giving
therefore four values, veal or imaginary, for 3 Y- A‘su, by
eliminating «* from these two oqu.utums we see that there
is only one value of & for each value of y. There are there-
fore only four points of intersection.

.,
380. Jiquation to any conic pussing thronwgh the inter-
seetion of 1o glvcn conies.

Let  N=Zao? 4 20wy v by 4+ 2g0 0 24y 10 O ()
and Nozd'et 20 eg 4 Bt 2 e 20 e 0L (2)

he the equations to the two given conies,

Then NOOANT 0L N )]
is the equation to any conie passing through the inter-
sections of (1) and (2).

For, sinee N and 8 ave both of the second degree in x
and y, the equation (3) is of the second degree, and hence
represents a conie seetion,

Also, sinew (3 is satisfied when both 8§ and 8 are zero,
it is satistied by the points (read or imaginary) which are
common to (1) and (2).

Henee (3) is a conie which passes through the intersec-
tions of (1) and (2).

381. 7o find the cquations to the straight Tines passing
theongh the intorsectivies of teeo conies gicen by the general
equalions.

Asin the last article, the equation
(v N 22 Mywy (b MYy 2y M)

+ 27 ANEYw e (e Ay =00 ( L),
represents some conic through the interseetions of vhe given
conies,

Now, by Art. 116, (1) represents straight lines it
(e --Xa)(b- MY (e ANYR2(S A)(g—-MS)(A M)
—(@= MY (S ANTY - (b =Ny (g N - (o= M) (A S MY

=0......(2).
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Now, (2) is a eubic equation.  The three valaes of A
found from jt will, when substituted successively in (1,
give the three pairs of straight lines which can be drawn
through the (real or imaginavy) intercections of the two
conies, . )

Also, inco a cubie equation always has one veat roor,
one value of A is real, :@€nd it could be shown that there can
always be drawh one pair of real straight lines through the
intersections of two conies.

o
382. Ml conics which puss th¥oagh the infersetions of
tewo rectangidar hyperbolas ave themsilees roetangolor hyper
bolas., d .
In this ease, if N O and 8 0 be the two rectangaiae
hyperbolas, we have
at b0 and « 1 hH O (Nrer. 308)
Henee, in the conie N AN 0, the sam of the o
cflicients of . and ¥’
L . . ’
(¢ =Ny (D Mi)g (et < b) At <y 0
Hene® the conie N -AN" 0 i any conie through the
infersections of the two vectangular hyperbolas, is iteelf a
rectangular hy perbola.

[
Cor. TIf iwo rectangular hyperbolas interaet in tour points
Ay By Oy and D, the two straneht hines 0 and B, which are o come
thiough the intersection of the two hy perbolas, must e a4 rectangular
hyperbola. Henee (7' and B must be atright angles, Similaily,
BD and .4, and CD and 41, must be at right any les. Henee Dy
the orthocentre of the trangle (1B,

Therefore, if two rectangular hyperbolas interseet in four points,
cach point is the orthocentre of the triangle formed by the other
three,

383. /L 0,V 0,8 v and R0 be the equations
ta the four sides " a quadrviliteral takon in ordes, the
(’qmriiun‘hl any conic passinyg throngh its anguwlar points is

¢ LY MMER ... ... . (1)
¥or /2 -0 passes through one paiv of its angular pointy
and F=0 passes through the other pair.  Ienco LV =0 is
the equation to a conic (viz. a pair of straight lines) passing
through the four ansular voints.
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Snmlarly WA 0 1 the equation to anothdr come
passing thiough the fowr pomnts

Hcnce LY X UE s the equetion to ny conie tlirough
the four pomts

Geometrical meaning. Snuxt [/ 1s proport onil to the papun
diculur fiom any pout (r y) upon the straght hine,l -0, the
relation (1) states that the moduct of th  papamduulars from any
pomt of the curve upon the sttu ht ines 7' 0 and v 014 propor

tional to the product of the pexyendiculare from the s uue pomt npon
M O md R 0

[lence 1Y a conee cu wmsathe a quadidataral, e 1atio ot the
product of the papende wldy  prom any poant I ot the cone upon tuo
opposte sides of the quadiuatar d to the product of the papendcualan s
hom P upon th ofher two d 0t ~ m 41 1 potin of P

384. /jwtrans b the Cont s lons peassing thyouyh
the anter s of a cuie anl tuo
geen shra ght Toes .
et 8 0 o the cquation t i
ZIVCn con
Tet w0 and 0 0 he thaoguy R
tions to the two viven stiarght lines
whare [S30]

" e (I/

0

and e by
Lot the <thught hne 7 ¢ mcct the come ¥ 0 e the
pomts 2 ad 22 and Tet + 0 mcct it m the points Q and 77
The equation to any come which passes thirough the
prants I R ownd 7 owill e ot the fam
SNOON ()

For 1) 1 satistied by the coordinate of iy pomnt
whichie bbb on & O andon «# 0, for 1ty cqordinates
on bemg substiiutad mo (1) make both ats members zero
+  Put the pomt~ £ and 2 are the only pomts whih he
bothon§ Oandonw 0 :

The equition (1) thadfore dinotcs a come passing
through 2 and R

Smularly 1t goes through the mtersections of §—0 and
v=0, : ¢ through the pomnts 7+ and 7,
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Thus (1) 1¢presents some cone gong throush the towm
pomts P, ¢, £, and /' *
L]

ARo (1) represent s any conte gomng through the s tow
pomnts ot the quantity L may be so chosen that at <l
go throuzh wny ttth pomt, or to make 1t satisty uny tifth
conditiong also ove conditions complctehy determme « conne
section ¢

Ex lund ;I: cquate wtrthe mc whe pe o thy cpethe poant
(1, 1) wnd also throwgh th gt 1 cction of th «
® Qepioay Te Syio 0
with the strariht ns 21y > Qand 3 4y 11 0O Il do
the paryabclas pa sin} thgu e the same pmnts
he eqaition to the requited eonte must by the lwst ntule b of
the torm .
e t22ay 1y To By O (21 oy Slw y 11) h
Lhs passes througn the po nt (1, 1)af
11245 7 8 6 A2 1 531 11) 20 1f \ <
The required cquartion then b come
5Bt vy Sy’ To Syt ) 20 oy H(3e oy 11) 0
te 3l BSory 11,07 2350 218y 4 22, O
Ihe eqution to the requued puboly will also be of the form (1),
e
(1 6\ iy (2 N w3 N (T 37TA) y(B ) N0
"This 13 2 parsboly (At 3)7) %t (2 \) 40 N0y
te f AT 124 K/10)
Sabstatutin # these vatues (1w have tharegur 1 oquation

385. Particular cases of the equation
S=\uv

I let « O and ¢+ O ntasect on the conve, 2 ¢ 1n
the figure ot Art 35t let the
ponts P’ and ¢ comade /

The comc S Awo then qos S 0 -
through two comadent pomnts
at 2 uftl theretore touchcs the R
ongmal comc at I as m the \
hgure

IL, Jet = O and v—0
comade, so that » w

P
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In this vase the point 7" also moves up to coincidence
with 2 and the second  conic
touches the otiginal conic at hoth
the points 7’ and 2.

The  equation to the second
conie now hecomes S Ak

When a conie touches a second
come at cach of two points, the
two conices are saud to have double
contact with one another., .

The two conies & At and N 0 therofore hay e double
contact with one another, the steaght hne v Q passing
through the two pomts of contact

As a particular ease we see that of » 0, ¢ 0, and
e O be the cquations 1o three straight lines then the
equation 0 e represents a conie touchmg the come
o 0 where o O edte at, e gt is a conte to which
0 and 0 0 are tangents and o0 O s the vhotd of

contact
©

t
IIL. Lt v 0 e oo tangent to the orginal come.

In thic case the two points /2
and £ comade, and the cong -
SN Awetouches N O where s 0
touches 3t and ¢ O s the equu
tion to the straight hine jonung
the other pownds of intersection of
the two conies,

H, i oaddition, » 0 goes
through the pomt of contact of # 0, we have the equation
to a come which goes throngh thiee coincident points at £,
the point of contact of w0, alo the strdight line
Joining £ to the other point of juterscetion of the two
conies s O, .

*

IV. Foally, let ¢ 0 and 4 0 eoincide and he
tangents at 2. The equation N - Ax? now represents a
conic section passing through four coineident points at the
point wheve 0 touches & =0,
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386. Line at infinity. We have shewn e Aat
G0, that the straight Ime, whose eqitation 1~

. .

' O =10 gy 0

s altogcthor at an mbnite distance Thas stru bt bine o
ailled The Lane &t Tntimty  Hs cquation wa tor hrov s
be wiittén m the formy (7 0

We caneshew that pualhd ines mect o the bine at
ity
For the aquations to iy two puadlel seeu bt Ting

att
oclt By (0 ol

and 1o DBye ( 0 (2

Nuw (2) mw bhe vittenom the torm
- { (
{e DBy o (0« 0 4y () O

(
»

md hetee by At % we o that it pisses thiough the
mtersecgon of (1 md the St ughi T

0O ¢ 0 yi1 0

Hence (1), 23w the Ime bty meer o pomt

387. Geom treal meaneng of the cquatin
ARV (1)
wheve Noos o constinty ond w0 asth cquateon of a stoarght
Tene
The equiation (1) cm be wrrtten w the form
N A (0« 0 g4y,

and hence by At 35E 1epresonts a come passing thiough
the mtersection ot the ¢onic S 0 with the straight hines
.

Z 0Oand O 40 y+ 1 0

*Hencee (1) passes through the mtersection of 5 0 with
the line at inhmty
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the line at infinity, it follows that these two conicy have
their asymptotes in tlie same direction.

L] .
Particular Case. Lct
Nl .'/“ ".'; .
50 that N 0 represents a cirele, \ .

Any other cirele iy
eyt Zye Ly ae-s,
Lo 2yt oat Zys 2y at e
so that its equation is of the form N\

It therefore 1ollows that any two cireles must be looked
upon as intereeting the hine at mfinity in the same two
(imagimary ) powrts  These nnaginary points are called the

M r) - . -
Clircular Pomnts at Tufinity

. N [
388. (Veoutricd merdtring of the Cquation N ‘/\, el re

A 28 & constant. . .

This cquation ¢ be written m the form
NOAV. O 0+ 1)%,

and therefore, hy Art. 385, has double contact with & 0
where the straight line 0. » 0.yt 1 -0 meets it, 7.e. the
tangents to the two comes at the poin's where they meet
the loe at infinity are the sune.

The comes ¥ 0 and N A therefore have the same
(veal or imagimary) asymptotes.

Particular Case. L.t 5 0 denote a cirele. Then
N - A (being an equation which differs from 8 0 only in
its constant terin) represeuts a concentric cirvele.

Two concentric eireles must therefore he lookedupon as
touching one another at the imaginary points where they
mmeet the Line at Infinity.

.

Two concentric circles thus have double contact at the
Circular Points at Infinity.
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EXAMPLES XBIII

L]

1. "Whaut 1s the ¢ ometiwal mawnm, of the ¢y S\ 4
and & w +lu, whae S 01 the equation of v come L 0 s th
«quntivn ot a tengont to it, and w—0 1 the cquaticn ot vyt bt
me .

2 It é:c mwim ases pf two conws be patadlel jrove taat tle
{our points i \’vhu.h they mect aro concvclu

3. Prove thit m genard tvo pual Iis cn o dinut puss
throu,h the mteiscctims of the conices
S ac 2hay byri 290 21y 0
and o {2hoy by 2yc 2tyrc 0
wmd tht thon ascs are g ht ardesaf R (0 L) T

4, 1hon hatoa of mddhp Jtworchord vediawn o 1 ovcm
1 deseribed to pase theou o fact extr mates and ol ¢ tir 0o h the
ccntre of the ellipse , prove thatat ¢ ats the mor v rothes b 1
pount

5 Thion, h the exticmnt s of a noomal «h 1d of an ellipa
encle s drwvwn wiuch that its ottier common cho v 1y ¢ tluon b th
centi® of the e Prove tint th e u f th mtaset n oot
these mmon chordsas w ellipse unlut b gven Uy ¢ ltah
¢ centuatgol the given ellip « % 202t o Lt the two
cdlipses are cqund

6. IMin vrcctanrul s hvpob Tesutar o f ucy s 1 ¢
and D puose that the andde descnthe s on 1 b e Oy dhan tas
cut onc incther ¢ rthe ordly

7. A cudde 15 anwr thyh th ano 1t th vt nla
hypabeli gy to thuch the cur ¢ ind meet 1t L anmtyojonts
prove that the locu oo the feef f the papeuls 1 u W 10l i m the
wutie upon the common chor Ly the hiyp tholo 1

8. Tf acucle touch wnclbpse nd o ~t 1wl atscontre g1 os¢
that thorcctan 1 ocontuned by the poap 16 dus hom the « nic of
the elhipsc upm the ¢ommon ran nr inl th common chord
vonstint for all pownts of contact

9. Liom a pomt whose ceor imites e (1, #) a1 n of
twnznts [P and 1Q uc dvwwn toth pabolvy ke, 1w that
the hne Jomuns the other pyr ot 3 it which th cnem «ndde ot
the fuanglc 7PQ mnecis the parilcla 1s the polu of the pomt
(2¢  t,—y"), and Mince that if the cuicle touch the piraboly, the hue
LQ touckes wm ¢qnil puabola

10. Prove that the equation to the eicle husine double contut
with the ellipse ;:J ;'.—1 at the ends of a litus 1ctum, 19

kg 20t (L-c )
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11. 'Two circles have double contnct with a.conie, their chords of
contact being parallel.  Ptove that the radical axis of the two circles
i midway between the two chords of contact. . N

12. 1w circle and an elhpse have douable contact with one another,
prove that vhe lenuth of the tangent drawn from any point of the
ellipse to the cirele varies us the di-tance of that point from the
chord of contact. .

13. Two conies, .f and L3, have double contact with a third conie
. Prove that two of the common cehords of 4 and B, and their
chotds of contaet with €', mect in a point.

14, Trove that the geneial equation to (he ellipsd, having donble
contact with the cirele a2 ¢*  o* and toucnuny the asis of @ at the
origin, is A a2ty O,

1

15. A rectangular hyperboln has double contuet with a fixed
central conie. [t the chosd of cohtact always passes through a fixed
point, prove tha! the loens ot the centre of the hyperbola is a cirele
passing througls the eontre of the fixed cone.,

16. A reetangulw hyperbola has double contact with a )mmlmlzs;“
prove that the ecnare ot the hyperbola and the pole of the chord of
contact are equidic it from the direetrix of the parabola. . N

389. 0 find the cquation®of’ the pair of tangents that
can be drawn from any point (O, ') 1o the general conie
dloy gy = ar’ ey byt - 2ge 2y e O
Let 77 be the given poiut (¢ 2y, aud let 2 and & be the
points where the tangents from
7" touch the conie.
The equation to 287 is there
fore w0,
whee n={ae oyt gy
G by Yy g+t e
The equation to any couie
which touches ¥ 0 at both of
the points 22 and 22 is ,
NN, (Art. 385),
ie. axt v 2hay L byt 2ge 22y e
Al Ay v Do (e by - Yy gl Sy e
..... (1).

Now the pair of straight lives 22 and 7R is « conic

-
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section swhich touches the given conie at £ and £ and
whith also goes through the points7.
Adso wetcit enly draw one conie to go through e
points, viz. 7% two points at 72, and two points at £
Tf then we figd A <o that (1) goes through the point 77
it must represent the two tangents 7°2 and 7'7.
The cquation (1) issatistied by o and 4" if
ae’® Ry byt 29 2y e
A 2ha'y by’ 20 24y el
-
1 ,
e if A s
b(r. )
The required equiition (1) then hecomes
S ) et ey byt 290 2fy e
Mo vy gy e Ahe by S w0 ]
-~ 0. P(x,y)xd (X, y)=1u?

where # 0 is the equation ta the chard of contact
.

390: Director cirele of « cowee yiven by the qouerrl
dquation of’ the sceond o yree

The equation to the two tangents from (1, ) 1o the
conie ave, by the last article,
a-lap(r, ) lae /4'.:/ 7)’
2oy ihp (KoY (e by ) Ut by f
Wibd (o oy (e by < )] other ters 0 (]
I (7, 4') be w point on the divector cnrcie of the cone,
the two tangents from 1t to the conie are o nisht angles

Now (1) represent  two straight hnes at right angles if
the sum of the coetlicients of &+ and 7 m 1t be zero,
re if (@« WPy (ar hy gy U by O,
Tence the locus of the pomnt (£, ') is
(e b (aw® « 2oy s byt o Bge 1 2fy 4 o)
* (o by ) (e by S0,
i.e.ethe cirele whose equation is
! @ =y B2 (by Fly s 2y ar -k
clavhy o' =7 0.

.
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Cor. If the siven come be a puabola, then ab - 22,
and the locus lnmm('-. a straight hne, viz the duectrnix‘ot
the paabola (%t 211 '

391. Thc uition te the dnret n cndde may also be obtaned in
woth © mmner Lo 1t as 6 euele whose centre 15 at the centre of
the ¢ ne and th ~¢ v fwhoies radius 15 cqual to the, sum ot the
squae b th semr ot the Comie

The ¢ ntre s Aat 3,211 point hq. hoaf
h«" ab h
\se 3L th ot mtrth « nic w1 'luu.ltu the form
1 vy 1y 0
nlifa 1l 3t n nrnves W bave (Wi 364,
| S S nl 1 g 2
s l‘l v 3 '
[
rothat In 1 1 v a7
oot t 1 1 omrclardd s thadf ne -
] 14 ( qh 7] (1 Ne
( \ I} ) ab h ‘
IR l.zuhl ;t LS BN

892. [n qu L lo the (unaginary) fange nts draun
prom the foces of o & Gandde the cona satespres the
analytical caaditics jor beany  cad

T ke the tocas ot the come w onan and let the vas of

he papondicattr toats dircctiny, so it the equation to
the itter v be woitten in thefoom a4 0

The eyiation to the omi, ¢ bemns ats eccentrenty, is
thacton y k),

] Loe) vy 2 /0 2L (4]

The quati n t) the pan of tugints drwwn from the
on 1s thaet ne, vy Art 399,

[+ (@ ) g 270 R «/] [\e’ﬁr (&7,
ve v (L ) o 2er c [1+4],

?e sy 0 1)

Heare the coefhcunts ot 2 and y are equal and the
coetherent of 1y 15 ze10

*
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However the axes and origin of courdinates be changed,
it fallows, on makimg the substitutions of Art. 129, that in
(1) the coctfe ety of a2 and y* will still be equal and the
cocflicient of .y zero.

Hence, whatever be the conic and however its equation
may be written, the equation to the fangents from the foons
always stisties the anglytical conditions for hemg w cirele.

393. 7Y find the foei of the conic giren by the yewe ral
equation of the sccond deyrie

acty ey by« 2ge (2w e 0,

Let (o, i) be a focus By the Iast article the equation
1o the pawr of tangends drawn fromit satistics the conditions
for being a cirele,

The equation to the pair nt tangents is

PO Y [t 2hey byt e 2py el
[r(ar v by q) yha’ vbu 1y Aty Ju o))
$n this equation the coetlicients of 2 and #* must he
equal all the coeflivient of &y must he zera,

+ We therefore have
ag (' 1)y (e vy ) by u) bt by,

and hp (e, o)y (o ./4'1/' FaYthe by g
Lo,
(wr' +hy s gy G v by 5y (e vy o the by D
« b / .
by .o h

These equations, on hemg colved, give the foei,

Cor. Since the diveetrices are the polars of the foci,
we easily obtain then equations,

394. The equations (1 of the previons article mu-, 1 uneral,
four values for :* and tour ¢orrespending values tor . T'w .+ of these
wonld be found to be real and two imagmary.

In tH case of the ellipse the two imaginary fodi lie on the nunoz
axis. That theso imaginary fori exist follows fiowm Ait. 247, by
\unbh\-r the standard cquation in the form

.
I/ ‘lf \ 4 ) ’

° Ix 2 _
1wafy (0 -a?2s P V/b" ey
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This shews that the imagmary point {0, £/b% - «°} is & locuy, the

imaginary line y I ‘_0 i4 a directrix, and that the correspond-
A [y a
2T g2
1

Sinalarly for the byperbola, exeept that, m this case, the eccen-
trcity 18 real.

In the case of the parabola, two of the foei are at infimty and ae
imagmary, whilst a thud 1s at infiaty and 1s real.

ing eccentricity 14 the imagimary quantity \/ b

395. Bx. L. [Find the focus of the parabola
1ot 2ty LAY 1104 { 100..0
The focus @ given by the cqnations
(1627 129" 10y (120 Yy T-

P

7
(160 12¢ M ( 120 +9¢"- 70)
12 -
I 20y Oy SO0 10y 1 100 (1).
"The tnst pan of cqution (L) rve )
12(1n’ 120 ) 4 701" 157 40)( 120 =9y 70)
W 12,7 9y 70- 0,
e Y4167 12y M A 120 4y TO)
SIS 129 1y S0 12400 TOY 0,

X (Lo0r" 75y 50) ( 100) =0,
fr 42
<o thaut Yy s -
W then have " 124 10 s,
amd 12099 70 64
The scoomd pan of equation (1) then gives
1861

12 (160 12y H0) { ) 12009y Top 40 TOy" 1 100
= - {817 64y’ = 10 TOY L)
—  H87 - 131y’ 100, .
o300’ | 205 [ 100, .
3
so that a’=1, and then y'=2.
The focus 1s therefore the point (1, ™\

ie. 256='— 88¢ -~
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In thé casc of a purabola we may aldo find the cquaricn to the
ducctus, by At 390 and then find the® coordmates ot tue tcus,
which 2> the pole @t the duectrix

Bx. 2. [find the toci ot the conie
55t 5 30y + 3% ° 10 24y 16t O
The foe are given by the equation
(350 T3y 20)  (el3s (A0 12)
« o 10
(3o 13y 200( 1o 0y 12
2o s -
50 ey 13y 16 2y d6d n
The funst pan of cquations (1) gives
1557 139 29) td6(5n 17y 200 15+ 39y 12
- 1o( 15 99 12y 0
(0 Foy  20) ¢ 1o 39y 12)
s(O% Loy 20) (130 1 59% 1)t 0
(5t o K Ty L 0
50 1

a 9 ()

Substitnting this fust value of g m the < cond pun «f cquitien (1),
we obtun
2020 —1) .3}01 liﬂ 135,
oVttt Jor 1 Haa fim )y 3o 2

On substitutiug the sccond valuc of 1 the  une por ot cquation
(1), we tindly have
2 2r 113 0,

the roots of whach 1 gy

W+ shonld thus obt un two 1ma nnwy foar which would be foun 1
tsr Iie on the mumor wis of the eomie stction The 1eal toa ase
therefore the pomnts (2 hand (-1, 2)

396. Equafion to the axes of the general
conic. .
By dat 393, the equation
e hyey) (he bysfy (e hyig)hi+by f)
a—h h .
(1)

1epresents some conie passing though the foa
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But, since it could bo svlved as o quadratic equation to
acvhy+y
he 1 by f

The equation (1) therefore represents the axes of the
general conie,

give , it represents two straight lines,

397. 7o find the length of th. straight lines drawrn
throngh « given point in @ green dirvection to meet a given
conie.

Let the equation to the conte he
4
by y) av? 2hay by L 2ge 1 2y e 0L (L)
Let 22 be any pomt (&, y), and th.ough it let there be
drawn a straight line at anangle ¢
with the axis of r to meet the
curve in ¢ and ¢ Y
The condinates of any pont
on tlhus Tine distant » from 0
ate
b rceost and ¢ 1orsing. -
(At N6 )

[t this pomt be on (1), we 0O X
have '

a(d" reosO) 20 (0 b rcos® (Y rsind) 1 b(y - rsin0)?
g reos ) 2y rrsing) e U,

i
rlacost @+ 2heos@aind v bante]
+2r[ar +hy 4 g)eos O+ (kX +hy' « f)sin0] (2, ) -0

For any ginven value of 4 this 15 a quadratic equation in
#, and therefore for any straight hine drawn at an inclina-
tion 0 it gives the values of /¢ and ¢

1f the two values of 7 gnven by egantion (2) be of
opposite sign, the points @ and ¢ .lie ou opposite zii(]eg
of P, -

If P be on the curve, then ¢ (¢, ') is zero and one value
of » obtained from (2) is zero.
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8398. If two chords PQQ’ and PRR he drawa in given
dirwtious through *any point P 10 mavt the curce in Q, O and

8 R respectively, the ratio of the rectanyle I'Q. 1’0’ to the
'rer'tunglr* PR.PE is the sume _/ur all poents, and is l/h’n/orc
equad to the ratio of the squees of the dwameters of the eone
which are drawnen the given directions.

The ¥alues of P and P are given by the equation of
the last mtmle- and therefore

P I‘(.I product of the roots
. b (r, .'/l)
@cos 8+ 2 cosl sin 6 - b s g (h
No, if PRE be deawn at an angle 6 1o the axis, we have
; , v,y
. PR PE (Fe0ST( L’//.:i-,()(s 74 ‘-lll)l v hsin 0 ).
On dividing (1) by (2), we have
PG acos’@  2hcon @ s 6 bein? ¢
S PR.PIE acost0+ 2hceosfamd oy hantl
The tight hand memberef this equation does not contain
«or i, tee. it does not depend on the position of 72 but only
on the directions (/ and 6
PQ. Py

The quantity o 1,]‘,,' 15 therefore the suae for all

positions of L.
In the partrubu cace when 22 6 ab the ceatie of the

I
R -

and ('R are parallel to the two given directions.,
=

come this ratio hecomes » Where (7is the centre and ('@

Cor. 1f ¢ and () coincide, and also R and 2, the two
lines PG and PRI become the tangents from /2, and the
above relation then gives

. forooe L Le o
s orm " PRTORT

Hence, If two tanyents be dravm from « point to « conte,
their lengths are to one another in the yatio of the parallel
semi-diameters of the conic.

24—2
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399. [t Q¢ and PQQ) be two chords deawn in
purallel divcetsons from two points P anid Py to meet a conie
in Q and @, wnd Q and Q, respectively, ther the ratio of
the rectangles PQ . PQ" and P,Q, Q) is independent of the
direction of the chords

For, 1f > and P, be 1espectively the pomnts (i, y) and
(r, '), and 6 be the angle that each chord makes with
the anis, we have, as 1 the last article,

r. o b (",7 )

@eost @ 2k cos sm 6+ b’

’ <b ('”‘ '/' )
o/ 2@
and O Pt acost ) 2hcos@ sy b 6’
PY PO . (s y)
e, P b, YY)

400. 1} uacn amd a comre secton cut one another in four points,
the strarght line o wing enc paw of ponts of tarsection and the
strarght lime jowreny the othar parr are cqually inclied t the a~is of
the cone

For (Faz Art 397) Bt the cnde and comc mterseet in the four
pomts @, Q' and R, I and let QO and RE mectm P

PY.ry Q-
Then PLOPL L
But, «cmco Q, ¢, L, and R uc fowr pmuats on a cudde we hwe
PQ.IQ =PR. PR,
[N
Also 1n any cone equd radu from the centre ve equally melmed
to the axis of the conuc

Tience ¢ @7 and ¢ I, and thadtore P’QQ and PRI me cqually
inclimed to the asis of the con

50 that

(e 393)

401. 7o shew that any chord of ¢ cone s cut har
monieally by the o ee, any point on
the chord, und the polar of this pont
aith respect to the come.

[ake the point as origin, and let
the equation to the come be

arta 2hey+by-- 2gr+2fy 0 0
ce (D),
»
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.
or, in pular cvordinates, .

Alacax’d Meosfsing ; hsin? ) 27 (geost 1 fanb) ¢ 0,
ie.

c. :; ~' A(gco@  fsin 9)
et acos0 i 2hcosBsin )+ hsin-0 0,
Henee, ifthe chord O be dvawn at an angle A to OX,
we have
1 . . oo
) of the roots of this equation in ,
) g ceonl + fsin 0.
c‘
Let R be a point on this chord such that

2 1 1

b i .
OR opr  or
They, it O  p, e have
, o 3 AL 0 /sin6
P ¢ '

50 that the locas of & iy
g.pcosO rerf' psinfl i ¢ ),
or, in Cartesian coordinates,

. g Sy e 0L L (2
But (2) is the polar of the origin with respect 1o the
coniv (1), so that the locus of £ is the polar of O,

The straight line 22”7 is therefore cut harmonically by O
and the poine in which it cuts the polar of O.

Bx. Through any point O is drawn a straight Line to cut a conic
. P and P and on 1t s taken a point R such that OR v (1) the
arihmetic mean, and (2) the geometric mean, between O and OP'.
Find inwach case e lorus of R.

Using the same notation as in the last article, wo have

- 8+fsinfh

NN7) FN1) geuso+Ta .
+ @ cos?@+2hcosfsin @ t bsin? 0’

¢

i 2 -~ - — "
and or.or d cos* 0 4-2h cos @ pin 8 - b gin2 @
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(1) It R be the pomt (i 0) we have
gcosh +eméd
# HOPrOP)~ @Cos’ G420 o388 {LAEe’
T¢ aptos 01 2hpeosfanb+bpsan 04 gcosd tjang—-0
7 ¢, 1 Cutcsian coordintes
ar +2Lhey +by < gr +1y—0

The locus 14 thexctore 4 eonte pissing chrough O anti the inter-

seetron of the coure and the poln of 0, 1¢ thiough the ponts 77

and £’ wnd haviygg its wymptrles puidlel to those of the given
couse

(2} 1t R bethe ponnt (¢ ¢, we hwein this e

or or
p (e 2k 0@ Toanv
1 oS 04 2y cséaul (o sm 6
(X tedf 2hry vy

The cw v othe fore v omug, Tuving us centic O and pssing
throuh Z ar« I 0 d 1 wan,, its asymptotes patallcd to those of the
£1vEN Ol

402. logpn’ I w orth mudll pant ywpuilllddords of t
e [CE At 76 \ .
The I gth of *he <oz nts Hf the chord dawn thnough the pomt
(r y)atanan L 0 to the aus of ¢ 18 ven by e quition (2) ot Art
37
I (¢ ) be ne wmdale pomt 6f the chor U the 100ty of this
cquntion are cquil oy mtul but oppostte m st n, s 1l at than
algebrue sums saro
Lhe cocthannt ot 7 m this ¢ ption 1< thewcford za0 o that
(ar hy SOV k1 by 4/)smd O
Ih locus of the midlle punt of chords mclined at an angle ¢ to
the v of 7 15 theretore the stru ht ine
(arihy+u)t (hetby pHtm@ 0
Theno 11 ¢ locus of the imddic pomnts ot chords pualldd to the hine
y o omuas
(1erly yr(herly+Nm 0,

ve tathm) v(htbm)u 1 fm 0
Thus s pu ikl to the ine y—m'rv af . o
w4 Im
h4 bm’
ref athimvem) +dmm 0

This 18 thadfore the condition that y=me and y—m'a should be
patallel to conjugale diameters.



EXAMPLFS 373

408.c [ quition to the pan of tanaents draun from a pien pornt
(r,y)toagumeconee [(t %t 3897
It a sthiaight Iine be diawn through (r, v ), the pont 7, to m «t
the conic mn Q and , the kengths ot 'y and PQ me gmn by the
equation
T (acos 0 2hqs@sm @1 bsin 0)
21 v 4 hy +g)cos@t (he by Hf)wn8] @2 y)-0
The roots ot this equition umo ¢ qual, 1 ¢ the conesponding ines
touch the conw, o
(@cos 04 2hcosf@em@ i bems O)np(t y) *
. [(ar thy qg)cosOt (R Ty 1r)sme]
tc 3t (¢ 2htan@ ) btan &) H(1, I[).
el@ar +hy t @)~ (he t by «()tan@] (1)
The 10c ts of this cquation ave t the cornesponding dnections ot th
tangcnts thrcugh 12
Aldo the ¢ juation to the In¢ tmou b/ mclmed at an angl 0
.the a1 of T 1%

¥ o (2

i wogsubstitute for ting i (1) frcmn (2) we <hall get the cquation
t5 the pur of tin.euts from 1

¢ On suMstitution we have
fa(r ) 12h(c )y y) by y), s y)
[ar vhy 1 )(e )+ +1u vr)(y y))
This cquation 1educcs to th® torm of Art 38)

. EXAMPLES XLIV

1. Two twgente awre drawn to an dlipse tram v ot Pt the
pomts m which these tangents meet the ines of the dlipse be
concychie, prove that the locus of P13 a1 «tngulr hyperbola

2. A pw of tangnts to the «cunw 2 Ty 1 mtarcept a
constant dist unce 24 on the axis of r, prove that the loeuy »f therr
pomnt of mtersection 1« the curve

Iy (41’+B:/ 1) U%By- 1)
Pairs of tangents are diawn to the conic az +8y° 1 s0 as to
be al\mys pa.mllel'to wony u‘;ate diumeters of the comc
as?  2hey+by? 1
~hf w thit the locus ot t 1ar point of inter cction 15 the cor e
b

] ey Ly —a. 3
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4. Prove that the director cireles of all eonies which touch two
given straight hnes at given points have a common radical axis,

5. A parabola circumscribes a right-angled triangle. Taking its
sides as the axes of courdinates, prove that the locus of the foot of the
perpendicular fromn the right angle upon the directrix is the curve
whose equation is

2ry (r2 0 y2) (hy v kx) + 12yt v 20420,
and {hat the axis is one of the fawmily of straight lines
mth -k .
. Y4 mE"
where m is an avbitrary parameter and 24 and 24 are the sides of the
triangle. .

Find the foei of the cunves

6. B00rT4 8200y « 1iby® 1920r 768y 4109 .0

7. 162% - hay v 9y 2800 Ty 21 -0,

8. 12 120y 4 25y* « 670 - 12113 O,

9, - by 10w 10y 19 -0 and also it direchrics 5.

¥ mr—

10. Trove that the foer of the come
awr? o 2hey ¢ byt 1

. ¢
are given by the eqantions R
<oy oy 1
T . t
w b ko W2 ab

Move that the loeus of the foei of all conies which touch the
four lines & - taand y - * b is the hypeibola ad- yf—a®- )2

12. (liven the centre of a conie and two tungints; prove (that the
locus of the foc1 1s a hyperbola.

[Take the two langente a8 axes, their inelination being w; let
(ria i) and (ry, yy) be the foci, and (b, L) the given eentie. Then
apt =2 and y, 1y, ~2k: also, by Art. 270 (3), we have

Wi sint @ e sinf o - (semi-minor axis)®
Fron these equationy, eliminating ., and y,, we have
g 2he - 24y,
. A agiven ollipse, of semiaxes ¢ and b, shdes botween two
perpendicular lines 5 yrove thal the locus of its focus is the curve
(02 1 y?) (2 s bY) ~ datety,

14. Conics are drawn touching both the axces, supposed ollique, at
the same given distance a fiom the mizin.  Prote that the foei lio
either on the straight line &y, ov on the circle

a® ry? vy cosw—a(r -y).

15. Find the locus of the foci of conies which have a common point

aud a common direetor circle. .
%
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16. l'ind the locus of the foeus of a rectangular hypwiholn w
diameter of which iy gven in magnitude ayd position.

17. .Through a fixed point O chords POP" and QOQ e diawn at
right aligles to one another te meet a gnven come in I, 1, 0, and ¢ .
Prove that 1 } 1
Lo.or ; Qo.oy

18. A ppint is taken on the major axis of an ellip-e whose abaei-<a
isae /2 i prove thatsthe sum of the squarcs of the reciproenis
of the segentg ofiany chord through it 1s con<tant.

19. 'Through a fixed pownt O is drawn a line O 1o meet a come
in P and IY; prove that the locus of a pomnt @ on OPP | <nch that

I 1

is gonstant.

. Ll £ L is another conic whos®eentie 1w ¢
0 or:’ or

20. Prove Carnot’s theoran, viz. @ I a conie section enr the sulde
DO of a triangle (B¢ in the pomts " and A4 ‘. and, snmloly the
pide ¢/ 1 in B and B”, and 1B in (" and ¢ ', then
oA’ . pA”. o oR”, (YT U oo ar ot ne | ne’
L0 ve Ldrt. 898.]

21. Obtain the cquationd eiving the foei of the ¢ noal conie In
mn.kipg use ol the fact that, it § be a tocus and S any ebord ot

the conie Pa-smg throuzh it, then | i~ the sune for all duee

1 1
o ISP
ttons of th@chord.

22. Obtan the equations for the foer also from the faet that the
moduct of the perpendiculars diawn from then upon any tanvent 15
the same for all tangents., .

404. 7o find the cquation to a conre, the wees of co

ordinates being o tangent and pormeal (o the coude
.

Since the origin is on the curve, the equation to the
curve must be satisfied hy the coordmates (0. 0) so that the
equation has no constant terin and therefore 15 of the form

ar- i 2hey 4 byt 2o 2y O,

1f this curve touch the asis of ¢ at the origin. then,
whea ¢ 0, we must have a perfect square and therefore
g O .

'l‘fu-.requirml'eqlmtinn is therefore

: ar® i 2hey c by Yy 0. . ()

Bx. Oir» any potnt on a conic and PQ a choid ; prote that

(1) if PQ subtend a right angle at O, 1t passes though a fixed
point on the normal at O, and
L]
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(2) if OP and 0OQ be equully inclined to the normal at O, then
'Q pusses through a fixed moint on the tungent at O.

Take the tangeut and noimal at O as axes, so shat.the equation to
the conie 1s (1).

Lot the cquation to PQ be y=mx e . (2).
Then, by Art, 122, the equation to the lmes OP und UQ is
e(aa® 2hry 1 bY?) F2fy (y ~me) =<0, ce e o(3)e
(1) I the lines OF and OQ be at right angles then (Art. 66), we
have ac t be+ 2f=0,
i.e ¢ ¢ Y
a b

-=a constant for all position s of I’Q.
But ¢ ix the intercept of PQ on the avis of y, i.e. on the noimal

t
The straight hine Q thaxe rme Passes thmu;)h a fixed point on the
notnal at O which 1s dlshmt I " from 0.,

This point ic oftcn called lho Frémer l'oxut

(2) TIfapum OF and OQ be cqually inclined to the axis of y thead,
in equation (3). the coeflicient of ty must be sero, and hence

She 2m -0, ¢

L)
¢ f

2. = =cosstant.

h

m ¢

But )-"2 i+ the iutercept on the axis of & of the hine ().

Henee, in this case, PQ passes tlusmgh a tiaed point on the tangent
at .

405. flencral equaticn to canies passing through four
yiven points. .

Tet A, B, (', and D be the four points, and let Bid and
2D meet in . Take OAL
and ODC as the axes, and
let 04 A OB XN, O0D= p,
and OC' p.

Let any come passing
through the four pornts he
ar+ 20wy 1 bt

+ 29+ y+e -0, (1)

1If we put y—0 in this
equation the roots of the
resulting equation must be A ~nd X. .
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llun;:e 29 ~—a (N FN) and ¢ @\,
* u' '.,. 501!‘ 2!/ 4'1\ A

AN

. .

te. *

Similarly 52 . and 2/
: "

Ou r-..ubsti.tuteiug in (1) we have
p = 2hy ANy~ pp (AT X)) .
. A (e phry XNpp' 0 (1),
AN
where bk
. ¢

This is the required equatign, 4 heing a constant as yet
undetermined and depending on wlaeh of the conies through
A, B, ', and D we are considening
-

406. Aliter. We have proved in At 343 that the
equationg LN = MR L beng any constant. 1epresents avy
conie ewrcumsenbing the gygadelateral tormed by the fom
straight BBnes 2 0.0 00V 0 and £ 0 taken in this
order.

With the notiion ot the previous aticle the equations
to the fow limes .02, B0 (N0, wd .4 me

o, " 1 o n
14 N ‘. ', )
e n \ " !
and A

Aop

The equation to any conie cneumserthing the quadn
lateral A 20D is therefore

r Yy L
I""/ (/\', ,,"l>(X ',u. l) -,

.
.

ie .
.
P oy (A 8 Np = I pp) © AN g7
- o' (NN e M (e pyu ANpp’ =0,

Ou putting A 1 Ay ANV equal {o another constant
2/, e have the equation (1) of the previous article
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207, Ouly one conic can be drawn through any five
points. P

For the general equation to a ¢onic through four points
i (1) of Arvt., 405,

If we wish it to pass through a tifth point, we “ubstitute
the coordinates of this fifth point in,this equation, and thus
obtain the corresponding value of A, KExcept when three of
the five points Je on o straight line o value of 4 will always
be found, and only one,

Ex. Find the :qunlum Yo the come section which passes through
the free pownts L, B, Oy D, and L whose 4'our¢llnuh~. arc (1, 2), 3, - 1),
( 1,38),(-2 - .5) alul 3, B).

The equations to A8, B¢, D and D { are easily found to be

Yr13e=-0 0, dyTe 5 0, Gy 0, aud scr 3¢ i1 0.

The equation t) any come though the four points 1, B2, ¢, and .I)

is thaetore
(yedr=-Dptr g N MlyrT7e b5)(5¢ By, 1) (l)

If this corae pu ~ through the poing 19, the equation (') must be

ratisfied by the salacs s 5 fand ¥y -4

We thus have N ') and, on rnbsfitutmn m (1), the required
eqnation 1-
228 ASry 128yt 1710 4 83y 0 350 0,

which represent w hvporbole

0y

‘208. Vo find the goneral cquation lo a conie soetion
which tonehes 1our givoe straight lines, ie.which is inseribed
in o given quadrilate rol.,
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L]

Let the four straight lines formn the sides of the quadei-
lateral ABCD. et B4 and CD megt in O) and take OB
and ODC as ghe_axes of » and y, and let the equations to
the other two sides 57/ and A be

Levoy -1 0, and e bmyy L0
Let the equation to the straight line joining the points
of contact of any conic®touching the axes at 2 and ¢ be
o @
ar . by--1 0. .
3y Art. 383, 1 the equation to the conic s then
.
20y (ar o by - 1)¢ e . (L)

The condition thhit the straight hime B0 <hould touch

this conie is, as in Art. 374, feund to be
A2 )G om) o o LD
*  Similarly, it will be touched by 1D if

. A 20 I m) (3)

The :‘e-quirml conice has glu-rc-fur«- (1) as 1ts equation, the
values of % and b being given in terms of the quantity X by
menns of (2) and (3).

Also A is any quantity we may choose.  [Henee we have
the system of conies touchifig the four given hines

If we solve (2) and (3), we oblain

20 — (g 1 m,) 2 (41 /l 2\
My =y 1, -1, N T by -t

409. 7he conie LM R whae T 00 MO0 andd
R0 are the equations of stradght 1ines,

The equation L3/ 0 represents a conic, viz, two s(raight,
Lines.

Hence, by Apt. 385, TI, the equation
LW R (1),

represents a conic touching the straight Tmes L0, and
M- 0, where £ 0 meets them,
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Thus L =0 and .If . 0 are a pair of tangents ard =0
the corr esp(mdmg chord of contact. ’ .

Every point which satisties the equativns M == p*L and -
B p ko clearly lies on (1),

Hence the point of intersecrion of he straight lines

M.yl and B - pl lies on the econic (1) for all values of.
. This point may he called the point “p.”

[y

410. 7v feud the equation to (he straight line joining
11vo points “p” wd <" and the equation to the tangent at
the point ©p.”

Consider the equation

al, 20 R 0. ........ (l).

Since it Is of the tirst degree and contains two constdntq
a and b, ab our disposal, it can be made to represent nny
straight line.

If it pass throagh the point * p” it must be satisfied by
the substitutions M =L and £ - pl. -
Hencee R 77 TR | N e (2).
Similarly, if 16 pass through the point ** ' we have
@bt 0, [ 3).
Nolving (2) and (3), we have
“on - l-,.
np B
On sabstitution in ( l) the equation to the joining line is
L v M- (pn3 'y 22 <0,
By putting p' - we have, as the equation to the
tangént at the point " R i

L,u =M= 2u -0
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: EXAMPLES. XIDW.

*
1. Prove that the locns of the foot of the perpendienlar log fall
from the origin upon tangents to the conie ar®+2hry + by = 2» s the
curve T (M- ab) (g4 YR 2 (2 g7) (b2 - hy) +y 0.

2. In the conic au®+2hry+by*=2y, provo that the ivetangle

L]
2 i &% 8 of the origin is --- .
contained by thg fogal dictancesof the rig P
.

3. Tangents are drawn to the comic ax®-+2hry 4 by?—=2r from
two poiuts on tlse axis of & equudistant from the ongin; prove that
their four points of interseetion lis on the &onie by® + hary - .

If the tangents be drawn from two points on the axis of y equi-
distant from the origin, pfove that the points of intersection are on w
straight line. .

4. A system of conies i3 drawn to pass through four fixed points;
prove that
(1) the polars of a given point all pass through a fixed point,
and  (2) the locus of the pole of a given Iine is a conic section,

5. Finfl the equation to the conie pussing through the origin and
the points (3, 1), (- 1, 1), (2, 0), 8nd (3, - 2).  Determine its species.

6. Prose thad the loens of the eentre of all eonics cireumseribing
the qnadrilateral formed by the straight lines y=0, 0.0, x+y--1,
and y -.r =2 1is the conic 202 - ‘.’.y:’-{ Ary 4 by - 20,

7. Prove that the locus of ihe centres of all conics, which pass
through the centres of the inscribed and escribed eireles of a.triwngle,
is the circmmscribing eircle of the triangle.

8. DProve that the locus of the extremities of the principal axes of
all coniex, which can be deseribed through the four points ( t.«, 0) aund
(0, 2.0), is the curve

;‘j:"_ !/:" (62 gy =2 =y .
o)Wy =y

9. 4, B, ¢, and D are four fixed points and 4B and ¢D meet in
) any straight line pas-ing through O meets 4D and B¢ in 8 and
4¢" respectively. and any conic passing through the fonr given points
in S and §';, prove that

. « 1 1 1 1
: R o= ostos:
10. -Prove that, in general, two parabolas can be drawn through
four points, and that either two, or none, can be drawn,

[For a parabola we have h= & o/AN' g’ ]
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11. Prove that the locus of the centres of the conics cn‘cumscnb-
ing a quadrilateral ABCI (Fig. Art. 405) is a conic passing through
the vertices O, L, and M of the quadrilateral and threugh the middle
points of AR, AC, .AD, BC, BD, and CD.

Prove also that its asymptotes are parallel to the axes of the
parabolas through the four points. .

['The required locus is obtained by eliminating % from the eqna-
tions 2up'w +2hy - pp' (A +1) =0, and 2k 4+2\N\y - AN (n+ p’) =0.]

12. By taking the ease when A= up' and when B and CD
are perpe udu,ula.to{m which case ABC is a triangle having D as its
orvthocentre and AL, 2M, and CO ave the pczpemheulars on its
sides), prove that all conies passing through the vertices of a triangle
and its orthocentre are rectangular hyperbolas.

From Ex. 11 prove also that the locus of its centre is the nine
point circle of the triungle.

13. Prove that tho trinngle QM1 (Fig. Avt. 103) is such that each
angular point 1s the pole of the oppomte side with respeet to any
conie passing through the angular points ., B, ¢, and D of thes
quadrilateial.

[Such a trinngle is called a Self Conjugate Triangle.]

14. Prove that only one rectangular hyperbola can® be drawn
thiough four given points.  Prove also that the nine pownt circles of
ihe four triancles that can be formed by four given points meet in a
point, viz., the eentre of the rectangulue hyperbola passing through
the four pomts,

15. By using the result of Art. 71, prove that in general, two
conies can be drawn through four points to touch a given stiaight
line.

A system of conies s inscribed in the same quadrilateral ; prove
that

16. the locus of the pole of a given straight line with respect {o
this system is a straight hine.

17. the locus of their centres is n straight line passing through the
widdle ponts of the dingonals of the quadrilateral,

I'rove that the triangle formed by the three diagonals or.,
A¢, and BD (Fig. Aut. 408) 1s such thut cach of its angnlar points ix
the’ pole of the oppusite side with respect w0 any conic mscubed in the
guadrilateral.

\

19. Prove that only one parabola can be drawn to touch any four
given lines,
Hence prove that, if the four triangles that can be made by four
lines be drawn, the orthocenties of these four straight lines lie on a
straight line, and their cireumeire! 3 meet in a pomt



CHAPTER XVII.
L]
MISCELIMNEOTS PROPOSITIONS.

On the four normals that can be drawn from any point in
the plane of a central conic to the conic.
L d
411. Ler the equation 1o the conie he

. A By b ()

L]
[lf A and B be hoth posetive, it is an cllipse; if one be
positive and the other negative, it is a hyperbola.)
The equation to the normal at any point (o, 4 of the
curve is .
ooy
s ry’
Lt this normiel pass through the given point (4, &), we
have
how Lk—y
A By
z.c. (A~ Dyx'y' + Bhy — Ak’ -0 . 0L (2).
This is an equation to determine the point. (o, g') such
that the normal at it gpes through the point (4, A). It
shews that the point (&, ') lies on the rectangular hyper-
Lola . *
A4 -Bywy+ Lhy — dka: - 0..... (3)
Thé point («', ) is therefore both on the curve (3) and
on the curve (1).  Also these two conies intersect in four
points, real or imaginary. There are therefore four points,

L. 25
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in general, lying on (1), such that the normals at them pass
through the given point (4, k).

Also the hyperbola (3) passes through the origin and
the point (A, k) and its asymptotes are parallel to the axes.

Hence From a given point four noriaals can in general
be drawn to o giren central conte, and their fect 4l lie on a
certuin rectanglar hyperbola, which passes throwgyh the
giwen poiut and the centre of the conie, and nus ity asymptotes
parallel to the &res of the given conie.

412. 7o find the conditions that the wormals at the
points where tio given straight lines meet @ central conic
may meet 40 @ point. )

Let the conde he

LE B U 2 (1),
and let the nnmals to it at the points where it is met by
the straight lines

lor oy - 1oL ceen e )
and Iovvosy Lo (D)

meet, in the point (A, £).

By Art. 3Rt the equation (o any conie passing through

the intersection of (1) with (?)and (3) is
Aot v ff -V o XN by DY (e v,y - 1) 0l

Since  these interseetions  are the feet of the four
normals drawn from (A, £), then, by the last article, the
conie
- (L Byay Bhy - e O L (")
passes through the same four points.

For some value of X it therefore follows that (1) and (5
are the same.,

Comparing these equations, we have, sinee the “co-
officients of +* and »* and the constant term in (5) are all
zero,

dr M 00 L Amgmy, -0, and 11 A -0,

-

Therefore A - 1, and henee

Ty ==y and wepn, no..... oo (6).
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‘L'he relations (6) are the requlred conditions,

Also, comparing the remaining coeflicients in (1) and (),
we hate

X (b + L, _,m,) - _)\ (b +1) =X+ my)
., A-1 DY Bh =

CA By kg -
so that o v e - B Ty lm, ("),

. . A- 0 [AEEA
and k.- A Ty S, R ()
Cor. 1. [f theyiven conic be an ellipse, we have

1 1
. A e and 77— e
The relations (6) then give
ol - WP, — ... (),

and the ceordinates of the foint of concurrence ave

1 = b
a ey Ly ANV

w0, 1 ol

. - —my =0
0 Ny ¢ L vt AP i

[ TR T

- 1, (e? — /;") .

anel ks

Cor. 2. If the equations to the straight lines be given
in the form y mar+ e and 4wl ¢ we have
/ 1 /. o1
moo— - e -, omd - -7 and ¢ -
ny ", " e,
Jhe relations (4 then give
i
. X .
. o nnd ,oand e’ =2 2 D

416. If the normals at four points I, Q, R, and S of «n ellipse
neet in a paint, the sum of therr eccentric angles s equal to an odd
multiple of two right ungles. [Cf. Art. 293.]

25—2
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If a, B, v, and & be the cceentric angles of tho four ppints, the
equations to I’Q and RS are

b cos -———@a ' -
- '('(t 4-'3 ——J—
v “a atp '
st~
z T
b ('g)s.'“ ‘
12 yto - 5
and y.= -, cob ' | —— [Art, 25Y.]
N a 2 oin? 0 !
[ * 15}

Sirtee the normals at tlwm. poiuts mect in a point, we have, by
Art. 412, Cor. 2,

% h* @3 N8

— = omm’ -z ot cot t .

as o 2 2

. .

a3 i0 oy 10

ot ! .('nl.‘y“ _-.i.:ul(u~ L .
g T g g . .
)
i.e, @ty d=dn -1, .
e

¢ .

414. Ex. L. I/ the vormals ut the ponts AR, Cyand D of an
ellipse meet ina pont O prove that S 1 CSECSCSD NSO, where
S is one of the foci and X s« constant.

Let the equation to the ellipse he

Tl Lo (),

and let O be the point (A, A).

As in Aut. 411, the feet of che normals drawn from @ lie on the
Lypcihola

/l l hl/ he
ie. af:'-'.ry.:u,'-'hy- Vhr oo L e (2).

The coordinates of the points 4, £, ¢, and D) are therefore foufid
by solving (1) and (2), '

o1 D AL "
From (2) we have Y-y
Substituting in (1) and simplifying, we obtain .

2huet - 2hae et + xF (2 -+ BPh2 - aded) + 2helate — ath?=:0.. ,(3).
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.
If 2}, 2y, 7y, and #; bo the roots of thigequation, we have (Art. 2),

2h u-h- P SR
. . vtl_—.e-, Ire,= - et ’
2ha?

D e ahd gty s
If S hesthe point ( - ae, ()) we have, by Ait. 251
Sd=a+tery.

LoSd. SB .S’L'.Sl)——(a—! ex) (-t ens) (a= gr,) (w eay)
= a,‘ -+ afeZiey t a2 ieye, | a B g et e,

= -,j {(h+ur)‘~‘-.’- i3}, on cubstilution and simplification,
o

" .
= Iaﬁ N0
& .

Aliter. If pswnd for one of the quantitics S.f, SB, St ov SD

we have p=ater,

L]

. 1 \

1.¢. . . =0 Apsod).
-

2 . . . .
Substiguting this value in (3) we obtain an equation in the fourth
degn-x- a.nd easily have

PiPaPPs- = .,[(/ Fae 1?4 1%, as before.

Bx. 2. [f the normals at jouar ports Iy Qp Iy and S of a central
conic meet in a point. and if 1% pacs lltru::ﬂ: a pized point. find the
locus of the middle point of I

Let the equation to ¢ be
« o AT o W e e (1)
and that to &S Y=gr ey L L e Coe(2).

If the equation to the given conie 1n~ A Itu- 1, we then have
(by Art. 412, Cor. 2)

&l’lfl Cpey= - l:';. e . erveeneen oo (B

1t 4 _], y) be the fixed poilt throoyxh W]]l(‘h P passos, we hiave
. dg=mfH ey .. D PPN .(5).

Now tho middle point of XS lies on the dmmc er conjugate to it,
i.c. by Art. 376, on the diameter

Y= - - I
y Dy’

i.e., by (3), Y= =M creiinneinninncenernnneeannnenns (6)0
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Now, from (4) and (5),

ro=

1
"~ Bla-fm)’
so that, by (3), the equation to RS is
A 1
y*lim,' Bg—fumy oo e

Iliminating s, between (G) and (7), we easily have, as the equation
to the required loecus,

o (dr®+ By?) (gx+fy) + 2y =0.

Cor. Y¥rom equation (6) it follows that the diameter conjugate to
RS is equally inclined with P@Q to the axis, and hence that the points
P and @ and the ends of the diameter conjugate to RS are concyclic
(Art. 400).

¢

EXAMPLES. XLVIL

1. Tf the sum of the squares of the four normals drawn from a
point ¢ to an ellipse be constant, prove that the locus of O is a conit.

1f the sum of the reciprocals of the distunces from a focus of
the feet of the four normals drawn from a point O to an ellipse be
4
lat. ree
focus.

4 o prove that the locus of O iy a parabola passing t\hrough that

. 1 four normals be diawn from a pownt O to an cllipse and if
the sum of the sqnares of the reciprocals of perpendicnlars from the
centre wpon the tangeuts diawn at their fect bo constant, prove that
the locus of O is o hyperbola.

4, The normals at four points of an ellipse are concurrent and

they meet the major axis in (7, ¢, G, and (/5 prove that
i 1 1 ; 1 4
Chy PO, Cly TG GG UG, L Gyt G

5. If the nurmals to a central conie at four puints I, M, N, and
P be concurrent, and af the civele thnough L, M, and N mect the curve
again in 1, prove that PF’ is a diamcter,

6. Shew that the locus of the foei of the rectangular hyperbolas

which pass through the fonr points in which the normals drawn fiom
any point on a given straight line meet an cllipse is a pair of conica.

7. If the normuis at points of an cllipse, wliose eccentric angles
are a. B, and v, meet in a point, prove that

sin (84 ) -Fsin (y +a) -+ sin (a -+ B) = 0.

Hence, by page 235, Ex. 15, shew that if PQR be a maximum
trinngle inscribed in an ellipse, the normals at P, Q, and IR are
concurrent.

i
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8. Iove that the normals at the points where the straight line

& . A TE ) .
i Jit T =1 mcets the elhpw 3+ 3 b-' =1 meet at the point
2,2

.
p a=e=
—ae?cos’a, b-—sm"’a
.

9. Proye that the loci of the point of intersection of normals ut
the ends of focal cliords of an ellipse are the two cllipres

o @Syt (Lpe?)24 02 (xLae) (@ gae®) =0,
L]
10. Tangentg to the ellipse ‘::, Z _=1 are drawn from any point

on the ellipse :2. bf"" prove that thv normals at the points of
contact meet on the ellipSe a2 + b% 2] (a® - %)%

11. Any ta.ngont to the rov.,tnngnlnr hyperbola fry—=ab meets the
d‘hpqe jﬂ ;),._ 1 in the points /2 and @; prove that the normals at P
and @ meet on o tixed diamcter.

12 ("hurds of an ellipse meet the major axis in the point whose
-b
distance fmm the eentre is « \/. s ;5 prove that the normaly at its
ends meet on a circle.

13. From any point on the normal to the ellipse at the puint
whose eccentric angle 18 a two gther normals are drawn to it; prove
that the locus of the point of miterseetion of the corresponding
tangents is the curve

£yt besing saycosas=0.

14. Shew that the locus of the intersection of two perpendicular
normals to an ellipse is the curve
s

(a2 B0 (@ F ) (@ B D22 (a2 - D)2 (asy?  bheR)n,

15. ADBC is a triangle inscribed in the cllipse :': + Z_-.—_l having

cuch side parallel to the tangent at the opposite angular point; prove
that the normals at .1, B, and ¢/ mret ut a point which lics on the

ellipse, @t a byt 1 (a? - DY)

16. 'ﬁw normal® at four points of an ellipse mecet in a point (4, k).
Find the equations of the axes of the two parnbolus which pass
Lhrou[,h the four pomts. Prove that the angle between them is

2tan—‘ nnd that they are parallel to one or other of the equi-con-

jugates of the ellipse.
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17. Prove t.lmg the centre of mean position of the four points on
the ellipse :-:2+ ;=1, thd normals at which pa.ss through the point

5. (_l,_-a. 1. ¥R
Bt Tigropr)”

18. Prove that the product of the three normals drawa from any
point to a parabola, divided by the produci of the two tangents from
the same point, is equal to one quartes of the latus xertum.

19. Prove that the conic 2aky=(2a ~h)y%4 4ax? intersects the
pmabola y¢=4ax at the feet of the nornals drawn to it from the point
(hy &

20. Froma poml. (h, k) fom normals are drawn to the rectangular
hyperbola ry - ¢*; prove that the centre of n'ean position of their feet

(a, B), is the point

is the point , and that thg fonr feet are such that each is the

ho I
4' 4
orthocentre of the: trinngle formed by the other three,

Confocal Conics.

415. Def. Two conics are said 1o be confyeal when
they have bouh foui comuon. .

To find the u]uw‘mu to conics which are mn/m,ul with
the: ellipse

Al comes having the swue foel have the sime centre
and axes. .
The equation to any conie having the same cenilre and
I A E
axes as the given conie Is

oy
A !
The foui of (1) are at the points (=Va* -2 0).

The foei of (2) are at the points.(= /.- B, 0).

These foci are the same if . .
A Bt b
“w.e. if Jd—at= B bt - X (say).

cood =@t A and B EFDY
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The equation (2) then becomes
* w2 .t
AR SN AR

which is therefore the required equation, the quantity X
determiping the* particular confocal.
L

.
416, Joe different’valnes of X to trace the conic yiven
by the equation ) . o
a? v

. "‘2;,{1"[-'-_,;&—-1 ............... (1)

Tirst, Jet X bevery great; then of4 A and 5+ A are
both very great muf the gre: ator that A i is, the more near ly
do these quantities approadh to equality. A civele of
infinitely great radius is therefore n confocal of the

gSystem.

Let A gradually decrease from intinity {o zero; the
sexfli-mgjor axis Jat A gradually decreases from infinity
to @, and the semi-minor gxis from infinity to 6. When A
“is positi®c, the equ.zh(m (f) thercfore 1 1\1)uments an ellipse
gradually decreasing in size from an infinite civele to
the staudard «llipms

wé j‘

b
This latter ellipse is marked 7 in the tigure.
Next, let A gradually decrease from 0 to - 4% The

semi- ma.]or axis decreases from « to fa? #*, and the semi-
minor axis from b to 0.

For these values of A the confocal is still an ellipse,
which always lies within the ellipse I; it gradually
decreases in size until, when A is a qummtv very slightly
greater than ~--J% it is an extremely narrow ellipse very
neatly coincidipy with the line S/7, which joins the two
foci of all curves of the systemn.

Next, let A be less than --6%; the scimi-minor axjs

~/6‘~'-I: A now hecomes imaginary and the curve is a hyper-
bola; when X is very slightly less than - §* the curve is a
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hyperbola very nearly coinciding with the straight lines
SX and I/X'.

[As X passes through the value - 3% it will be noted that
the confoeal instantaneously changes from the line-ellipse
SIT to the live-hyperbola S.X and /(X7 )

As A gets less and less, the semi-transverse axis Jat+ A
becomes less and less, so that the ends of the transverse
axis of the hyperbola gradually' approach to ¢/, and the
hyperbola widens out as in the figure.

When A :— o the transverse axis of the hyperbola
vanishes, and the hyperbola degenerates into the infinite
double line YCY'.

When A is less than  «f bhoth semi-axes of the conic
become hmaginary, and therefore the confocal becomes
wholly imaginary.

417,  Through any point in the plane of « gives conic
there can be draun two conies confocul with it; alse one of
these is an ellipse wnd the other a hyperbola. | .

Let the cquation {o the given conic be

C
g F f 1,
I
and let the given point be (f] ¢).
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.Any conic confoeal with the giv.en conic is

af ?
% P (1.
If this go thl.-ough the point (/, g), we have
. S .4/" - 2
e P Lo o (2).

This ix a qun.dm.tu, equation to determine A and there-
fore gives two values of A.

#, and lience .
G A R R

The equation (2) then hegomes

" 2
/ IR
- moiace I3
te. copte (kB - gty e 0L .

.

On epplying the criterion of Art. 1 we at once see that
the rooty of this equationere hoth real.

Also, since its last term is negative, the product of
these roots is negative, and therefore one value of p is
positive aud the other ig negative.

The two values of 6 + X are therefore one positive and
the other negative.  Similarly, the two values of «” 1 X can
be shewn to he hoth positive.

On substituting in (2) we thus oltain an ellipse and a

hyperbola.

418. Cowfuwcal conies cut at right angl s.
Let the confoeals he

* 4 -e= 1, and --,,—"r 7z 1,

coata A T D W I W
and let them mect at the point. (a7, ¥').
The equations to the tangents at this point are
ax vy Lo

PR 7o =1, and - i
@A b’r—)\ 24)\, VA,
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These cut at right angles if (Art 69)

A MO :
(@ + A)) (a® 4 Q) TEN)@EEN) T (D
But, since («, %) is a common point of the two confocals,
we have N
wt oy A 1
R W D VN ED W
<

By sulitraction, we have

i 1 Lo o, 1 1
* (\a'“' A )\_.) Y (/)’“' !»XL— [ )\;>_0’

. et . y*
e i ' -0, 2).
e (o XN (e 1+ Ay) (07 = X)) (07 4 A Q)
The condition (1) is therefore satistied and hence the
. two confocals cut at right angles,

13

-1, and

Cor. Frow ecauation (2) it is clear that the qgantities
!
O Ay and P4 A, Bave oppositg signs @ for otherwise wo
should have the sum of two positive quantities‘equal to’
zero,  Two confocals, therefore, which intersect, are one an
ellipse and the other a hivpevrbola.
t

418, One comee and only one conie, confocal with the conic
2 2
&£ [/ . . .
~, ‘(f;:l, can be drawn to toneh wiven straight line.
a* b \

Let the equation 1o the given straight line be

reosa-tysinta =p . AR § I

Any confocal of the system is

TG S e (@
The straight line (1) touehes (2) if ..
P N eanta g (B N sinta (Art. 264), ,
i.e, if A-pt ateosPa-- Bisinta

. This only gives one value for N and therefore there is only one
* - gonie of the form (2) which touches the straight line (1).
Also A+a?=p*+ (a*-- b®) sin® a=a renl quantity. The conic is
therefore real.
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EXAMPLES. XLVIL

1. .Prove that ¢he difference of the squares of the perpendieulars
drawn from the centre upon® parallel tangents to two given confoeal
conics is constant.

.

2. Prove that the eyuation to the hyperbola drawn through the
point of the ellipse. whose eccentric angle is a, and whieli 18 confocal
with the ellipse, is .

.. At oy L
P it T At /o
cos=a. Kin=a [ ]

3. Provetkat the locus of the points Iving on a system of confocal
ellipses, which have the same eccentric agle a. is a confoeal hy perbola
whose asymptotes are inelined at an angle 2a.

)
4, Shew that the loenx of the point of contact of tungents drawn
from a giwven point to & system ofeonfocal conies is a cabie curve,
which passes throngh the given point and the foei.
If the given point be on the major asix, prove that the eubio
duces to a civele.

* Shew that only one of a given rystem of confecals ean have a
given strgi bt line as u normal.

6. Prgve that the locux o®the feet of the normals, drawn from
the tixed point (2, £) Lo each of the seres of contocals given by the
cquation
v
@t Ne b4 N

ig the eubie curve
- " e/ .
w-koow i hy - de”
. . . - .
Shew also flom geometrical considerations that this eurve passeds
through the fixed point and the foei of the contocals.

7. Two tangeuts at1ight auygles to one anothier are drawn from
a point P, one to each ol two conloeal eilipses: prove that 7 lies on
a fixed circle.  Bhew al-o that the e joining the points of contact ig
bisected by the line joimy I’ to the common centre.

8. From a giveu polut a pair of tangents is drawn to ewh of a
given system of confoculsj prove that the normals at the points of
contudt eet on a straight line, ‘

L]

9. Tingeuts are drawn to the parabola y* =40 Ja?- 4% and on
each is taken the point at which it tonches oue of the confocals
* a? ¥
B
a*+ X VX
prove that the locus of such points is a straight line.

1;
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10. Normals are drawn from a given point to each of a system of
confocal conics, and tangents at the feet of thesc normals; prove that
the locus of the middle points of the portions of these tangents
intercepted between the axes of the confogals is a suraignt line.

11. Prove that the locns of the pole of a given straight line with
respect to a series of confocals is & straight line which is the normal
to that confoeal which the straight line touches. *

12. A series of parallel tangents is drawn to a system of confocal
conies; prove that the locus of the poirts of contact is a rectangular
hyperbola.

Shew also that the locus of the vertices of these rectangular
hyperbolas, for different dircetions of the tangents, is the curve
ri=c?cos 260, where 2¢ is {he distance between the foci of the
confocals.

13. The locus of the pole of uny tangent tb a confoeal with respect
to any circle, whose centie is one of the foci, is obtained and found to
be o cirele; prove that, i the eircle corresponding to each confoeal be
taken, they are all coaxal,

14. Prove that the two conics v

-t ey 2hy= 1 and @ a2 ey - Uyt =1
can be placed 80 ac to be confoeal, if
- O3 B2 (a = )T AR
(uly - 1¥)2 (:l'll' —~ ll"")'? o ¢

Curvature.

.

420. Circle of Curvature. Def. If 7, ¢, and B
be any three points on a come section, one circle and ouly
one eirele can be drawn 1o pass through them.  Also this
cirele is completely determined by the three points.

Tet now the points ¢ and £ move up to, and ultimately
coincide with, the point £; then the limiting position of
the above civele is called the eircle of curvature at £7; also
the radius of this circle is called the radius of curvature at
I, and its centre is ealled the centre of corvature at 72

421. Smce the circle of curvature at P meets the
conic in three coincident points at 7’ it will cut the curve
in one other point /. The line 2/ which is the line
joining 2 to the other point of interseetion of the conie and
the circle of curvature is called the common chord of
etirvature.
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Wer shewed, in Art. 400, that, if a circle and a conic
intérs¢et in four points, the line jotning one pair of points
of interscchiouoand the line joining the other pair ave
equally inclined to the axis. In our case, one pair of
points is two of the coincident points at 2, and the line
joining them th8rvefore the tangent at £2; the other pair of
points i8 the third point at 7 and the point 77, and the
line joining them the chord of eurviture 77, Ienee the
tangent at ?’ and the chord of ewrvatwre P17 are, in any
coniey equally fnelined to the wris,
.

422. 7o find the equation 10 the cirels of cureatire ard
the length of the radius of curvature al any point (af®, 2af)
of the purabola y*- dax.

I S-0 be the cquation to a conie, 77 -0 the equation
pto the tangent at the point 22, whose coordinates ave at* and
2at, and £, 0 the equation to any straight line passing
thpough 7, we know, by Arvt. 351, that S+ A L. 7T 0 s
the eqention to the conic section passing through three
(;()incidc.m points at 77 ung through the other point in which
L 0 meets S - 0.

H A and £ be so chosen that this conie is o cirele, it will
be the circle of curvaturgat 2, and, by the last article, we
know that L -0 will be cqually inclined to the axis with
7 O

Tu the ease of a parabola

NZy e, and Tty — 0wt (AvL 229,))
Also the equation to a line throngh (et 2af) equally
inclined with 77 . 0 to the axis is
Iy = 2aty «r ari- 0,
s that L=ty - Sarf
The equatien to the cirele of curvature is therefore

Yredan - Nty — o - al®) (ty + o - Bat?) - 0,

- I...
1+¢

where 1A —A le A--
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“'On substlt»utmg tlns value of \, we haye, as the reqmred
equation,

24yt 2ue (362 4 2) + day® — 3a™ =9,
.0 [~ (23] «ly + 206 = 4a® (1 + £
The circle of éurvature has therefors its centre at
the point (2 + 3at’, -- 2at’) and its radius equal ‘o
2a (14 &)L .
Cor. If S by the focus, we have S2 vqu.tg to @ +at? so
S

that the radius of curvatyre is equal to ™
'

N

\ . .
423, 7o fiud the equation to the cirele of curvature «f
. q 2

. SR
the point P (e cos o, bsing) of the ellipse (-:2 r '72 = 1.
y
The tangent :ll- the point 2> is \
-vmq’> oY qmd; 1. ‘
«

The straight Jine passing thr(ugh P and equally,inclined |
with this line Lo the axis is

oos«ﬁ(g —d ey - ¢(¢/-— bsing) -0,

. - ¥ . o
(X2 - Cus Tsin gy - cos 2h=. 0.
73 ® b + f

The eqn:»t-ic;n to the circle of curvatire is thercfore of
the form

& ) b Y _ -
s e 1 -rz\[“(h ¢ lslll¢ IJ
[' cor -3 *m b - cos 2 "¢_| =0 ... (1).

Ninee it is a cirele, the voeﬂwwnt,a of &7 and »® must be

equal, so that ‘ . .
1 \ o 1 N sin® ¢
e a? * «? I S

«* - b

&,
and therefore st g e
' b*cosp +atrin®e’
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. g R

On substitution in (1), the equatmn to the cirvele of
curvature is -

(6* cos®* ¢ -+ o sin? @) (:;1 - ;{_: - 1)

a ('0\

+ (a?-- %) [:: cos*p — ‘Z; sin® :b (l + cos 2¢)

. . . * :,a"/-SI,:l ¢ (1 - cos 2¢) + con 2(;‘)—,

o e (@ b [‘_’.r: cos’ p 2y sint :bJ
t.e. e (@ -0 - ST

« b
. .
+ @ (Cos p —~ Lsin® ) - I (2 cos' p - s ) -0,

The equation to the cirele of curvature is then
«' —0* R we e
@ - cox? Ny sin® b
{ _— b Y b ?)
feos® ¢ sin® dl

. .
= (=0 PSS - @ feost - 2 sin®
. PO et win? )
«* sin® !/ .
(@ .‘l)jf wos ) . after some reduction.
rix

The centre is therefore the point whose coordinates are
a® — b? @ —0* X .
(- — cos’ e, — - - nin® qS) and whose radius is
a b
(a? sin® o B cos® 4»)’
. " ali

N

Cor. 1. If ("D he the semi-dimmeter whieh is conju-
gate to CF, then D is the point (90"« ¢), so that its
coordinates are - asing and bcos¢.  (Art. 280)

Hence CLF = &? sin® b = 17 cos® o,

. . C'LP
and thercfore the radius of curvature p . 7o,
. b
4 » Cor. 2. 1f the puint 2 have as coordinates . and 4 Y
then, sirtee @' - « vos ¢ and ' = b sin ¢, the equation to the
circle of curvature is

) af_ ) ( L (@ B =y
( y hb“ 4 ) B P :

1. 26
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Cor. 3. Inasiilar manner it inay be shewn that the
equation to the circle ¢f curvature at any point (« ') of

a? 1/

o= 1 }

the hyperbola

at B

bt

w4 b? 'r,‘;)'t , (‘/ L+ b ?/,.,>2_ (2= — )

t Co—a:
(@ ryt-dt b"')‘
[ a”b

424. If o circle angd an ellipse interseet in four points,
the sum of their eccentrie angles is equal to an even
multiple of = |Page 235, Ex. 18.]

I then the civele of enevature at o point 7, whose
eccentric angle is 6, meet the curve again in ¢, whose
eceentric angle is ¢, three of these four points coincide ax
P, so that three of these eccentric angles ave cqual to 6,
whilst the fourth is equal o ¢ We therefore have .

.

30+ ¢ an even mulgiple of & - 2aw
r

Hence, it ¢ be supposed given, i.e. if @Q be given, we
Sur- P

37
Giving # in suceession the values 1, 2, and 3, we see

Ir b An - b — b -

have 0 .-

that 0 equals ™ | T .
! 30003 3
Henee the civeles of curvatwre at the points, whose
Y :
. 20 - dwr-- G- &b
eccentric  angles  are 5 ‘{_qS’ and 3 all

pass through the point whose cccentric angle is ¢.
Also since

or-¢ dr-¢ Or -¢

S ey b i ¢ 4x - an even mualtiple of =,
*) — —
we see that the points 7»1[_;--(#, 1?—,{—£, ﬁ"—'-,; ?, wnd ¢

all lie on a circle.
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Hence throuyh any point Q on an ellipse can be drawn
three circles which are the circles®of curvature af three
points, P, Py, ad P,. Also the four points Py, P, I, anl
Q all lie on (mother cirelé.

425, Evolate of a Curve. The locus of {he
centres of curvature al ditferent points of a curve is ealled
the evolute of the cur ve.

426. Fvolute of the purabola y* = tax?

Let (&, 7) be the centre of (,un'aturc at, the point (af?, 2af)
of this curve.

Then £ «(2+ 3&) and g. — 2at’.  (Art. §22))

(- 2a) RTaM T g,
i.e. the locus of the centre of curvature is the curve
2Ty = V(- 2a)

Tln\ curve meets the axis of o in the point (2«, 0).

It Aso mects the AT abola
ewhere e

2T 0% (- 2a)?,
7.¢. where &£
and therefore
y = 1,~/'.?0,.

Hence it nicots, the parabola at

the points
(8a, = 1 /2a).

The curve is ecalled a  semi-
cubical parabola and could be shewn
to be of the shape of the dotted curve in the figure.

Q
- D,

4;27 Evolute of the cllipse (:_ 4 Z

If (.L, @) be the centre of curvature corvesponding to the
point (« cos ¢, b sin @) of the cllipse, we have
-«
o« — b a?— b
o= (Y] P ins
E= o cosp and g~ , —sin’ .

26—2
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Hence ,
(@)} + (b)F = (a* "B} {cos? p + sin? ¢} — (a® — b1,

Hence the locus of the point (7 ) is the curve.
( aa:)* 4 (l»y)”l — (et~ b‘-’)a

i M
This curve could be shewn to Iy
be of the shape shewn in the figure : ‘.‘
where ’
2 _ ]
cL- ¢l =",
«
2.4t
and  CHocar VT
b
The equation to the evolute of \ ',"
the hyperhola would be found to W
be M’

(u,r;.‘ (l;!/)i (. /"')":_

428. Contact of different orders. If twp cohics,
or curves, touch, /.2 have two cgincident points in common
they are said to have contact of the first order. The
tangent to & conie therefore has eovtact of the first order
with it.

If two conies have three coineident points in common,
they are said to have contact of the second order. The
circle of curvature of a conie therefore has contact of the
second order with it.

1f two conics have four coincident points in common,
they are said to have contact of the third order. No
conies, which are not coincident, ¢an have more than four
coincident points; for a conic is completely determined if
five points on it he given. Contact of the third order is
therefore all that two conies can have, and then they are
said to osculate one another.

Since a circle ix completely determined when' three
points on it are given we cannot, in general, obtain a circle
to have contact of a higher order than the second wjth a
given conic. Theeircle of curvature is therefore often called
the osculating circle,
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Tn g'eneral, ong curve osculates another when it has the
* highest possiblenorder of contact with the second curve,
. L]

429. Lquation to a conic oscelating another conic.

If S0 be ¢the equation to a conic and 7'=0 the
tangent at auy point of it, the conic §.. A7"% passes through
four coincident points® of,5:. 0 at the point where 77 .0
touches it. *(Art. 385, LV.) .

Heunce S =A7"is the equation to the required osculating
" :

conic,
[}

Bx. 'Tho cquation gf any conie osculating the conic
ax? b 2y + byt =21y =00 (]
at the origin iy *
. ar $ ey L byt 20y s NP0 L ()
¢ For the tangent to (1) at the origin is y =0,
If (2) be a parabola, we have h*=a (b+ 1), 50 that its equation ix
L N (o <= Iy)* = 2afy.
If (2) be o reetangular hyyerbola, wo huve a4\ .0, and the
*equation t® the osenlating rectangular hy perbola is
a(a-y?) i 2hey - 2fy=0.

EXAMPLES. XLVIII

<1, Tf the ngrmal at a point I’ of & parvabola medt the directrix in
L, prove thatb thegadrus of curvature at P is equal to 211,

2. If p, and p, be the radii of curvature at the ends of a focal
chord of the parsbola, prove that

PL-§+P2—;-“'(2“)~!"'
3. I'Q is tho common chord of the parabola and its circle of

curvature at P; prove that the ordinate of () is three times that of P,
and that the locus of the middle point of J’¢ is another parabola.

4. If p and o' be the ytadii of curvature at the ends, /” und D, of
eonjuglzte diameters of the ellips+, prove that

. 2.t
3 + '3:‘1 +I.'
prTp (@ b) §°
and that the locus of the middle point of the line joining the centres
of curvature at P and D is
(ar+ by)§+ (az - by)B=(a?- 138,
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5. 0O is the centre of curvature at any point of an ellipse, and Q
and R are the feet of the ot.er normals drawn from O; prove‘that the
2 b3
locus of the intersection of tangents at Q and R is ;ig + %‘:1' and
that the line QR is a normal tu the ellipse ’
',f N y:_ a%?
2 az” (a,’ ~ b’)-’ M
6. If fonr normals be drawn to an ellipso from any point on the
evolute, prove that the locus of the centre of the rectangular hyperbola
through their feet is the curve

:’.)5 AL
al N6 T

7. 1In general, prove that there are six points on an ellipse the
circles of curvature at which pass through a given point 0, not on the

ellipse. If O bLe on the ellipse, why is the number of circles of
curvature passing through it only four?

8. The circles of curvature at three points of an ellipse meet in ~
point P on the curve. Prove that (1) the normals at these three
points meet on the normal drawn at the other end of the diamecter
through 2, and (2) the locus of these points of intersection. for
different positions of I is the ellipse ¢

4 (a®2? + 0*y¥) - u® - D2,

9. Provo that the equation to {ke cirele of curvature at any point
(', ¥’} of the rectangular hyperbola ¢ - y* = «* is
a? (a4 ¥ - e ¢ gy +3a? (v 4y =0,
10. Shew that the equation to the choid of curvature of the
rectangnlar hyperbola wy == ¢? at the point *(” is ty 4-the-=c(l ),
and that the centre of eurvature is the pomnt :

REELENE L
¢ oot CTar )t

Prove also that the locus of the pole of the chord of curvature is
the curve r?=2¢¥sin 24,

“

11. P¢ is the normal at any point of a rectangular hyperbola and
mects the curve again in (); the diameter through @ meets the curve
again in B ; shew that 'R is the chord of curvature at P, and that
PQ is equal to the dunneter of curvature at P.

12. Prove that the equation to the circle of curyature of the conic
ax® + 2Ry + by* =2y at the origin is
a (2t yt) =2y,
13. If two confocal conics intersect, prove that the centre of

curvature of either curve at a point of intersection is the pole of the
tangent at that point with regard to th» vther curve.
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14. Shew that the equation to the parabola, having contact of the
third order with the rectangular hyperbol@ xy = c* at the poing

[
(v )
is (- Y122 —det (& + yt?) + B =0.

Prove glso that fts directrix bisects, and is perpendicular to, the
radius vector of the hyperbola from the centre to the point of contact.

15. Prove thaj the egn:ttioi to the parabola, which passes throngh
the origin and has contact of the second order with the parabola
y?=4ax at the point (at?, 2ar), is *

. (4x - 8ty)? + Lat*(3x - 2y) == 0.

16. DProve that the equation to the l’ectunguhlr hy perbolit, having
contuct of the third ogder with the parabola y*==4ar at the point
(at?, 2at), is

22 =2ty - y* + 20 (2 & 302) - 2uby a3 =0,
Prove also that the locus of the centres of these hyperholas is an
qual parabola having the same axis and directrix as the original
zarub()la..

17. " Through every point of a circle is drawn the rectangular
hypdrbolg of closest contact; prove that the eenties of all these
hyperbolas lie on a concentrie c.irclc of twicq 1ts radius,

18. A fectangulnr hyperbola is drawn to have contact of the third

Z: -1; find its equation and prove thai the
locus of its centre is the curve ¢

PH\E g e

a® 4—/;"') Tar + v

order with the ellipse (:: +

Envelopes.

430. Consider any point 2 on a circle whose centre
is O and whose radius is . The straight line through 2
at right angles to OZF is a tangent to the circle at 7.
Conversely, if through O we draw any straight line 02" of
length @, and if through the end 22 we draw a straight,
linc perpendicular to 0P, this latter straight line touches,
or eunvelopes, ascircle of radius ¢ and centre 0, and this
circle is said to be the envelope of the straight lines drawn
in this manner.

Again, if S be the focus of a parabola, and /*Y he the
tangent at any point P of it meeting the tangent at the
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vertex in the point ¥, then we know (Art. 211, §) that
SYPis a right angle. Conversely, if § be joined to any
point ¥ on a given line, and a straight-lire be drawn
through’ ¥ perpeundicular to S'Y, this line, so drawn, always
touches, or envelopes, a parabcla whose focus is S and such
that the given line is the tangent at its vertex. v

431. Envelope. Def. The curve which is touched
by each of a serigs of lines, which are all drawn to satisfy
some given condition, is called the Envelope of these
lines.

As an example, consider the series of straight lines
which are drawn so that each of them cuts ofl’ from a pair
of fixed straight lines a triangle of constant area.

We know (Art. 330) that any tangent to a hyperbola
always cuts off a triangle of constant avea from its asymp,
totes. '

Conversely, we conclude that, if a variable straight line
cut off a constant area from two given straight lines, it
always touches a hyperbola whowz asymptotes are the two
given straight lines, /.-, that ity envelope is a hyperbola.,

432. [/ the equation to any curve involve a variuble
parameler, in the first degree oniy, the curve always passes
throngh a fixed point or points.

For if A be the variable parameter, the equation to the
curve can be written in the form S+ AS’ =0, and this
equation is always satisfied by the points which satisfy
S0 and S =0, v.r. the curve always passes through the
point, or puints, of intersection of §'=. 0 und 8’ = 0 [compare
Art. 97).

433. (urve touched by a variable straight line whose
equation involves, in the second degree, a variuble parameter.
As an example, let us find the envelope of the straight
lines given by the equation
mr=my +a=0.oiiiviininnnns (L),
where m is a quantity which, by its variation, gives the
series of straight lines.
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If (1) pass through the fixed point (, &), we have
. . mh--mk4a--0............ ... (2).

This is an equation giving the values of . corvespond-
ing to the straight lines of. the series which pass through
the point (A, k) There can therefore be drawn two
stmxght'llnes from (h, k) to touch the required envelope.

As (%, &)«noves nearer and mnearer to the required
envelope these two tangents approach emore and more
nearly to coincidence, until, when (4, &) is taken on the
envelope, the two tangents cnmcule

Conversely, if the two tn.n'rt,nts given by (2) coincide,
the point (&, &) lies®n the env elnpo

Now the roots of (2) are 8qual if &* .= 4ah,
so Uhat the locus of (A, &), i.e. the required envelope, is the
parabola y* = 4arx.

Hence, more simply, the envelope of the straight line (1)
is the gurve whose equation is obtained by writing down
, the condition that the egpation (), considered as w quad-
* ratic eq@ation in m, may have ecqual rvoots.

By writing (1) in the form

. «
Y ome -
y m’

it is clear that it alwuys touches the parabola y° -- taa.

Tn the next article we shall apply this method to the
general case.

434. 7o find the envelope of a straight line whose
equation involves, in the second degree, 4 variable parameter.,

The equation to the straight line is of the form

. MP+AQ+R=0 ... ... (1),
where' A is a wariable parameter and 7. @, and B are
expressions of tho first degree in 2 and y.

Equation (1) may be looked upon as an equation
giving the two values of ‘A corresponding to any given
point 7",
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Through this given point two straight lines to touch the
required envelope may therefore be drawn.

If the point 7" be taken on the required envelopo, the
two tangents that can be drawn from it coalesce into the
one tangent at 7' to the envelope.

Conversely, if the two straight lines given by (1)
coincide, the resulting condition will give us the equation
to the envelope.

But the condition that (1) shall have equal roots is
W 4DPR........ e (2)
This is therefore the equation to the required envelope.

Siuce P, @, and £ are all expressions of the first degree,
the equation (2) i in gﬂwml, an equation of the second
degree, and henece, in general, represents a conie section.

. . . N

The cnvelope of any straight line, whose equation

contains an arbitrary parameter and square thereof, is
therefore alwuys a conie. o

435. The weibod of the provious article holds even if
P, @, and & be not necessavily linear expressions. [t
follows that the emivelope of any family of curves, whose
equation contains a variable parameter A, in the second
degree, is found by writing down the condition that the
equation, cousidered as an equation in A, may have equal
roots.

436. Ex. 1. IMind the envelope of the straight line which cuts off
Jrom two given straight lines a triangle of constant urea.
Tt the given straight lines be tuken as the axes of coordinates and
let, them be inclined at an angle w.
The oquation to n straight line cutting off intercepts f and g from
the axes is
4y
FRUETS BN
Soa
1f the area of the triangle cut off be constant, wéd have
4f.y.sinw=const.,
i, Sfy=vonst.=K*......... e, . 12)

On substitution for g in (1), the equation to the straight line
becomes S -JK*+ K =0.

e e e, ().
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By tlie last ar ticle, the envelope of tlns line, for differeny values of
f, is given by the equatlon

N . ® (-~ K?P=4. K%y,
i i K
i.e. ay=", .

The rgsult is thérefore a hyperbola whose asymptotes coincide with
the axes of coordinates.

Bx. 3. Fgnd the envelope® of the straight line which s such that
the product of the perpendiculurs drawn to it frow two gired ponts is
oonstant,

Take the mliddle point of the line joining the two fixed points as
the origin, the line juining them as tAe axis of r, and les the two
points be (d, 0) and (- (.I, 0).

Let the variable straight line have as equation

y=ule 1 e,

The condition then gives

1 - - md
¢ mdhe < ""— i;a-consmnt.. 1,
. . ,\/] o 'l - m=
so that =AYy
The e?pmtion to the v:u'iablg strayght line is thon
. ]

Y- omr=cs ,J( (4 dYymi+ A,
Or, on squaring,

mE (2~ d?) - Cmay F-) O,
By Art. 135, the envelope of this is
(Zew) - bt - A - d?) (y? - ),

. . . ad !l".'
1.0, . r )-dé+ P ~1.

T'his is a counie section whose axes ave the axves of coordinates and
whose foci are the two ginen points,

Bx. 3. Find the encelope of chords of an ellipse the tangents at the
end of which intersect at rir;hf angles.

Let the ellipse be '; =1,

H‘ﬂw tangents mterscct at right angles, their point of intersection
P must'lic on the director circle, and hvnce its coordinates must be of
the form {¢ cos 8, ¢ sin 0), where c= J a v bE,
The chord is then the polar of P with respect o the ellipse, and
hence its equation is
r.ccosd y. cesing

g B2 =1
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Let t==tun .. Then sirse

2
0
0 T-tan®y ) d sing= 2t
COH 0= w————— - —-3, and ginf= - o
1+Lanﬁg 1+ 1+t

the equation to the line is
crl -t AR
IR BN SRS YR

ie. 1 —2r°’;’+<1-"f =0,
a* bt a?

The envelope of this is (Alt. 431),

2ey\® crd voer
(s (o) ()

e y.ﬁ,-'-'

i, R |
al s ?
. £ i Y
.o, —— - v = 1.
al g
TR L N ¢

. at Iye
Since ~,-- -, .
e e T

eonfocal with the given one.

'

.
- g =~ DY, thi:x e mation represents a conic
.

Bx. 4. The normals «& four ponts of an ellipse meet in a point ;
of the line joining one poir of these pojnts pass through o fived point,
prove that the Line goining the other pair envelopes a parabola which
tunches the ares,

Let the cquation to the ellipse be

NalT o
+,=1 L el (1
a? k I ( )'
and lot the equation to the two pairs of lines through the peints be

Le vmy-=1 .. ...

and hae+my=1 .. ...
By Art. 412, Cor. (1), we then have R
1 1
)iz - e iriiviceeseiiaerensanes .
=~ -, and my T e (4)

If the straight line (3) pass through the fixed pojnt (/. g), we have
L vagg=1,

f a
so that, by (4), - b':m:l’ .
2
and therefore P L O

@ mb? g
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If this valite of I be substituted in (2), it becomes

e m2a2by + m(adgy — bx - %) - aty =0,

the enwelope of wifich is
(@ gy - b c — a®b%)*= — ta¥y . a*b?y,

ie. (a%gy o Vfx)? + 2a®A (B +a%gy) b atbP 0 . L(3).

This i..o & parabola since the terms of the second degree forn o
perfect square,  Also, putting in suceession & aud y equal to zero, we
get perfect squares, so that the parabola touches both axes.

*
437. To find the envelope of the straight line
leimy+rne O, (1),

wheve the quantitieg I, m, and n are connected by the
relation
al? 1 bm® +ent + 2fubn 4 2gnl v 2hIue--0......(2).

. . . . /

¢ [Fquation (1) contains two independent parameters -

n.

M 3 . . . -

ands —, whilst (2) is an equation connecting them.  We
n'y

2 . 1. )
ecould thavefore solve (2) 10 give  in terms of ~ : on sub-
* n n

stituting in (1) we should then have an equation containing
one independent parameter and its envelope could then be
»

found.

Tt is easier, however, to proceed as fn]]u\\\u]

L]

Eliminating » *hetween (1) and (2), we e that the

equation to the straight line may he written in the form

aft = bm® o (o my) =2 (fin s gly e+ ) - 2k 0,

. NARS . 4
1.¢ (e — 29 + ar) ("—’) 2(exy cyy- S s k) -
=2y ey O,
The envelope of this is, by Art. 435,
(Exy—gy —ofc i hY - (n- 2gx + ) (b= 2 fy + ),
.r., on reduction,
i (be = f?) + o (co — g*) + 2wy (fy — ch)
+2c(fh—by)+ 2y (gh ~af) +ab—-A*=0.
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The envelope is therefore a conic section. ‘
Cor. The euve]opg is a parabola if
(fig= el - (be = f?) (v = g9,
t.e if e =0, or if wbe+ Yfyh —af?—by* - ch?= 0.

488. Bx. Lindthe envelope of all chords of the parabbla y*=4daz
which subtend a given angle a at the verter.

Any straight lin:z is

‘

lemy +n=0. ...oen oo i, (1).
The lines joining the origin to its intersections with the parabola
are, (by Art. 122), ny?:P - dar (e +my),
ie. ny*+4d mry +4alr=¢.

If a be the angle between these lines, we have
o 2 },'/‘hfm'-_’ -daln
nt-dal ’
i.e. 16023 e cot®am®+ n?+ 8aln (1 i 2cot?a)==0.
With this condition the envelope of (1) is, by the last article, ¢
2#(--16a%cor* a) +y* [16a*  (da-t 5:‘41 cot?a)] '

. 4 2e., 16a® cot® @ (ba 4 Na cot?a) - 2ibalcota =0,
i.e. the ellipse

[e—tailj2cot*aif*: dcosecta. y? =Gteot?a . cosec?a.
*

EXAMPLES. XLIX.

Find the envelope of the straight line T 'Z.—.] when

1. aa r038=—c. 2 a+8+ Jat Fp e
[ZTE
N _-
3. w' 1.

Find the cusvelope of a steaight line which moves so that

4, the swm of the intercepts made by it on two given straight
lines is constant.

5. the sam of the suares of the prrpendiculats drawn to 'it from
two given points is constant.

6. the difference of these squares is constant.

7. Find the envelope of the straight line whose equation is
arcos§+bysit 9=¢2,

>
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L)
. 8, Girclestare deseribed touching each of two given straight lines;
prove that the polars.of a given point witdh respect to these ereles all
touch a parabola. .

L]
9. ' From any point P oh a parabola perpendiculars Y and PN
are drawn to the avuis and tungent at the vertex; prove that the
envelope of JIN is apiother parabdla.

10. Sfew that the envelope of the chord which is common to the
parabola y*=4ar and its drcle of curvature is the parabola
. ° . y3+ 12a.c=0.

¥
11. Perpendiculars are drawn to the tangents to the parabola
y2=dar at thes points where they meet the stiaight line .o =b; prove
that they envelope another parabola hasang the same forus.

12. A variable tangent to a given parabola cuts a tived tangent in
the point .f; prove that the envelope of the straight line thiough .1
perpendicular to the variable tangcat is another parvabola.

13. * Shew that the envelope of chords of a parabola the tangents
&t the ends of which meet at a constant angle is, in general an ellipse.

14.° A given parabola slides between two axes at right angles;
prove that the envelope of its Jatus rectum is o tixed circle.

15. Prove that the envelupesof chords of an ellipse which subtend
®a 1izht anfle at its centre is a concentric cirele.

16. If the lines joining any point I’ on an ellipse to the foei meet
the curve again in ¢ and R, prove that the envelope of the line @22 is
the concentric and coaxal ellips.e

FE T (l»l o2

wr L. =1

3

.

17. Prove thaf the envelope of chords of the rectanuular hyperbola
ry -a?, which subtend a constunt angle a at the powt (&', ¥’) on the
curve, is the hypcirbola

%2yt =20y (1 +2cot’a)  dalcosecta.

18. Chords of a eonic are drawn subtending a 1ight angle at a
fixed point (). Prove that their envelope is a conie whose foens is 0
nud whose directrix is the polar of O with respeet to the original conie,

19, Shew that the envelope of the polars of a fixed point O with
respect $o a system of confocal conics, whose centre is C. 1s a parabola
having (') as dire@trix.

20. A given straight line meets one of a system of confocal conics
in Psand ¢, and RS is the line joining the feet of the other two
normals drawn from the point of intersection of the normals at P and
Q; prove that the envelope of IiS is o parabola touching the axcs.
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21. ABCD is a rcetangular sheet of paper, and it is folded over go
that C lies on the side AB; prove that the envelope of the crease g0
formed is a parabola, whose focus is the initial position of C.

22. A circle, whose centre is 4, is traced on a sheet of paper and
any point B is tuken on the paper. If the paper be folded so that the
circumference of the circle passes through B, prove that the envelope
of the crease so formed is a conic whose foci are 4 and .

23. In the conic ~:_=:1 ~ecos ¢ find the envelope of chords which
subtend a constant ungle 2u at the focus.

24. Circles ure deseribed on chords of the parabola y3=4ax, which
are parallel to the straight e Ir +my =0, as diamcters; prove that
they envelope the parabola

Ly + 2ma)? = ta {(IF+md) (& Fa).
Y )
25. Drove thab the envelope of the polar of any point on the circle
(e-+ )2+ (g 4 b)* - A with respect to the cirele ¥ + y?==¢? is the conie
k2 (2% )= (aet by + )2 .

o Co
26. Chords of the conie r::l ~ ¢ con 0 are drawn passing throngh
the origin and on tneso circles as diameters circles ave described.
Shew that the envelope of these cireles is the two circles

e A\

=1-+re.
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5.

7.
15.
18.
20.

21,
22, ¢

5.
7.

13.

12.
17.
27.

33.
35.

40.

ANSWERS.

L3
. I. (Pages 14, 15.)
2. 13. 3. 31 4, AT
a2+ 20%+ ¢® — 2ab - 2be. 6. 2a sm—éﬁ.
a (my — mo) A/ (my F i 4. 9. 3:2,/15.
(2, 37). 16. (-2, -9). 17. (1, -9); (-11,186).
(- 51, 24%); (- 204, 34)). -~ 19. (-3,0); (-3, 2).
(~%,8); (L, 1); (8, —§)-
a?+b* a4 2ab-12 a®—2abh -1 a?4-b*
wrb T Ay ) ( Ta=b T Ay
kr, + +l:v_,+m:r:, ky, + 1. -|—_'!n_y=,)
TEFi¥m T EkFi+m
¢ II. (Pages 18, 19,
10, 2. L 3. 29. 4 2ac.
a2, 6. 2absin ¢* - Psgin P2 2 -1 sin ¢‘ ¢"
a® (my — mg) (mg —m,) (m, —m, )
$a? (mg — ma) (mg — ;) (1 — mg).
iu‘ (g — ) (g = my) (g — eg)-=mymng .
20%. 14, Y6.
III. (Pages 22, 23.)
2./5. 13. /7. 14, /7. 16. }(8-3V3).
W 18 jerys. 25. P=at 26, 0=a.
r=2acos 8. 28. 7 éos 260 =2asin 6. 29, rcosf==2usin? 4.
?=a2cos 20, % 31, a*+yi=ad 32. y=maz.
214 y?=azx. 84. (22+y?P=4axy2
&2+ )i =a(2? - y). 86. zy=a 37. a*-y=al,
Y2+ daz=4a 839. 4 (2242 («®+y*+ax)=a®y?
28 - Bxy? 4+ Bady - yS="5kay., :

L. - - 27
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Iy. (Page 30.) . .

8. 2az+k=0. 0. (W-1)(a*+y"+a?) +2az (n2+1)=0.
10, 422(c? - 4a?) +4cy?=? (? - 4a?). 11. (6a—2c)z=a?-c2
12, ¥4y -2c+5=0. 13. 4y+2z+3=0. 14, z+y=17.
15. y=az. 16. y=3=z. 17. ~1522 - y* + 2az =as.
18. z*+y=3. 19, 2 +yi=4y. <
20, 8x%48y%+6r - 36y +27=0. . f 21 2=

22. z*+2ay=a
23, (1) 4224 3y’+‘2ay==a*; (2) a* - 3y?+8ay=4a?

V. ¢Pages 41, 42)

1. y=x+1. 2, z-y-5=0. 3. ©-yaN3-24/3=0.
4. 5y-sc+15=0. 5. 2.4 3y=G. 6. 6z -by+30=0.
7. (1) z4+y=11; 2) y-==1. " 8 xtyt+l=0;r-y=3.
9. xy'+a'y="2c"y" 10. 20y - 9x=9G. 15. z+y=0.
16. y-=z=1. 17. 7y+10z=11. '
18, az-by=ab. 19, (¢—20) x- by + b2+ 2ab-a2=0.
20. y(t+t)~ 2x==2alit,. 21. ‘1’23/+¢—“ (‘1'“2)“
22. 5005%@’1"“7‘:) + Y sind (¢ +¢y)=acos} (¢, ~
23. OOS ¢l + ¢2 ’i"_l:;' ¢1 =:cos .I ¢.! N

24. brcond (fa- - s gy + )~ oon (84 3.

25. z+3y+7=0; y-32=1; y+7x-;-11.

26. 2x-3y=4; y-3xr=1; 242 =

27. y(@-a)-x (V' -b)=ab-alb’; _/(a, @)+ 2z (b - b)=a’d’ - ab,

28, 2ay—2'z=ab-a'd’. 29, y=6z; 2y==3x.
VI, (Pages 48, 49.)
1. 90° 2. tan"'3}. 8. tan"'}. 4. 60°
4m2n® L= ;

5. tan™! i =ms” 6. tan” T2ab " 7. tan7(2).

8. 4y+3z=18. 9. 7y-8z=118. 10, 4y+11z=10.
11. z+4y+16=0. 12, .ur+4by=a%
13. 2.1:(4 —-a')+2y (b~ 0)=a— a2+ b2 - D" .

L
15. ya' -2y’ =0; &y’ -y = (a2~ )2y’ ; we’ ~yy' =22~y
16. 121y -88x=3871; 33y - 24z=1043.
17. z=3; y=4; 4 19. z=0; y+4/3z=0. *
20. y=k; A-m%)(y—-k)=2m(x-1). .
21, tan™'3¥; 9z-Ty=1; Tz+9y="1¢
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VII. (Pages 53,54.)

L4 .29 3, 5. atab -8
* /a=+b3
c~d
5. acosi(@-f). 8 T
0. {fe=vaTam, o, 11 3(2+y8).

VIII. (Pages 61-65.) °

-11 f1 ab ab
1- (“29 1729 . 2. ((?+b’ a"‘,'_"i’).

8. {'"1"‘2 ("'1 m,}
4. {acos}(p;+y)seck (¢ —¢)] asing (g, +¢,)sccd (¢, - ¢}

a®-b) 200 130
o9 ( A bm) 6. 178"
8. y=a; Sy=4i+3a, 9. (1, 1); 45°
10. (§,3); tan™ GO. 11. (-1, -3); 3,1); (5, 8).
12, (2, 1); tan—1 7. 13, 45°; (- 5,8); x-3y=9; 2r -y=8.
«14, 3and -3. 19. Ml(a,-aa)+ma(a, @) +my (a, - ay) =0,
20. (-4, -3). 2L (14, — %) 23. 43z-29y=71
24, z-y=11. 25. y=38x. 26. y==x.
27, aty-Vir=ab(a-h). 28. 3c+4y=5a. 29. x+4y+2=0.
30, 23r+423y=11. 31. 13r-23y=64.
33. Ax+4 By+C+\(A'2+ B’y C')=0 where \ is

¢c ,°' R Ba+C J2 + By +C
M g @ @) -l end @) -5 5N
87. y=2; z=6. 38. 99x+77y+71=0; Te—9y-37=0,

39, r-2y+1=0; 2r4y=3.
40, =(24/2-3)+y(W2-1)=44/2-5;
z(2J2 F3)+y (W2+1)=47/2+5.
41, (y-b)(m+m')4(z~a)(l-mm')=0;
(y b) (1 - mm) - (v - a) (m+m') =0,
42, '33:t+9y_31 112z - My+141 0; 7y-x=18.
43, (3 J17) 4%y (5+J17)=15+4J17;
2 (4+a/10) +y (2+10)=4 /10 +12;
¥ (21/82~84/5) +y (B4 50/5) =6 \/34 - 15,/5
44, 'A(y-%)-B(z-h)= %(4z+By+C).
45. At an angle of 15° or 75° to the axis of z.
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I
IX. (Pages 72, 73.). :
1) tan™2; (o) 150, 2. 1203,
oy fmEy1 ’
o (25 ).

y=0, y=x-a, =24, y=2a, y=x+a, £=0, y=a, r=a, and
y=a, where « is the length of a side.
Y (6—a/8)+x (Baf3~2)=92-9,/2 -
10y -1lc+1:50; & /111

X. (Pages 78——80) .
(-7, 3). 5. i, 4 18-
(_—85—7,/5 215 - Go)_ 35—1Jn

11. =

4

1200 120 izt 7. (334

{6:35/.19,%%!0}; Graks JIO),(S—_JE RN,

2 2 ’ 9
(3 2), (2,12), (12,2), and (=3, -3); T2 42, 442, and m/%.
(-13}, 193). 11. 4. 12. 738
3 .
1;:: ) 15. 3@ -e)(e—- a) (o~ I,)' ¢

a2 (g~ mg) (ing - nty) (g - wa) = Emgtm
1 fley=cf* | (ey—cy)® ! (e = cy)?

- a . T AR vs”f ) AL
ey g (g - m,). 18. {m:, -y * My~ m, * my - m._.} :
% £)-
10y + 822+ 43=0; 25r 20y +5 =0; y=>5c+2; 52c480y=47.
(44343, 3+3) s (F+3473, 3 1-14/3).

XI. (Pages 85—87.)
a%r2zy cota - yi=a 2. Y2+ Na%=hal,
m+Yr=(m-1)a 4, (m+n)(@*+y*+a®) - 2az(m—n)=c2,

g @ ©
:r-i-y:csec-‘;z-. 6. :c-y:dcosoc’é—.
&+ =2 cosec w. 8. y-ax=2ccosecw,

22+ 21y cos w+ y?=4c¢? cosect w.

(B + 9% cosw xy (14 cos® w)=2 («cosw+b) +y (bcos w+u).
a({m+cosw)+y (L +meos w)=0. .

(i) z+y-a-b-0; .
(i) y=a. 19. A straight line.

A circle, centre O. 25, A straight line.
If P be the point (%, k), the equation to the locus of Sis *
h k

..+ —=3
y
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ANSWERS.

. . XII. (Page 94.)
(¢-"8y)(z-4y)=0; tan—17,. 2, (2.3—-]13/)(‘21—;/):0; tan—1§.
(11e+2y) Bz~ Ty)=0; tan~13§. 4, r=1; r=2; r=3.

y=:k4, 6. (y+4x)(y-2x)(y- 3r)=0; tan~1( - ¢); tan-1(3).
.z(l—tzm&)-m,cos() =0; z(l+eind)+ycosd=0; 0.
ysind 4z cos PR /0828 ; tan~1 (cosec 8 \/cos 20).
122 %oy —1250=0; ¢ Tlad4 94zy - T1y2=0; a2 y2_-0;
at-yt=04 o 4

XIII. (Pages 98, 99.)

(0 = %) 45% 2. (2 1);tant3 3. (- -5); 90%
(-1,1); tan™13. 6. -14, g 2 8. -10o0r - 174.
-12. 10. ¢ 11, 6. 12. 14 13. -3.
% or Ah * 16. () c(a+b)=0; (if) e=0, or ue = bd.

Sy +6ar=0806; by -6r=14 o

XV. (Page 112.)
(1) y2=40; (2) 20 Fy2=6.
(1) z2+ye=2ex"; (2) 2% py=2cy.
Ra - B2 (&7 £y a2
@) 22y +a*=0; 9.1:"+2:)y 255 yt=1,
2 M=rt; 2 yB=acos 2a. 6. =7~ lyi=al
t:m"i:; —C - AT
XVI. %Page 117.)
22’ A0y’ +1--.0. 2, 4 3xy’=1. 3. " ry"™=8.
%= 4.1 coseg?a.

" XVIL (Pages 123—125.)

I~b Y2 2r -4y =4, 2. P+ +10r+12y=3Y.
3 y2 - 2w + 2by =2ab. 4, 2% +y?+ 2ax + 20y + 202 =0.
(2. 4); W61 6. (5 1); 3/18 7. (z'o)' f k.
e ¢ me
- H gt . T ey == ) C
I H A\/.’ g 9 (J1+m’ ‘\/1_',,":5)'

52+ 1592 ~ 94 + 18y + 55 =0.
b (229~ a%) &g (b2 + A% - a?). 15, 2%+y?- az - by =0.
28 +y? - 227 — 4y +25=0. 17. a*+y*-5z-y+4=0.
343+ 3y - 20z - 19y + 56=0.

b (z2+9y%) - (a®+ %) 2+ (a - b) (a2 + 5% =0.
2%+ y? - 8z - 4y =0,



12.

14.
15.
16.
17.

10.
12,
18.
23.

Yy

COORDINATE GEOMETRY.

a?+ 1?2

O =
P+ - Trp HNE T

. @l4y?— hx - ky=0. 24. x’+y’!=2y.\/a’ W2=12,
. #34+y?-10x - 10y + 25=0. 26. 2%+y3+2r=2y+a=0.

22432+ 2 (5% A/12) (z+9) + 87£10 ,/12=0,
234942 - 6z + 4y +9=0, orz’+y’+10.1:+20y+25=0.
b(z?+y?) == (b +c%). 30. 2*+yi=6./2y~ 62%9=0.

. 2P+y?-8z+2=0; 2444 9P~ 5z — N3y+3=0;

o 22742y - T~ /3y +6=0.
&+ 212+ (2 +13)2 =054 34. 8x?+8y?— 25z -3y +18=0.
P+

. Byt=a?+ 80 224922 (a+ D)z 42 (a - b) y+ a¥+ b2=0.
'

XVIIL. (Pages 134, 135.)

5a - 12y =152, 28 24z 410y +151=0.
Z42y = £2 /0. 4, 1’+2y+.l+"f—ﬂ-~/5~/y’+f‘ c.

( - :/‘_’2 ﬁ) . 6. c=a;@n. T Yeh
k=40 or - 10. 9. acosta+Dbsintas Ja¥t btin%a.
Aa+Bb+Czhe JASE B2 <

(1) y=mexa \J/1+m2; € @) my+a=ta JErm
(8) az+y AfUi - aP=ab; 4) z+y=a2.

/ abt
2 r2- i 13. a*+yi+a/2ar=0; 2®+y*+f2ay=0.

c=b-am; c=b—am= JAT W (6 59).

2%+ y?— 62 - 8y +134:=0.

a24-y2 - 2cx — 2cy +¢*=0, where2c-.a+b:!=v‘a’+b‘

Ba®+5y°— 102+ 30y +49=0. 18, 2*+y3—2cz - 2cy+c?=0.
(x -2+ (y - R)*=r 20. 2*+y°-2ar-28y=0.

XIX. (Pages 144, 145.)

z+2y=T. 2. Szr-2y=11. 3. z=0.
28z + 5y =517, 5. by-az=d? 6. (5, 10).
s - o). 8 (-2 ° 9. 4 ~¥
(~2a, -26). 11 (6, -38). ‘ ‘
3y-2c=13; (-3%,24). 13, (3,-1). 14, 27+y?=2a%
346, 19, 9. 20. Z2aTyZabii 2l. (3%,2); &
(1) 2823+ 83zy - 282~ 715z — 195y + 4295=0;

(2) 12323 64zy + 8y? - 664 +20%y £ 763=0,



ANSWERS. vii
.XX, (Pages 147, 148.)
Sy B
1. (5 NATETE, tant A).

~2racosec a . cos (f —a) +a%cot? a=0, r=2asin g,
8. r2—r[acos (8 ea)+bcos(0- B)]+abcos (a~8)=0.
8. Wty 2ac=1.

o

.. .XXL (Page 149
r ) 9
. 120°5 éy-;'-2~",é":{j%); "/3 N3
. 80°; (8-06./3, 12—-4,/3); J4.r 4473
g-feosw f- qmsw) /1*3+1)-‘ 2jqoo'iw.

sin‘w ' sin® sinw

1
2

3

4. a2y +yt -z (L8 /2) -2y (34-4/2) +3(2/2 - 1) =0,
5. x4zy+y +11x4 13y +183=0.
8. @E-2) (-2 +y-y)(w-y")+eosw[(z-z)(y-y")

] +(x=2") (y - y)] =0.
* . XXII. (Pages 156—159.)
« 4, A cixle. 5' A circle. 6. A circle.
a2 sm2

9, 2+y*-2rycosw= -- 4 , the given radii being the axes.

11. A circle. 2. A circle.

16. (1) Acircle; (2) A eircle; (3) The polar of 0.

17. The curve r==u+acoa 0, the fixed point O being the origin and
the centreQf the circle on the initial line.

24, The same circle in each case.

33. 2ab--nfaiF iR 35. Ba\/ii; r==4a; 63z +16y +100a=0.

36. (i) 2=0, Sx+4y=10, y=4, and 3y=4r.
(i) y=mz+ ¢ \/1+n3, where

*(b+c) or R U _c)
,Ja’ - (b+c)3 Jar=p=cp
e . XXL. (Pages 164, 165.)
3. 823 3y%- 8z+ 20y =0, 4. 152-11y=144,
5. < +10y=2. *6. 6x-Ty+12=0. 7. (- -3
8. (1% #3)- 11, (A1) (22 +57) + 2N (v +2y) =4 + 6.
12. (y-=)*=0. 13. Take the equations to the circles as in

Art. 192,



25.

28.
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.. XXIV, (Pages 172, 173) o
-y 2may=c., 12, k(@+y)+(a~c)y-ck=0.
24yl ez - by +a?=0. 14. . 2+y*- 162418y - £=0.

XXV. (Pages 178, 179.)
(7 -+ 6y)? ~ 570z + 750y +2100=0. !

(az - by)* - 2a®z — 2%y + a* +a%b® + b4 =0. . a
(-1,2); y=2; 4; (0, 2). 4 (4, 8);.2=4; 25 (4, 4).
(a. ;). z=d% 2a; (q,0). 6. (1,2); y=2; 4; (0,2).

(i) 3; ()4 9. (2,6). 1l y=-22; y—-12=m(z-24).
B-C ) B-Ar-C
y =B);

0 e= gm0 15 wprmdan,

XXVI. (Payes 185—187.)

4y=3z+12; 4x+3y=34. 2. 4y—-z=24; 4z+y=108.
Yy-z=3; y+x=9: x+y+3=0; x-y=9. ¢
y=2z; z+y=4a; y+z=-0; r-y=4a,
= Lo a 2a P
dy=z+28; (8, 14). 6. (i Tf> .
y+2x+1=0; (3, -2); 2y=x43; (8, 8). € .
a 2,/3 .
(8a, 2,./84) ; (ﬁ’ -y ). 9. 4y=9x+4; 4y=x+36.
WiTtl, 2 Jz"(/i:f-xl'z); (3¢, 2/3a)
vty +a¥z+adbi=o, 15. z==0. 25. ga; 10a.
XXVIL (Pages 197, 198.)
4r+3y+1=0, 5. 56y=25.

XXVIII. (Pages 203—205.)
Take the general equation to the circle and introduce the
condition that the point (at?, 2at) lies on it; the sum of the
roots of the resulting equation in ¢ is then found to be zero.
It can be shewn that the normals at the points ““¢,” and *‘¢,”
meet on the parabola when t;5,=2; then use the previous
H

example. .

XXIX. (Pages 209—211.)
y=ba. 2. cx=a. . 3. y=ad.
y=(z~ a)tan 2a. 5. y?'-X\2?=2ax.

F=p(z-a)* +y°) 19. y*=2a(z-a).



ANSWERS.

ix

- .
20. ys..ky_ga(; k). 21 ¥y - 2az +4a%) +8a=0,

22. (8a%+y? - 2az)*tan®a=164%(dax ~07).
23. y'+4ayd(a®z)-16a'z+a’P=0.
24. The parabola y3=2a (z + 2a).

+« XXX. (Pages 214—216.)

1. y’=]u (z—a), 2, y?=4daz. 3. 27ay?=(2x - a)(x - ba)?.

4. A puabola * 5., A straight line.
6. 27ay*-%(z-2a)}=constant. [N.B. (my - ma)?

—"‘1"""‘2’ 2mymy=m, (— My — My) + My ( — Mg — M) < 2m 1,

o,
= -[mgm,+m,m,+mlm.l] }m,l:l‘,_’< . 3k ]
amg
7. A straight line, iigelf a normal.
XXXII. (Pages 234, 235.)
1. <a) 32%+5y2=32; (B) 322+ Ty?=115.

» 2. 2022+ 36y%=405. 3. x?+2y2=100. 4. BuE 9y =1152

. 3) 45 35 (0, 5) and (0, 1).

5. 5 awss (#5V6.0) @) 15 455 O 5 a0vE)s

6. %°v 7. Tot2ay+%y7+105-10y+7=0. 8, Without.

9. z+dn/Sy=24y3; 1le— 43y =244/3; 7 and 13.
1L ()t 25 (9) tan J: ; (3) 46°.

- S0 /

12. T+l=

.
* XXXIiI. (Pages 245—248.)
1. z+38y=5; 9r-3y-5=0.
2. 25x+6y=137; 6r-25y+20=0.
3. FxJT:4y=16; +4z5yJT=1./7.
5. y=Brabyigt; (+iy/6D, s J195).
31. Use Arts. 145 and 260.

XXXIV. (Pages 262—264.)
1.° #+2y=4. 2. 22-Ty+8=0; (—1, ~4)-
3. 3z48y=9} 2z =3y.
4, 922-24xy — 4y%+ 80z + 40y - 55=0.
5.° aPy + % =0; a%>d%=0; ady +b32=0; ay-+bx=0.

XXXV. (Pages 268—270.)

1., 2%-—2zycot2a—y®=a?-12, 2. - 2zy=ca’

3. d*(z?—-a%)?=4 (0227 + a%y? - ).
4, A (22— a)¥=2 (2% 4+ b 4 atyt- a%Y). T
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COORDINATE GEOMETRY.

(22 + y2 - a? - b?)2 == 4 cot? a (b2r2 + a2y? - a??).

ay=bz tan a. 7. 022+ a%yd=4a%1,
Y422 4 aty?=a%? (a? + 17). 9. x4 a%y?=2a%y.
(0323 + a%y2)2=c? (b4z® + aty?). ’

(a2 + 12) (V222 + a%y?)2:=a? (b42%+ a%y?). .
bz (z - h) +a%y (y— k)=0. !
c*a®b? (V22 -+ a%y?) + (D22 + a®y? - a%?) (b4x? + aty?) =0,

(5322 -+ a%y?)2 = a4 (22 +9%). .t

At (2% +y¥) = (@*+ %) (b + a%?)*.

If the chords be PK and PK’, let the equation to KK’ be
y=ma-+¢; transform the origin to P and, by meens of Art. 122,
find the condition that the angle KPK' is a right angle; substi-
tute for ¢ in the cquation to KXK', and find the point of inter-
section of KA’ and the normal at P. Se» also Art. 404.

XXXVI. (Pages 282—284.)

1622 - 0y =36. 2. 2502 144y2=900.
65z — 36y2=441. 4, 2*-y2=32. ‘
6, 4, (+./13, 0), 23. 6. 3x?—y?=3at,
Ty + 24y - 24ax - 6ay + 152 = 0; ( - (;, a) 3 122 - 9y. 1—291;=0.
(5, —22). §. 24y - 300=+/101.
Y= *a::l:,\/iﬁ'-fl;"; (u2+b2) J\/aagz‘,‘:.
Qy =32z. 1€. 12548y =481,
a?-b?

1) btiatyt=al? (B-ad;  (2) z=a.
J 2
(3) 22 (a?-+ 202) - a®y? - 2a%ex + a (a® - U*) =D,

XXXVII. (Pages 295, 296.)
At the points (a, 2=by/2).
(2c+y+2)(x+2y +1)=0, 2z +y-+2) (z+2y +1)=const.
8224100y + 8y? + 142+ 22y + 7=0;
823+ 10xy + 8y* + 14z + 22y 4 23 =0.

XXXVIII. (Pages 302—305.) L
(£§/6a, ¥3/0a); (£34/6a, =/6a). °
XXXIX. (Pages 319-+-321.) .

Transform the equation of the previous example to Cartesian
Coordinates,



ANSWERS, xi

.XL. (Pages 33}, 332.)

1. A hyperbolag (2,1); ¢'=—26.
2. Anellipda; (-}, -3)3 ¢'=~4. 3. A parabola.
4. A hyperbola; ( -1 ) o= - 46
5.' Two straight hnes, (-1 19); ¢=0.
6. A h@el‘b‘ﬂﬂ, (-4, 3%); = -T’ﬂb'
7. (2z43y-1)(4r-y-m)=0; 827+10xy - 8y* - 2r +4y=0.
8. (y+z-2)(H-22:3)=05 y?-ay-2a7- 5y+.t+18 0.
9. (11z-2y+4)(pz—10y+4)=0; .
5523 — 120y + 20y° + G4z — 48y 4 32=0.
10. 19:% -+ 24xy +y? - 222 -6y +4=03
192 + 24xy +y? - 22.1:—Gy+8 0.
12. 23-y?=4d® 13. (ax -by)*=(a®-1?) (ay - bx).
14. (z—y)’ 2(x+y)+4=0. » 15, (zy+ab)tan(a-pB)=dz-ay.
16. ':: + z—,- 2 ‘?"icos (a - B)=sin?(a - g). 17. A point.
18. Two strgught lines. 19. A straight line and a parabola.

20., A straight line and a rectangular hyperbola.

21. A dircle and a rectangular hyperbola.

.22 A st;aight line and a circle.

23. Two imaginary straight lines.

24. A circle and a straight line. 25. A parabola.

28. Acircle. 27, A hyperbola. 98, An ellipse,

XLI. (Pages 346—348.)
- 1508 *~23
T 676 iy
10. tané,= -3, tand,=3%, r,=4/3, and ry=4.
11, 6,=45° 6,=135° r,=./2, and r,=2.
12, tan6,=745,/2; tan6,=T7-5./2,

Tl= \/-;’:-(2\/2—2). 73= \/g;;~7;+2)'

2. 2. 20. Zus. 30. /5.
S LN s M NS YW N
32. (z ivs, :? gys) 34/5.

33. (-i+1/6, 32346); BM/3.
34. (-1*1'./6, 1+34/6); 2.

9. Two coincident straight lines.
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XLIL. . (Pages 354, 355.)

1) 3; (2)3; @B)4; (4) 2; (B) 4; (6) 3y (3
Az+Hy=0 and Hz+ By=0; H2=AB, so that the conic is a
pair of parallel straight lines. \

X (.'E-!-3fy)=0; (2.‘:-3‘_}/)2:0. ]

XLIII. (Pages 3§3,¢ 364.)

A conic touching S=0 where T=0 touches it and having its
asymptotes purdllel to those of S=0.
A conio such that the two parallel straight lipes u=0 and
1+ k=0 pass through its intersections with §=0.
1

XLIV. (Pages 375—3%.) X
(-LAedn-8 T ct-D 8 (G g
(-4, —4) and (-1, -1); 24+y+7=0 and 2 +y+3==0.

If P be the given point, € the centre of the given dircctor circle, «
and PCP a dimneter, the focus S is such that PS.P'S is
constant. .

If PI” Le the given diameter and 8 a focus then P§.P'S is

constant. .
XLV. (Pages 383, 384.) ¢

6x% + 12xy + Ty - 122 - 13y =0. -

The narrow ellipse (Art. 408), whicg is very nearly coineident with
the straight line BD, is one of the ¢onics inseribed in the quadri-
lateral, and its centre is the middle point of BD. This middle
point, and similarly the middle points of 4C and OL, therefore
lie on the centre-locus. <t

XLVI (Pages 390—392.)

Proceed as in Art. 413, and use, in addition, the second result
of Art. 412, Cor, 2. F¥rom the two results, thus obtained,
eliminate §.

Take Liz+ myy—1=0 (Art. 412, Cor. 1) as a focal chord of the
ellipse.

If the normals are perpendicular, so also are the tangents ;, the
line Lz+my,y—1=0 is therefore the polar with respect fo the
ellipse of & point (y/at+b?cosd, a/a?+ % sinf) on the. director
cirele,

The triangle 4BC is a maximum triangle (Page 235, Exa 15)
inscribed in the ellipse.

Use the notation of Axt. 333. -

.
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. XLVIL (Pages 337, 398)

he locus can be shedm to be a straight line which is perpendi-
cular to the given straight line; also the given straight line

- touches one tho confucals and its pole with respect to that

confocal is its point of contact ; this point of contact therefore
lies gn the locus, which is therefore the normal.

As in A:;t. $66, use the Invariants of Art. 135.
;

+ XLVIII. (Pages 405—407.)

Two of the normals drawn from C coincide, sinee it is a centre of
curvature. The gtraight line Lz +m;y=1 (Art. 412) is therefore
a tangent to the egllipse at some point ¢ and hence, by Art. 412,
the equation to QR can be found in terms of ¢.

.

XLIX. (Pages 414--416.)

(.by--a.c—c)”.—:‘iac.r. 2 r+yi-c(x +y)+(-;-=0.
oy ) . f .
B Fa=l 4. A jarabola touching each of the two lines.
A central conie. 6. A parabola. 7. a4 bty?==ct

The line joinina=the foci is a particular case of the confoculs and
the polar of O with respect 1o it is the major axisx; the minor
axis is another particular ease, 8o that two of the polars are lines
through C at right angles; also the tungents at O to the con-
focals thrqugh it are two of the polars, and these ure at right
angles. Thus Loth € and O are on the directrix.

The crease is clearly the line bisecting at right angles the line
Joining the initial position of C«o the position which € ocoupies
when the paper is folded.

lcos a
--. =l-ecosacosé.
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